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Standard Model of Particle Physics
Generations weak electr color Gluons are carrying both color and
1 Il n isospin chrg chrg anti-color. They participate in strong
h q h hi interactions. There are 8 types:
up chanm op g E p oton 2 1885 rb+bT rg+gr bg+gb r7—bb rb-bF
- u ¢ L O I 7|E] v H L B S R
+ %‘ 2.2MeV| 1.3 Gev | 173 GeV | T } = g F 0 GeV vl 125 Gev o=t _ bg+gb r7+bb-297
qE s| ¢ |% . S
8| & | down | strange | bottom b 2 E" ol » gluon parity +1
2 d s b « §|x g =2 £le g Lifetime: muon 2 ps, tauon 290 fs
e~ = 4 EX
-g 4.7 MeV] 0.1GeV | 4.2GeV | g E @ £ 1 0GeV Neutrinos ve, v, and v are mixtures
£ 3:'3 E - of 3 fundamental neutrino states
Ny electron| muon tau El= -g_ c W boson ) with defined masses vi, v,, and vs.
£ e W i N 18l Wk
@l »|0.5MeV|0.1GeV | 1.8Gev|" °g’ 2lt| soGev
gl s 2 g Flavor:u,d, c,s, t, b
2 o
.g §_ electron| muon - 2 E Zboson Hadrons are bound Quark states
E neutrino| neutrino| neutrino § %’ s 7 Baryons: Hadrons w. odd number of
Ve Vi Ve ol|s3 quarks e.g. p(uud), n(ddu), half-spin
91 GeV
<l.1eV|<0.2MeV]<18 MeV Mesons: Hadrons with even number

‘lof quarks (e.g. qq), integer spin

Interaction Vertices

Electromagnetism Strong Interaction Weak Charged Current Interaction Weak Neutral Interaction

Nl T N veuerereill LN
Y sever ch’an- 3 the gluon itself, ¥ all Quark copr.nbinations so that N Never changes
v never changes W . z flavor.
ges flavor. g flavor. ae = 1 charge is conserved. Always ay = 1/30
a=1/137 s changes flavor! ay, = 1/30 z=

Coupling constant Determines strength of interaction between gauge boson and fermion = probability of fermion to emit or absorb

piing g boson. Scattering process with two vertices: M’ & g? = Interaction probability p = |M|? «< g*

2
Fine struc. const. @ @ X g; agy = P Intrinsic strength of weak interaction > QED, but because of W-boson’s large mass it’s smaller.
Natural Units
Physical Quantity [kg,m,s] [k, c, GeV] h=c=1 conversion Further Units
energy E Jl= [k‘qm ] [GeV] [GeV] E[J] =E[eV]-e Barn [b] 1b = 10728 m?
momentum p [kg—m] [ﬂ] [GeV] B ["47_’"] _ Plevle fic = 197MeV fm = 0.2GeV fm
s - g [ ;] h=1073%s, e=10719C, c = 108?
e mle
mass m [kg] [ ] [GeV] mlkg] = Heavyside-Lorentz: A=go=|o=1
. h 1 0.2[Gev]1015[m]
time £ [S] [GEV] [H] t[S] =t [EV] ot [Gev] c[m/s]
. i 1 i _
distance d [m] [G—] [n] dlm] =d [—V] *=d [n] 0.2[GeV]1075[m]
2 2
2 1 27 _ 1] (he)* _ -15 2

area A [m?] [(Gev) ] =] apm?) = a[5] (%) = a2 02(6ev)1075m))

Special Relativity and Four-Vectors

Beta and __1 . g=" Lorentz- Let S* be the ,moving” system, and let S be the ,rest” system; i.e. velocity and direction
Gamma J1-p%’ ¢ |transformation ;of S with respect to S determine magnitude and sign of 8. 7,,=1*"=diag(1,-1,-1,-1)
Active LT 00 O] svem S ook ke m [E25e T Ly 070 o] mems ook ke
Boost in x Auv froy 00 uy " ? Boost inx, A#v ~By v 00 -yu P! GO
AN 0 0 1 Of"rest"systemS? S 0 0 1 0] in"moving"S?
’ 0 0 0 1lla*=a*,a" ’ 0 0 0 1f a*=7a*a"
= — =2
sovsthizor: Xt = (‘;?t) = (;) Proper Time Tin ' ds?=ds'* = ¢ 2gt%- dx?- dy?- dz%= c? d1° = dr’= dst (1 —:—2) dt? =
4-vector ut = gef _drfdr _ e _ (C) = (yc) = ()/ ) utu, = y2(c? — ¥2) = c? > 0 = time-like, invariant
veloicity T T aw Ta TV T T s w=v ’
5y _ E?2 . .
4-vector Pt = mout = m (yc) = <§> = <m0‘7 + Ekm) e=1 (mo + Ekm) _ (E) pHp, = po p= == p% = méc?..invariant
- 0 - 0 v) —\3)~ = - D “\n - > s . .
momentum Yv P 7 p P/ prp, = ' p2 — 2 = E? — p? = m? _invariant
1
o) <= o =0\ e=1( 0 = _E=ym
Derivations 0, = (lat,v) = (6t,V) o* = (C t> = ( i) 0,0% = = —2 — iz 262! 622 — v, O% S =1 S
c _ Ry atz ¢ at p =ymeU = ymyBc = ymyf
= s _ P _ P
Energy: massive particle: E = \/mZc* + p2c? = Jm2 +p? massless particle: E = |Blc = 1] | = yme — &
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Particle Accelerators and Detectors

)  + E,fm) _ (E,’jm) _(920GeVY . uc=1 (E,:’m) _( 27.5GeV
BE collider Center-of-mass frame.p ( =~ Py = (92066V)' Pe = e )~ (—27.SGeV)
(e.g. HERA): Dio: = Dp + D = (zg; ggeg) Available Energy: Vs = |p}, . ptet = \/(947.5% — 892.52) = 318 GeV
Fixed Target =1 My, e
proton: wghat proton rest frame: py, = ( 0 ) electron moves: pe (El’]”"> Prot = Pp + D6 = (ml’ :;eEkl">
electron i i tot e V2 _ .2 e )? 2 2 e 2 _ (Fe )2
energy Is Available Energy: Vs= [pl ptot = |(m, + Efy,) — 02 = [(my, + Efy) — (EGn)? = Jm +2m,Ef, + (Ef)? — (Efy)
geat:;rse?d for Vs = JmZ +2m,Ef, =~ \[2m,Ef, = Egp, = %p = would require electron energy Eg;, = = 50 500 GeV for same s

LHC resolution

E=hv= h% == %; Ejyc = 14TeV = 1 = 107m (quarks: 107"m ) %Interactions at ATLAS, CMS, ALICE, LHCb

LINAC A voltage generator induces EM field inside the RF cavities with 400MHz. LHC: 8 X 2 MeV
Cyclic accel. 2 types of magnets: Dipol magnets for beam “bending”, quadrupole magnets for focusing (only in one axis!)
4 e2p2y*
Synchrotron :Bremsstrahlung energy loss E = P
Detecting Measuring momentum of charged particle by detecting deflection through Lorentz force (easy compared to energy detection)
- 2, - _v LA v_ P_ -
momentum F, = F, = mw r—erIvfra):wfr:mrzr—er:mr—eB:r—eB:
(1) Particle moves through gaseous substance, liberates electrons, which drift in an electric field towards sense wires.
(2) Particle moves through doped silicon waver, and generate electron-hole pairs.
The holes drift in direction of the electric field and are]
Tracking A collected by pn-junctions. Sensors are shaped in
detector g N amem ; strips. One particle = 10000 electron-hole-pairs.
| &I T " Detectors are placed in cylindrical surfaces. A
sicom N { homogenous B field is applied.
p [G—iv] cos(1) = 0.3B[T]R[m]
Photo effect: 'Y gets absorbed, e is emitted.
. 1
Photons: /// Charged article traverses dielectric Small energies E, = Ey — Epinaing 0 X 5
Cerenkov < \ medium t/ t/ 1 Compton x
% c ct/n ct/n
radiation v>=-=cos(¥) =—= ==
n @) vt Bt np |effect: A ) o X =
large energies ' N‘“ -
¥
¢ A high-energy electron interacts in a medium and radiates bremsstrahlung, which turns into
= iae”e™ pair. Also a primary interaction of a high-energy photon will produce e"e* and
= icreate a shower. The pair production process continues to produce a cascade of photons,
EM shower : electrons and positrons. The number of particles double after each radiation length X,
T Energy of a particle after x radiation lengths: (E) = £ Shower stops, when (E) < E, =
¥ E In(E/E.)
v E= o2t = —:> In(2¥max) = ln( ):> ln(2) Xmax = In (E_c) :>m
EM Measures Energy of e~, e, ¥y with E > 100MeV . Alternate layers of high-Z material (e.g. lead) and scintillator material. EM-
. . . . op _ 3%-10%
calorimeters shower in lead layers. Scintillator detects the created electrons. Energy resolution R
Hadron Measures Energy of hadronic showers. Large. Again, sandwich structure with thick layers of high-density absorbers (eg steel)
) ; o 50%
calorimeter and thin layers of active material (eg plastic scintillators). Energy resolutlon W
Cost effective way to detect passage of charged particles when precise spatial info is not required. When passing, they leave
Scintillators  isome of the scintillator molecules in an excited state. The subsequent decay results in emission of UV photons. By adding
fluorescent dye, the molecules of the dye absorb the UV photons and emit blue light, which is detected by photomultipliers.
[ T T T T T T T T i
r = The fon carries electrons and || oo rise / ] lonisation energy loss per unit length of relativistic
has thus reduced charge « In(B2y2) & charged particle passing through a medium:
E — /S 3
i u Batl e-Bloch Radiative / jf E e 21 [1n (rmeg?
C FS O~ | MeC 4
A A;l:;.n \_~ ﬁz, the ion does not / é"? ] = =K 5Aﬂ2 [—ln (67) p? — 8(ﬁ]/)]
\ o
)\ carry electrons anymore Fpe / /&
Bethe-Bloch \ Radiative /im\im:\n 3 K ... constants, Z, ... charge number particle,
F \ Minimum effecrs el ] Z ... charge number material
. \_ ionization reach 1% i e ’
FMuclear \ : _T_4___4  A..massnumber material,
I | N S, Without 5 | ~ 10Z eV ...ionization potential
L | | | 1 | | 1 S(ﬁ ) E C ti
0.00L 0.01 0.l 1 10 By 100 1000 10t 108 108 V) ... Energy Lorrection
L 1 1 I L ! 1 J
L0 1 10 00 L 10 100 L 10 100, - independent of particle mass
MeVic] Gevid TTevicl
High energy {ar _ (d_E) + (E) (E) __E (E) Bethe-Bloch formula needs modification, because
e~ detection |[dx dx/radiation dx/ionisation| \4x/radiation xo \dx/ionisation Of small electron mass, and e"e~ QM effects.
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Fermi's Golden Rule

schrodinger: i =~ W(x, t) = ﬁqJ(x t)| H=Hy+ ', 6) = ih=W(x,t) = (A, + /() $(x,6) .. (1)

W(x, £) = Tk (8) b (x) emitni/n lh - Yk 0 (1) by () e F/M = (Hy + H' (x, 1) Ty i () by () e F6/M =

ihy % (e () dr(x) e_lEkt/h) = Zk Ho (Ck @®) b (x) e_lEkt/h) + Xk " (x, 1) (ci () i () e_lEkt/h)

ih Yy ( i () dp(x) e~ ERt/m — i Ck(t) bp(x) eﬂE"t/h) T i (8) Hy b (o) e Bt/m 4 37 B (2, 1) (¢4 (8) e (x) e EMY | H by =E by
hzk“"“) by (x) e~ tER/ +W = Wh + 20 ' (x,£) (e () re(x) e ~HERt/M)

ihyy ack(t) Gp(x) e Bt/ =3 H'(x,t) (i (t) dp(x) e"Ekt/h)|Iet Y(x,0) = ¢;(x) = c,(0)=6; for small perturbations also c; (t)=8;
ih %y ac"“) i () 7B = 3 [ (x, ) (8 e () € ™E6/) = 1 (x,€) py (o) e /1 by () = (), b, () = i)

ih 3, 22 "’C"“) lke~(Bxt = ' (x, £) |i)e "5t/ (| = i T, "4 (flk)e ™8t/ = (F| A", £) [iDe ™51t/ () =

ih zk%af S = (T (x, £) |5 = i "’C;‘f” SEP = (| A () e =

Ocs(®) _ 1 01 gy NIEft/h p—iEit/h — L / i (Ef=Eit/h
Frank ,h(le(x,t)lz)e e —ih(f|H(X,f)|l)@ VIt =

dep(t) = lT-fe"(Ef"Ei)t/ﬁ dt with Transition Matrix Element |T;; = (f|ﬁ’|i) =

cr(t) = f T; el(Ef E)/h dr|assumpt|on Ty = Tip(x) = cp () = = ,ff U E~E)/h gy (2)
w@®) = Zk Ck(t) e R RY|(f| = (F1P(2)) = T i () e"lEkt/"(flk) Zk c(t) e Ert/hg = (f] ‘P(t)) = Cf(f) et (3)
Probability for a transition to state |f) after duration T: ps; = [{f]| ‘P(T))lz |cf(T)e"‘Eft/h| = c;(T) cp(T) =>

T - Ef_E) ’ (Ef_ ) f El * —iwgit’ ’ T iwgit
(M) = (=T [ e at') (2T, e dt )| wp, S(4) = = (ST [ ement ) (ST, [T etent dt)
pri(T) = ﬁlTifl f e_i“’fl't dt’ fTei“’fitdt| Teg _Z =dt=di t=1 +Z same fort’ - t’
P =l (e oD aw [Feenl D ar= Ly R fFet e .o

2
|Tif|25m (:gT/Z) h_lzl if

sm(meT/Z) sm(meT/Z) i

2 sin (wﬂT/Z)
@fi @fi h? | ~(6)

pfi(T) = |Tlf| 2
(6)
Transition Rate (probability of transition per unit time) for T — co: dl; = llmTﬂoo 7Psi =

dly; = |Tif| limy_,e ;f_f elwrit f_f e~tont qf' df = i—" |Tl.f| limy_,e ;f_f elerit §(wp;) dE ... (7)
2 2 2

27'(5(wfi)
If there are dn accessible states in the energy range [Ef, Er + dEf] then the total not Lorentz invariant transition rate is

T
= [dlyidn = [ dly = S dEp = z 1Tl Nlimp fT ert 8(wp;) di - dEf w L
Ty = i—’j|Tif|2fanﬁmlf Eei(ff-fi)f/ﬂd—"s ((52) didEy |6 (“52) = n8(E; - E) =
dEf
T
Do = 2|7y [  limy_ & f2 (e et S 58y ~ E) di dEy = |, | limy g, f, CamdE =2, Ty 2 _1imm§f_*§dz
B 1
r, =2 -|2d—n =\l = 2—n|T -|2 (E;) with p(E;) = an Fermi’s Golden Rule (to the first order)
fl_h fi dEfE fl_h fi pLE; P VT uE .

N Tz i(B.z-E¢) h= I
Final-State particles are represented by plane waves W(%, t) = Adei(k%-0t) = Aei(F55t) "2 gpiti-re) 9)

9)
Normalization to one particle per one cubic volume of side a = fu fu fu YW dx dy dz=1=
f f f Are BT gol@BI-ED) gy gy dz = 1 = |A|%a® = |A|?V = 1 = |A| = = ... (10) is not Lorentz-invariant!
Boundary condition: W(x,y,z,t) = Y(x + a,y,z,t) etc. = e'Px* = pitx(x+a) — pxx =p,(x+a) +2nn, =

DeX = DyX + pya £ 270, = pea = 21N, = p, = Z’Z‘" p Z’Lﬂ,pz =T (11) =

y
. . _px_2m _py_2 _2_211' 3. _ (2m\° _ (2m)3
Volume of a single state in p-space: dp, = o= ;,dp == —,dpz =Z="x=|d3 = (—) =—|..(12)
X

ny ng a a 14

Non- volume of sphere in p—space 4mpd 1 (12)
relati- Number of states n in a sphere of radius p in p-space: n = - - = —_—

. volume of a single state in p—space 3 d3p
vistic 4mpd v dn _ 4mp? dn dn |dp| (13) amp?  |dp
hase =5 G = ap = ¥ (1) Dens.ofstatesi p(8) = 52 =32, = et Ve, -
Space 2 2 2 dp _ 1.2 2 E_ ym dp 1

= = = - =p= - - === — = === = ===,
E2=p*+m?*=p*’=E’-m?*=p=(E*-m )2 i 2(E m?)~ 22E \/ﬂ > = mg > ar ..(15)

Infinitesimal number of states dn; for the i-th particle in an cuboid with d|men5|ons dpl x dpy x dplin p- space
dn, = volume of cuboid dpxdpydp' (4)d _ dpxdpydpz V = 1=dn= dpxdpydpz — a3p; (16)
' volume of a single state in p—space da3p (2m)3/v (2m)3 (2m)3 ™
General non-relativistic expression for N-body phase space (with N-1 independent momenta bc. of momentum conservation):

(16) @35,  d3pn- d*py  d*Pn-1 o3 N > 3.2
dn =dnydn, ... dny_, = (Z")13 (Z,,)sl = (2,,)13 : (271)316 (Ba — P~ — P)d’By =

dn= (2n)* L8 LG p — = )| (17)

(2m)? ™" (2m)?

Lorentz-
et * 3, — H : . ! 434 — I
invariant |Non-relativistic: [, W*W¥ d%x = 1, Lorentz-invariant: | [, W™’ d®x = 2E|...(18) = ¥' = V2E¥ =

matrix grlwr g’ _ _ 1
matr | My = (Wi AW, ...) = T\ [2E,2E, .. 2,2E, -] . (190) ‘Tﬁ_ngcii\m ..(19b)
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Lorentz-Invariant Transition Rate for Two Body Decay

2 2 (o h=1 2 o
(8) = Ty = |Tnl " [y 8(Ef — Ei) dn=Ty; = 2m|Ty| f 8(E; —E-)dn| E,=E,E =E +E, =
2 2 7))
Decay Ty = 2m|Ty|” [ 8(Ey + E; —Ep) dn = 2n|Tif| [8(E, —E, —E))dn=>
142 _ 4 2 302 d3P1 d3P2 (19b)
a—1+2 i[y; = (2m) |Tfi| fS(Ea —E —E) 8@, — 1 —P2) @) (2n)? ad
(211) 3 da3p. a3p. . . -,
Iy = |]fol| [8(E, — E; — E;) 8% (B, — P, — Da) (27'[)32151(211)—3225' .. (20) Lorentz invariant transition rate
dLips = P _Cin | (1) 2 ary, = @ 5 8 (Bo — Br — Ba) d
LIPS = o o] - (21) = Ty = |Mﬂ| [ 8(E, — Ey — E;) 8 (B, — B, — P) ALIPS
2
ips, =S G [ 8k —plt ~p) dLIPS . (22)
fS(EiZ —ﬁ? —m?)dE; = fS(f(Ei))dEi = f,(E |6(E Eroor) dE; with f(E;) = EZ — p2 — m? and f(E,o:) = 0 ... (23)
Lorentz @17) - )
invar. f(Eraot) =0 :>Eroot pi - mi =0= Eruat = pi + mi = Eraut = pi + mi (24) (23)
23) 4 N @49, = =
phase f'(Eoor) = _(Eiz pZ - m2)| = ZEilEi:Emot = 2E o0t = ' (Eyoor) = 24/ piz + mLZ
space Ei=Eroot
and 2 _ 22 2 =) 2 __ 1 =) Z_ 2_ 32 2 _ @
transi- J8(EE - pf —mP) dE; = [ [—S(E pi + mi)dEi = P p; +m; ‘Ei:>‘f5(E —p{ —mi)dE; = 2E; - (28)=
tion rate .
witha-  ALIPS = = 8(E — p7 —m3)... 8(E} — 5 —m}) dE1d3p1 -dEyd®By| pf vl = B2 — 7
vectors (22)
dLIPS = mﬁ(pi‘pi - mf)---S(pzvvpéV —m{)d*py ..d*py| =
4
Iy = (22 s |J\/[fl| [8* Wk —pi —pi) 8(pi'pt —m?) 8(pyp?2 — m3) d*p,d*p,|... (26) Ll transition rate with 4-vectors
a—- 1+2 (20) (211') 3 da*p;  d%p,
in center Eq =mgPa = 0=1T; = |Mfl| J 8(mq = By = Eo) 8 (=B1 = B2) s, (2m)32E, (2m)32E;
;2::255 i = oo —2_[|M]” do w1thp = o2 = Gy + mp)D (2 — (my = my)?) ... (27)
Interaction Rate and Interaction Cross-Section
Cross- _ # interactions X 1 _ # interactions X time-area diff cr. do | s doub | 424
section o= #target_particlesxtime incident_flux - #target_particlesxtime #incident_particles |[sect.: E' dQ = Sln(ﬁ) dd d(p diff dQdE
(va+vy)t Interaction probability: dP = d%a = ""A#a = nb(v“:wa =n, (v, + vp)odt ...(1)
Interaction o ) ) _ar @
orobability -. . Interaction rate per particle of type a: 1, = ) = n, (v, + v,)0 = nyvo ... (2)
and rate . * ° Total interact. rate: rate = 1, N, = r,n,V = nyvon,V = (n,v)(n,V)o = ¢ Nyo ...(3)
with flux of particles type a: ¢pq = n v = ng (v, + vp) ... (4)
1 3) (4)
[y; = rate = ¢,N,0 = Ppon, Vo = ng(v, + vu)n,Vo ... (5)
v, v, (5)
a0 normalizing wavefunctions to 1 particle per Volume = n, =nj, = 1= I}; = (v, + v,)V0 ...(6)
normalizing volume to 1= Ty; = (v, + vp)o0 = |0 (7
2
Lorenz _ ot 2 o 32 42 _ = =N\ @B d%p
invariant I = 2Eq2Ep lMﬁ| J 8(Eq + By = By = E5) 8 (Ba + By — P1 — B) (2m)32E; (2m)32E,
11 2 L s o Nd3p a3, )
flux 1= o G |Mfi| J8(Eq + By = By = B) 8 o + Py — 1 —P2) 3 3 =
_ 1 _ 3,2 A d3py d3p,
o= 74Ea5b(va+vb)(2”)z |Mf1| [8(E,+Ey, —E — E;)) 8 (B + By — P1 — B2) 25 25 - (8)
N N ®)
Lorentz invariant flux factor: |F = 4E.E, (|| + |Up|) = 4ELE, (Vg + vy) = 44/ (P " Pb)? — m‘zlmlz,l .(9)=>
1 N N N S\ d3py d3p,
U_F(Zﬂ)z| ftI J8(E,+E,—E —E;) 8B, + By — 1 — B2) 2511 2522---(10)
F = 4B (o) + ) = 4635 (4 ”—‘3) Bi = =i = Il = 173) = pi = F = 45365 (% + %) = 4y, + 45 =
Scattering IR N 1 X _ W R3e g 2 P d%B| e _
in center- F =4p;(E; + Eb):Ffi = i (earEy) 2n? (Zn)z |Mf1| [ 8(E; + E; — Ef — E3) 8B, + Dy — Ps — D> 25, 25, |Pe = Db
of-mass =t 1 - —EN 83 (— &5y &*F; det
frame 4p1(5a+5b) (2n)2 IMfl| J 8B+ By = B = E) 8 (=pi — P 28, 2, | Lo T B0 = Vs
1 ) &3 oo\ A3P1 AP, 1 _ 1 pf "
= ((W | fl| [8(\s—Ef —E;) 8 @i + 13 2511 ZEZZ o mff'Mﬁ' A0 =0 = o f|M,l| da*|..(11)
Mandelstam Variables
s-channel t-channel u-channel
Py P annihilation scattering 2 Ps scattering
S_(P1+P)2 P Pa t:(pf—pg)z ' u=(pf_4z
s=(s+pl) q t=@; —p)’ q u=(p; —ps)
q q = /s c.o.menergy Ps p, 47 Vt qg=+u
P2 P4 Lorentz-invariant= Lorentz-invariant Pe P4 Lorentz-invariant
s = (Ei + E3)* s+u+t = mZ+mi+mi+m}
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Klein-Gordon Equation

EZC;1p2+m2:>E2—p2:mz:>E“2—ﬁ2:m2|-‘P:>(Ez—ﬁz)‘{’:mz‘}’m:i%zﬁz:7%:
Derivation 2 ., Coawla = = 22 | o _ ol 92 —— 5
of equation (_F_ )Lp_m\p|p_7lvz>p —7V:>(—§+V)‘P_m‘{'| (71):m\p_v\p__m1p:>

949, ¥ = —m?¥ = 949,¥ + m*¥ = 0 = |(89, + m*)¥ = 0

Dirac Equation

— -2 - ~ ~
Startlike E2=p?+m? = HE =p*+m? = (=iV) +m? = V2 + m? ... (1) Schrédinger: i8,¥ = Hp¥|id, - = —02¥ = i9,(Hp,¥) =
) _ _ _ _ _ (D) =
Klein Gord g2y = i(9,H,)W + i3, %] 0,1, = 0 =>—02¥ = Hpid,W|id,¥ = H,W = —02W = B3W = —92¥ = (-V2 + m2)¥ ... (2)
W, (7, 1) _
w, (7, t) ) " In order to allow Lorentz-covariance, Hp, in x-space, must be linear in spatial derivatives:
W, (7, t) (spinor € C7) f, = a;p; + fm ... (3) with @; and f being 4x4 matrices acting on the components of ¥
Y, (7, 1)
. - ~ ~ (3)

(1) = A3 = =V +m? = A = —0,0, + m* = M3 = —0,0;8,; + m* = (p + pm) (a;p; + fm) = 0,06, + m* =
%giaﬁg,a, +pmpm + ﬁm%%ﬂ- + %giﬁiém = (—0,0;6;; + m*)1

Ansatz Y(#t) = \

joi

—,;0,0; + m2B? + = mBe;d; + - maBo; = (~0,9;5; + m?)1
Derivation | —%i;0;0; +m?? —im (Egz + gxlj) 0; = (—0,0;8; + m*)1

of Dirac i :l[a, a] =1
i Uil Yir 4
Equation  Coefficients of -0,0;: a;a; = 651 if i 2 * = [gi'QJL = 2§;;1| Clifford algebra

1
—ag;=0=g;a =;[a,g], =0

1 0
Coefficients of m?: solved by [ = y° = <@z ﬂz)
= = 2 —1p

Coefficients of @: ZLE +,l:?o=rl = [gl,/:?L = 0 solved by|a; = (([iz (gl) with (g, = ((1) (1)),02 = (? _(f),a3 = ((1) _01)

—~ 3)
Free particle (0, % = AW =i0,% = (¢, + fm) W[ p, = 20, = 10,¥ = (20, + fm) ¥ = i0,¥ — 1 2,0, — pm¥ = 0 =

Diracaua: ig \p 1 iq,0,9 — pm¥ = 0| f - = iBO,¥ + ifad,¥ — prm¥ = 0|[p =y, pa = v\, 5> = 1
tion with y = = = = == = = == [

Matrices  iy°9,¥ + iy'a,¥ — Im¥ = 0|y* = (v°,y)" = |(iy“6u -m)¥ = 0| = |(i¢ —m)¥ =0 with @ & y#3,, m...rest mass|

Properties of Gamma Matrices y*

1 1 —i
]/0 def — 1 }/1 def ﬁd — 1 .yZ def ﬁa = L Clifford
Gamma = -1 = -1 = ¢ algebra
Matrices -1 -1 =t ’
(Dirac L 1 G2 =p2=1 [yHy*],=2g""1 ")'=r°r*y°
represent- 1 1) @H2=—1 =1
i 3 def = - 5 def 7,0,,1,,2,,3 _ - -
tatlon) y3 £g3 1 Y =wyvy 1 y0+=(y0)—1=y0 y5+=(y5)—1=y5 ]/0}/2=—}’2]/0
1 1 D=y Yiyt=—y*y® 0932370
Y Y Yv==rvy
Proof Proof y* (¥O)T=pgT=p=
H2=-1 hermitian ()t = 30
Proof y! anti
hermitian
a? B ;> = p? = 1= Eigenvalues = +1 ‘(yi)2 = —1 = Eigenvalues = +i ‘tr(y“y") = 4g"v
tracelessness @ = 1g; = ffa; = —faif = tr(a;) = tr(-paip) = tr(-epp) = (-z) = (g) = 0] [ = 0
Repr. with _ ( Ui) _ (]12 ) i _ - ( Ui)
Paulimatr: £~ \g B= -1,)" = Ba, = —0;

Probabiliy Density of Dirac Equation

ot (YO m)¥ = 0] = WI(=iG 78, = m) = 0 ()" =y py" = WH(=iGr ) 0, my'y*) = 0 =
Dirac Wy (—iy# <9, - m)¥° = 0|Why° & ¥ = W(-iy# <9, —m) = 0| - (-1) = P(iy* "8, + m) = 0|y 09, = 9

equation @(i‘_ﬁ + m) =0 with T@ & y#9, and ¥ & why°

Dirac: (i —m)¥ = 0|¢ = @(i;}) —m)¥ =0...(1), adjoint Dirac: Yig+m)=0¥ = @(i‘_ﬁ + m) ¥=0..(2)
continuity _ _ _ _ _ _ -
equation  (2) + (1) = (P ¥ + Pm¥ +iPP¥ —WmP = 0/:i = P(TP+N¥Y =0=P(y* 9, +y*9,)¥ =0=

(Pr#) "0, + Byka,w = 0| (Fy#) "9, = y* W0, = 0,¥y" = 9, Py*W + By#a,¥ = 0 = 3,(Py"¥) = 9,/* = 0|

Probabilit = —
drecr’lsfty' Wop = O =Tyow = whyo 0w — wity = wiw — [ = 34 Wi, > 0] . positive definite | [ = Byhw = whyopry]
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Covariant Solutions of Dirac Equation

Free Particle iAnsatz: Free particle, plane wave: ¥ = U(E, ) e!@*-ED = U(E, ) e " *v .. (1) with U(E, ) being a 4-component spinor
Pl W , @, o _ipV . oy _ipY N —ipY
Soilrj‘fioni\;e (Ly“z?ﬂ -m)¥ = (3:> (Ly"au - m)(q(f, PeP)=0= Ly“au(U(E,p)g v”" )= mU(E,p)_ev P =0=
Dirac iy* U(E,p) 0ye™" ™ —mU(E,p) e”? ™ = 0 = iy* U(E,p) (—ip)d,x,e™ " ™ —mU(E,p)e™ v = 0 =
Equation Y*U(E,B) p"n,n e ™ — mU(E, p) e = 0 = y#p, U(E,p) —mU(E,p) = 0= I(y"pﬂ -m)U(E,p) = OI @)
1 Uy Uy Eu, mu,
>, () 5 1 u, u, Eu mu,
- op _ - 0py — — 2 | =
Special pu=(E,0)=(°E-mU(Ep) =0=y°EU=mU = -1 E Ug Moy | 7| —Eu, mus
Solution for -1 Us Uy —Eu, My
Parti 1 0 0 0 1 0 0 0
article at 0 1 0 0 0 1 0 0
— — — - —imt - —imt - imt - imt
Rest U, = 0 ,Up, = 0 ,Uz = 1 ,U, = 0 = |¥;=N 0 e ,¥,=N 0 e , W3=N 1 e'™ W,=N 0 e
0 0 0 1 0 0 0 1
E=m E=-m
L @) , "
P = (E,—~B) = (Y°E = v'Px = ¥?py = ¥*p, — m) U(E, B) = 0 = (BE — Bt — Batypy — fazp, —m) U(E, B) = 0 =
1 0\, (1 0\/0 o _n@®0y>_n @(tﬂ)oz)_n@] o
[(@ —n)E (@ —]1) <0x @)px (@ _]1) <0’y o)Pr (@ _]1) o, 0)P: (® ﬂ)m UEp =0=
o (5 Do, (5 S Dmuen =
[(@ —n)E (—ax 0)Px"\-q, 0)» g, 0)P (m) n)m UEP) =0=
1 0 0 _prx) ( 0 _Gyp}’) ( 0 _O-zpz) _ 1 0 ] >N
[(([)) —ﬂ)E + (axpx 0 + oy Dy 0 + 0,0, 0 ((0) ﬂ)m UEp) =0=
1 ) 0 —O0xPx — OyPy — Gzpz) _ 1 0 ] o\
Sen?rlal Free [(@ _H)E + (gxpx +0,p, +0,p, 0 ((D) ﬂ)m UEp)=0=
article 1 0 —G-p 1 0 N E-m —6-p wr (Ua
Plane Wave [(@ —ﬂ)E+(&-ﬁ 0 )_ (@ ﬂ)m]U(E'p) =0 :( G —E—m)U = O‘ v= <UB> =
Solution L L U =3Py
(E—m —0-p )(UA>= :(E—m)UA—(G-p)UB=O: A= U 3)
dg'p —(E+m)/\Ug @ -pPU,—(E+m)Ug =0 Uy = 3B A
E+m )
o> o _(0 1 0 —i 1 0 _ Pz Px — 1Dy ®)
o p_axpx+0ypy+azpz_(1 0)px+(i O)py+(0 _1)pz_(px+ipy -p, ):>
Pz Px=ipy Pz Px-ivy
= E- E- _ | E+ E+
Us =\ poripy g |Us =G Us={ 05 T8 |Ua o (40)
E-m E-m E+m E+m
1
1\ @45) Pz Px—iDy 1 Pz U 0
_ _ E+ E+ _ E+m o A\ _ Pz
..Ansatz U, = (0) = Up = pxﬂ.’;y __p’z" (0) =\ patin, | = Vs ENA (UB) =N; =
E+m E+m E+m \px+ipy/ )
Etm solutions for £ > 0
0 (particles)
0 (4b) Lo BBy 0 by U, L
_ _| E+m E+m —| E+ o A\ _ px—ip
...AnsatZUA—(l):UB_ Petlpy  —pe (1)— e | = U 2N ( B)_NZ peity
E+m E+m E+m -py
E+m
Pz
) Pz Paipy Pz U Em
_ (1 U _ | E- E- 1\ _( E-m der A\ _ Pxtipy
..Ansatz Uy = (0) = U=, (0) ={ poviny | = Vs 2 N (UB) =Ny |
E-m E-m E-m 1
0 solutions for E < 0
Px—ipy (anti — particles)
O ) Pz Pxivy 0 Px—iDy U E-m
_ ¢ | E- E- — — der A “Pz
.. Ansatz Uy = (1) =U=| (1) =| 5 )= vz, (UB) =N,| 7=
E-m E-m E-m 0
1
—— 2 p3 p3+p3\ _ 2 (E+m)2+pZ+p}+pf 2 E2+2Em+m?+p% | S 2 02
Normali- UiUy =28 = N, (1 tame T (E+m)2) = M| Game N gy =2 = mmt =
zation 2 E242Em+m?+E2-m? _ 2 2E242Em _ 2 2E(E+m) _ 2 26 ! —
A )2 = |M| Em)? = |N| Erm)? = |Ny| T = 2E= N, =VE+m =N,
1 0
Used Particle 0 1-
! From above, we only use U; and U, (the particle solutions): U; = VE + m| 2~ |and U, = VE + m | Px~Py
Solutions E+m
7 E+m
DPxtiby Pz
E+m E+m
Dirac Sea Historic interpretation: In the empty vacuum all negative energy states are filled up (Dirac-sea). Holes in the Dirac sea (e.g.
created by photons) are anti-particles.
Feynmann- Modern interpretation: Solutions with negative energy can be seen as particles with negative energy moving backwards in
Stiickelberg time. This corresponds to an anti-particle moving forward in time. time T le” =Te™
E<O0 E>0

© www.goldsilberglitzer.at -6- helmut@goldsilberglitzer.at




Anti-Particle Solutions

In principle, we can calculate anti-particles with spinors Uz and U,. But we need to use the negative value of the physical
Motivation energy. Also, because U; and U, are propagating backwards in time, the momentum is the negative physical momentum. It is
more convenient to write spinors in terms of physical momentum and physical energy E = + |\/ﬁ2 + m2|
(1) = (iy*8, — m)¥ = 0|New ansatz, reversing signs of E and : ¥ = V(E, p) e (PA-ED)
Free Anti- (iv*9, — m)(V(E,p) e 'P*ED) = 0 = iy#9, (V(E,p) e ' P*E0) —mV(E,p) e {P*E) = 0 =
Particle iy* V(E, B) auefi(ﬁ-:?fEt) —mV(E,p) e FFED = 0 =
sPIa:ne. Wave (195, +iy'a, + iy?0, + iy®9,) (V(E, ) e "Px*—pyy=ipsz+E) _ e~ iF5-ED) = 0 =
D‘i’r:?o” (O — iytip, — iy?ip, — iy¥ip,) (V(E, B) e FFED) — mV(E, §) e {FFE) = 0 —
Equation (—r°E+v'pe +v2p, +vPp, —m)V(E,B) = 0| (-1) =
(F°E=v'py = ¥?py — V3P, + m) V(E,$) = 0 = | (y"p, + m) V(E,p) = 0]...(5)
E\ 5 S "
b= (_5) 2 08 ='pe =y, = Vp + m)V(E) = 0 = (BE = Pasp, — Beypy — Bp, +m) V(EF) = 0 =
1 0 1 0\(0 o n@@ﬂy) n(n)(@az) n@]ﬁ_
[(@ —n)E (@ —11) (ax @)px (([» —n) (ay o)Pr ((0) —]1) s, 0)P27 ((n) n)m VEP =0=
1 0 0 o 0 o 0 o 10 L
[(@ W (_Ux @)px - (—Gy @)py B (—az @)pz +(o n)m] VEP) =0=
1 0 0 prx) ( 0 _UVPY) ( 0 _O-zpz) 1 0 ] >N
[(@ CDEF (axpx o Jt\ow, o )t\op, o )7 (o PmVED=0=
General Free [ 1 0 E+( 0 —OxPx _Jypy_azpz)+ 1 0 m]V E#) =0—
Particle (@ —]1) OxDx T U};pyj- 02Dz 0 ((0) ]l) 1 E P)
Plane Wave 1 0 ( —a-p> 10 ] N (E+m —U'P) _ ‘ ger (VA>
E 5 o V(E,p) =0 L V=0l «
Solution [(tm —n) 65 o +(@ n)m EP)=0={5 5 ~E+m v,) =
_ 97
<E+m —G-p )(VA)_ E+m)V,—(G-p)Vp =0 VA_HB ()
G5 —(E-m)\Vs @G PWam (E—mVp=0 y _ 55 ("~
E-m
— _ (0 1 0 —i 1 0 _ Pz Px — IDy) (6)
o p_axpx+0ypy+azpz_(1 0)px+(i O)py+(0 _1)pz_(px+ipy -p, ):>
Pz Px=ipy Pz Px~ipy
—_| E E | E= £
Va=| piiin, i Vo (7). Ve =\ oy |Va (70)
E+m E+m E-m E-m
Px—iDy
0\ @) Pz px—ivy 0 Px—iDy v E+m
4 ge Pz
..Ansatz Vy = (1) =Vi=|fm  Ee (1) o R A (Vz) =N| 7=
E+m m E+m 0
1 solutions for E > 0
Pz (anti — particles)
(70) Pz Px—iPy Pz v E+m
_ (1N Ca _| E+m B+ N\ _ [ Em et AN Pxtivy
...Ansatz Vg = (0) =V, = px+ir:y _p'z" (0) =\ pyriny | =V E N, (VB) =N;| om
E+m E+m E+m 1
?
1) 5 o b = v 0
st = (0) 2= i, 50 )0) = memy | = (i) =
E-m E-m E-m Pxt+ipy
Em solutions for E < 0
0 (particles)
75 Pz Dx—iDy Px—ipy v 1
..Ansatz V, = ((1)) =V = pf;};y g ((1)) =| B =L EN, (V:) =N, P;:‘;Zy
E-m  E-m E-m o,
E-m
Px—ipy Pz
Used Anti- E_;m ,,E::;
Particle We use only V; and V, (anti-particle solutions): V, = VE + m E+; andV, =vE+m ;+my
Solutions 0 1
1 0
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Spin and Dirac Equation

Motivation

In non-relativistic QM the Hamiltonian of a free particle commutes with the angular momentum operator: [ﬁ, Z] =0.

In relativistic QM it does not commute: [ﬁD,Z] = —id@ X p = Angular momentum L is not conserved!
: Ansatz: We introduce a. 4 o 3 0 A o A o R o e
Spin o S:lz:l(g 0):)5)(:1(’( ),5 :l(y ),SZ:l(Z ):[HD'S]:w[Xp
new operator § 2 2\g g 2 o)’V 2 ay 2 o,

Tot ang mom

J=L+8 = [HpJ] = [Ap L+ 3] = [Hp L] + [Ap, S| = —id x f+id x f = 0

2 2

2 2 2 2
a a a o, 0; [ [ 0; o,
P=8E+50+ 522—1(" )+3(y )+3(Z ):3(" 2)+ Y 2+(Z 2)
4 Oy 4 O'y 4 0, 4 Oy O'y 0y

(923

Total Spin o2 _1{(1 1 1 3/1 4 3 1
§? :Z(( ]1)+( ]1)+( ]1) :Z( H)Angular Momentum AIgebra:Sz‘P:S(S+1)‘P=Z‘P:>S:E
Dirac particles have an intrinsic Spin § = %
Charge Conjugation
Motivation The effect of charge conjugation is to replace particles with the corresponding antiparticles and vice versa.
lassical electro d ET<E_q¢>T A, ( I sub )
In classical electro ynamics:( —>> - 5 Py DPu— 4 minimal substitution).
—p —(p _ qff) u u u
~ . T . T
Corresponding quantum substitution: ( E>T = 10, - 0. ~q¢ < id, > id, —q4,..(8)
P g4 ) T\(-9) —(—iV — q4) u = Ay
(8)
1) = (iy*o, —m)¥ =y*ig,¥ —m¥ = 0= y*(i9, — q4,)¥ —m¥ = iy#9,¥ — qy*4,¥ —m¥P = 0| - {
-y*9,¥ —iqy*A,¥ — im¥ = 0]-(-1)= y#o,¥ + iqyH AW + im¥ = L=
Charge YrOW — iy A, Y + imW = 0 = [yH (9, — ied,)¥ +im¥ = 0| = (*)"(9, + ied,)¥" — im¥* = 0| (~iy?)
Conjugation  —iy2(y#)*(9, + ied,)¥" —y*m¥* =0 =
Operator € —iy2[(y°)" (9, + ieA) + (y")*(0; + ied;) + (}/2)*(6(2)+ iedy) + (¥®)*(0; + iedy)]¥* — y*m¥* =0..(9)
9
GO =y =y, =y but ¢y =y =
—iy2[y%(9, + iedy) + y1(9, + ied;) — y2(0, + ied,) + 3 (05 + ied3) ]V —y?m¥* =0 =
—i[y?y°(9, + ieAo) + vy (0, + ied;) — y?y? (0, + ied;) + ¥y (05 + iedy)|¥" — y?m¥” = 0ly?yH = —yky? =
—i[-v°Y? (9, + iedo) — y'y?(0, + ieA;) — ¥?y?(9; + iedy) —yPy?(0; + ied)]¥" — y*m¥ =0 =
—i[—y°(9, + iedy) — ¥ (0, +ieA,) — y2(9, + ied,) — y3(0; + ieA) [y W —my*¥* =0 =
[¥°(9, + iedy) + ¥ (0, +ied,) + y2(0, + ied,) + y3(0; + iedy)]iy*¥P* + im iy?¥* =0 =
v (0, + ieA,)iy? W +im iy? W' = 0 = [y*(9, + ied, )W’ + im ¥’ = 0|with ¥’ = C¥ = iy?y"
/ ) \ ( ) \
0 —i
Charge Wi=N Uy e P30 = VE+m| Po | 0 Wi, = iy? W = VE +mi ol el R
Conjugation \p ti / o \ - }
x+LiDy —i Px—iDy
Operator TE+m E+m
coverts 1 Px—ivy
particle to 1 0 o Em o o
anti-particle | Wi=VE +m 1 ;—Zm e lPEE) = JE+m| o eI PEED) = @y = NV, eI EED
1 Px—iDy 0
E+m 1
Ant.part. Op. AY” = p(") +iV,§0 = -
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Helicity

1 0 1
For particles at rest, spinors U. (E 6)= 0 and U. (E 6)= 1 are Eigenstates of § =2 (az ) =1 -1 =
’ = 0 A 0 72 o,] " 2 1
0 0 -1
1 1 1
Particles at a 21 -1 0O)_1(0)_1 2N,
Rest $:U(E,0) = 2 1 0] 20 " 2 U:(E, 0);
-1/ \0 0
1 0 0
& - 1 -1 1 11 1 =
5.U,(E,0) = 1 ol="3l0 = —_U,(E,0)
-1/ \0 0
In general, spinors Uy, U,, V3, V, of moving particles are not Eigenstates of§ But they are for particles moving in +z direction:
1 1
N - 0
$,Us(E,00,4p,) = WVE+m ' 0 | = VEFm( 2 | =10,(8,00,4p,)
E+m E+m
-1/ \ o 0
1 0 0
& 1 -1 1 1 1 1
S,U,(E,0,0,1tp,) = E\/E +m 1 0 E 0 _EUZ(E' 0,0, +p,)
+pz Pz
Particles -1 \m/ \ /
moving in Equivalently for the anti-particles with S(V) =S,
z-direction

gz(v)Vl (E' O'Ov ipz) = _S'ZVI (E, 0,0, ipz) = iVI (E, 0,0, ipz)f
$VVo(E,00,4p,) = =5,5(E, 00, 1p,) = —V,(E,0,0, +p,)

Hence, for particles / antiparticles with momentum 3 = pé,, U; and V; represent spin up, and U, and V, represent spin down

-—) 4 > 4= -—) L —p 4
> > > > 4— — 4 — —
Uy Us V4 Vo Uy Us V4 Vo
> Z > Z

g

Helicity

p

S, does not produce a “good” quantum number, because it does not commute with Hy,: [Hj, $,] # 0. However, the
component of the spin along the direction of flight is a “good” quantum number: [Hp, S -] = 0
We define Helicity as normalized component of the particles spin along its direction of flight:

Left handed particles can participate in weak interaction

<_) 3 3 > Helicity states are +% (“right handed”) and —% (“left handed”) (see below)
Helicity is not Lorenz-invariant, a trafo to a reference frame with opposite spin is possible

Bl 25\ §

We are looking for eigenstates which are eigenstates for both H,, and h:

1 (6B O (UA)_ (UA) (G -P)U, = 2pAU, ... (8a)
2Iﬁ|< 3 3.,3) vy) =Mup) @ = G myu, = 2pau,... 8b)

L . e e e Yy, GO
(8a) - (3 9) = (& D)2y = 20A@G - PIUL| (G - )2 = p? = P2U, = 20A(G - PYUy = P2Uj = 2pA2pAU, = 4p* 22U, =

422=1= H ...(9) Because the spinors corresponding to the two helicity states are also eigenstates of the Dirac

equation, U, and Uy are related by equation (3) from section “General Free Particle Solution”: Ug = %UA =

G DU, = (B +m)Up =2 2pAT, = (B + m)Ty — ..(10)

Px p sin(¥) cos(¢)
Assumption: Particle moves in general (9, @) direction: g = [ Py psin(¥) sin(e) |..(11)

Pz p cos(I)
7P N Pz Px — ipy\ (1)
I N N R N i
2.5 ( p cos(9) p sin(¥) cos(p) — ip sin(¥) Sin((p)) _
P= \p sin(®) cos(e) + ip sin(9) sin(p) —p cos(9)
55 cos(9) sin(9) (cos(¢) — i sin(p))) _ cos(9) sin(9) e\ (s0)
G p=p (sin(ﬂ) (cos(e) + i sin(p)) —cos(¥) ) = (sin(ﬁ) i cos(9) ) =
cos(®)  sin(®)e i\ o
(sin(ﬁ) e —cos(®) )UA = 2pAU,|ansatz: Uy = (b) N

( cos(®)  sin(9) e—iw) (a) — (a) _ acos(®) + bsin(®) e =21a..(12a)
sin(@) e’ — cos(19) - b asin(®) e® —bcos(¥) =2b.. (12b)

(12a):a = cos(9) + - sm(19) e =21="= sm(19) e~ =21 —cos(¥) =
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. . 13)p  1-cos®) 9 b 1-cosa) ;,|C0s(2a) =1—2 sinz(a) =
ht-h le=>21=+- —=———e o = —— ¥
right-handed particle A=+ " pe a=- " sn(za) | 1— cos(2a) = 2sin(a)
b _ M ip _ b 2sin?(a) ip _ sin(a)e'® b _ sm( )e"ﬁ _ 1
a” sin(za) € sin(2a) = 2sin(a) cos(a) :> a Zsm(zz) cos(a) ~ cos(a) a cos(g) ford =+ 2
9 P 9
i _ - a — oS\ — - | (14a) - .- COS |\~
right-handed | from ansatz U,=(1) = Ty=N| (3) (4a) 1=2297, =2 g, |ZYg, = N[ Em (39) .. (14b)
particle ei® sin (_) 2 B+ P_oi# sin (—)
helicity > 2
spinor cos (5)\
9
el® v
(14ab) | sin
N=vE+m—> =\/E+m| (fg) | ~(15)
505 ()
P Lip ) /
ro 7510 ()
. _ 1 (13) p _ —1-cos(¥) i@ der U b _ —-1-cos(2a) i COS(ZC{) =1-2 sinz(a)
left-handed particle = 1 = == @ | a P “snGa) sin(2a) = 2 sin(a) cos(a)
b _ -1-1+42 sin?(a) ip _ ~1-142 sin?(a) ip — -2(1-sin?(a)) ip — —cos?(a) ip _ 7cos(a)el¢ N b _ Cos(ﬂ)e forl=—1
a 2 sin(a) cos(a) - 2 sin(a) cos(a) - 2 sin(a) cos(a) - sin(a) cos(a) - sin(a) a 75m - 2
left-handed —sin(2
= a = (10) (16a) —
particle from ansatz UA:(b) = U=N| (fq) ..(16a) x_—— Uy = —ﬁ —=Uy=N E*’"l o |- (16b)
helicity e'¥ cos (;) ——e ¢ cos( )
spinor / —sin (g) \
(16ab) | e'? cos (g) |
N:\/E+m:>U=\/E+m| 0 . (9 |...(17)
\ s (5)
__P Lip ) /
tae os (5)
P _gin(? _r_ A
[ el [ o)
anti-particle | =i cos (g) i | ELeiw sin (g) i
helicity analogous: |V; = VE + ml m > | ..(18a) |V, =VE +m]| **™ 5 | ..(18b)
spinors \ —sin (;) cos (;)
5 / \ o (9 /
ip v p =
e'? cos (2) e'? sin (2)
( cos (g)\ ( —sin (g)\ / sin (g)\ / cos (?)\‘
: i 9 9 9 ; 9
;2 2452 e'? sin (- e'?cos (= —e'? cos (= e'?sin (=
E>»m L o Sy =E (§)| U, =VE ;)| vy =VE (§)| v, =VE (§)|
m cos (E) sin (5) —sin (E) cos (E)
i sin (g)} —e'? cos (g)} e'% cos (g)/ i sin (g)/
Intrinsic Parity of Dirac Fermions
Parity Operator: x' = —x,y' = —y,z' = —z,t' =t; W' =P¥; PY =PPY =y

Dirac Equation with ¥’ (1) = (i}/“aM —m)¥ =0 = (iy°d, + iy, + iy?d, + iy®0;
@iy°9 + iy'd, + iy?0, + iy*0; —m)PY = 0[P - = P[(iy°, + iy 0, + iy?d, + iy°d5

—m¥ =0..(19)
-mP¥]=0=

Parity P(iy%d, + iy, + iy?0, + iy®9; — m)PPY = 0 = (iy°d, — iy, — iy?d, — iy®9; — m)PY¥' = 0[y° -=
Operator (iy°y°0, — iy®y'0y — iy°y?0, — iy®y?0; —y'm)PW' = Oy Oy " =1, yOy' = —y 1y y0y* = %0y = 0 =
(iy°y°d, + iy1y°a, + iv?y°0, + iy3y°d; — y°m)P¥’' = 0 =
(iv°y°Pa, + iy'y P, + iy?*y°Pa, + iy*yPo; — y°Pm)¥’ = 0...(20) =
(20) = (19) if y°P = 1. compare with y%y° = 1 =
The intrinsic parity of a fundamental particle is defined by the action of the parity operator P on a spinor for a particle at rest.
1 1 1
Intrinsi o ~ ~ ~
p”;rri'tr;s'c pu, =you, =" 1 . Vzm( 3 | =vzm| o | = vs; analogous: PU, = uy; PV = ~vy; PV, = -
-1 0 0

Intrinsic parity of particles is positive; intrinsic parity of antiparticle is negative.
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Perturbation Theory

Second order

In deriving Fermi’s Golden Rule, we assumed ¢, (t) = 8.
Now we assume ¢;(t) = 1,¢,(t) = %Tki fot et Ek—EJT g1 —

perturbation T, = vli FIZLNGITID
L= i + REPRALATLAYIL AL AN
theory st __/(f| | ) Ljei Ei—Ej
scattering in — V;
static potential . scatte.nng va f i .
intermediate state |j) i
Particle a emits exchange particle X. PGP (erdlPlesbexycrnsxi?lass
Later, X is absorbed by b. Tf“,-b =Y E’; b lerdlVier +E :f X Wlar
iTEj i—Ej
g a.+ b>c+d Tab — (d|V|b+X)c+XIV]a) _ (dIV|b+X){c+X|V]|a)
& liy=a+b fi = Ei~E; T (Eq+Ep)—(Ep+Ec+Ex)
’ _, ’ |]> =c+b+X Ta-b — (d|V|b+X){c+X|V|a) - Th+x-d Tasc+x (1)
. Ify=c+d fi Eq-Ec—Ex Eq-Ec—Ex |~
:cattermg | — Px = Pa — P - (A)
irst
possible Instead of T};, we want a Lorentz invariant matrix element My;: | My; = Tg; [T / 2Ex | .. (2) with k .... index of all particles
time Mascrx def Ya :
ordering @ I 1 @ Taserx = Treatar; = Jeraran .(3a) with g, ... coupling strength at a — ¢ + X vertex
== HkVZEk T, = Mbexod  ga Ib .. (3b) with g,, ... coupling strength at b + X — d vertex
b+X=d = OF,2Eq2Ex  2Ep2EaZEx b-
Tab D Thyxd Taserx (Sib) Ya b 1 — 1 9adb g
Eq—Ec— Ex 2Eq2E2Ex \[2Ep2Eq2Ex Eq—Ec—Ex ~ 2Ex\[2Eq2Ep2Ec2Eq Eq—Ec—Ex
9agb \/i ab _ 1 _ 9a9p
ie Particle b emits exchange particle X. PGP N o o
VINGIvii dalv d+X, d+X|V b
Later, X is absorbed by a. rhe = LW _ erdWiatd+X)ardXIViath)
Ei~Ej Ei~E
8 atb-c+d ba — (APlatD@RITID) _ _(clPla+R)d+KI71D)
& liy=a+b fio = Ei-Ej T (Eq+Ep)—(Eq+Eq+Ex)
! i d iy=a+b+X VT T
i i f ba _ (€IVIa+XNA+XIVID) _ Tai%oc ThodsX
scatte(;lng | ' ! Ifl=c+d o Tyi Ep—Ea—Ex rorary |
seco.nbl Time Px + Pa = Pe = Px = Pc = Pa - (B)
possible
R o Mpoasx e gb . 7
zlr_zzring Tpodsz = \/ZjinE,zZEx ¥ T .(6a) with g,, ... coupling strength at b — d + X vertex
e = a+Xoc  def ga . . 5
Totise REanary © Jmaram (6b) with g, ... coupling strength at a + X — ¢ vertex
Tpa ) Tz Thoasx P b a 1 agp 2
Eb—E,i—Ex J2Ep2Eq2Ex \J2Eq2Ec2Ex Ep—Eq—Ex ZEX,/ZEazEbZECZEdEb ~Eq—Ex
Mmhe = a9y _ [3F,2E,2E.2E, = | MP* = ——9a%__| |
t ZEXJZEaZEbZECZEd Ep—Eq—Ex t 2Ex Ep—Eq—Ex
a ¢ « D)
My = Mf‘% M
M. — L _9ag . 1 _ gagp =gagb( t o, 1 )Ea+Eb:Ec+Ea:>
X U 2By Eq-Ec—Ex | 2Ex Ep—Eq-Ex  2Ex \Eq—Ec—Ex ' Ep—Eq—Ex E,—E;=E.—E,
Mf‘:gagb( 41 ):gagb( . | )
. t 2Ex \Eq—E.~Ex Ec~Eq—Ex 2Ex \Eq—E.~Ex Egq—Ec+Ex
scattering . — Ya9b EaaEcj'Ex (Ea_%c %X) — Y9a9b aZE)C( ‘e
process b d FU ™ 2By (Ea—Ec—Ex)(Eq—Ec+Ex)  2Ex E2-2EqEc+E2-E}
t-channel IR
( ) __ G0y _ __ gadp (A) = Py =P — B = Pt = B — P)* . e e
i = s = s R i o2 o ., (inbothorders: pg= (p, — P.)
(Ea—Ec)*~Ex (Ea~Ec) _pX_mX —Pa = Pz = (pc - pa) = (pa - c)
E E E, —E,
My =— 9090 o= gl _ gt = (f)—(f) = <ﬁa f) kg, < 0 ..space-like
fi = GamB)?~Ga-porr-myl 1 = da e Da Pe Pa — Pc T .
Propagator: | My; = M with g# = g — q¥ = qf; - q,‘;‘ ...(8) E and p conserved in every vertex. X not on mass shell
annihilation o
process Propagator: ‘Mﬂ = q#q::—_m}( with g# = p{' +py = q5 + g4 |..(9) g*q, >0 ..time-like
(s-channel)
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QED

Charged particle moving in EM field: Minimal coupling to potential.

Classical minimal substitution: § = § — g4, E = E — g QM: i0, - 19, — qA,|...(1) with 4, = (¢, —A))
(1)

Dirac equation: (iy"au - m)‘{—' =0= (y”(i@u — qA#) - m)‘~P =0=y Y —qr*A ¥ —m¥=0=

charged iy°0,¥ + iy 0, ¥ + iy?0,¥ + iy30;¥ — qy*A, Y —m¥ = iy, ¥ + VY — qy*A,Y —m¥ = 0|id, = 1 =
particle in y°HY + i]_/'vq—' —qy*AY —m¥Y =0= y°HY = my — i?VLP +qy*A ‘~P|y =
EM-field Yy HY = yom¥ — iy°jVY + qyoy“A”‘P|y°y° =1=HY = (y’m- Lyofv)‘l—' + qy°y*A ‘I—'| =5, 7= p:?o‘i =
= (/S’m - i,l?/?éﬁ) Y+ qyoy”Au‘{—'| BB =1,p=—iV=A¥ = (ﬁm + ap) W+ qy°ytA,Y
=2 22 a8 2 )
Fln pot.energy
Potential energy of a spin % particle in an EM field [V}, = qy(’y"A ..(10)
interaction at e "y vertex: (‘P3|VD|‘P1) (‘I—'3|qy y“AM|‘I—'l) = Uf®?) q.v° yhe, U, (p7) ... (11a)
(10) a=q
interaction at T~y vertex: <‘~I—'4|VD|‘~I—'2) = (‘~P4|qy yVAﬂ|‘P2) = U*(p )q.y°yVe, U, (pg) ... (11b)
1 0
eDe® my=0 eDer® . ) e 0 @ 0
propagator: 2,1 '"5 e (11c¢) with polarization £'% = ol eV = 0
Polarization 0 1
of photon (”abc) R Gt
ine"t" (%IVDI‘lﬁ)Za (%IVDI‘I’Z) (U @3) ey v VoD 22 (U 0D) 407y U ()] =
scattering

M= ~[q. V@Y e Ue(pi’)] 2 [q U D) vy UneD))| U Uty =

M = _[qe Ue(pg) y* Ue(pf)] qi‘;va [q‘r U‘r(pg) yY U‘r(pg)] with 4-vector currents: {

J}’J=l7(")}/“U(zo)}:>
i =U.(09) y* U.(p§)

]e ]rguv =M = qeqr ]e ]u ) (12)

M =—qeq:———

Feynman Rules for QED

initial state particle: U(p”) —=——s [initial state antiparticle: / (p®) ——= |initial state photon: &,(p?) ~~~~~s

final state particle: U(p“) «———|final state antiparticle: |V (p?) «—=—— |final state photon: i&}(p?) srrrmr

—iM =..
ig, . i(y# .
photon propagator: —ﬁwvvvu fermion propagator: —lg:—“;"? «—+|QED vertex: —iqy* \T{
a a—
o Particles where the arrow
arrow out: arrow in: arrow out: arrow in: . w n .
example LSad]omt RSspmor LS adjoint RS spinor {points “in get the spinor on
-ig T : 7 3 ithe right side (RS), particles
et —iMt = 0.0 (—iger™ U, (D)) —= |U(p]) (—iq:y") U:(p3)] N gth arrg )g.nts
scattering "tefz.?iv;'rvz'g finale~ p-vertex initiale” oo finalt-  v-vertex initial T~ XV ef’e eh Wp ! )
order” interaction of e~ with photony propagator interaction of T~ with photony out” get the adjoint spinor
¥ N on the left side (LS)
€ arrow out: arrow in: arrow out: arrow in:
LS adjoint RS spinor LS adjoint RS spmor
LO _ T u I Y 14 v : N
=010 = 0 ) Cier) U @D] 2 [0 08) (ier MW@ (-0 = —1 =
- let p—vertex initiale™ final V= vertex final
"leading initia PhUtOﬂ nal b~ inal u*
example & u order” e"etoy propagator y-put -
+o—
ee > p carLO _ 7 o u zr_igﬁw_ o v a\]| . L
annihilation | ~M*0 = ~[Ver (0F) (ey") Ue- (0] [U,- ) (ey )Vu+(m)]| ==
9
Mo = —[Ve+(p ) (ey™) Ue-(pD] [U ~®9) ey Ve 09)] = gw[Ve+(p VYHUee D[ @) v Vit 09)]

M = B = | MH0 = — i with |/ = ‘H(pz)y“ Ue_(Pi’)|and Ut = Up-@5) v" vﬂ+(pz)|

Higher order
ete outu-
annihilation

For each of the next leading order (NLO) diagrams with four

° vertices (3 examples on the left) the matrix element M;V2% must
be determined. Then, the total matrix element is:

My; = MLO 4 3, MNLO 4 Zj]"ijNw T

2
e 1 . .
Because apy = —— = ——and ML« e? oc, MNO « e* o agy, MVVO « e® « a3y, ... there is rapid convergence.
neghc

Physical observables depend on |]V[fi| = (MLO + Y Mo + Zj]\/fj’v”w + ...)(MLO* + Zi]v[i’vw* +3; .7\’[]-NNLO* + )

Spin and Cross Section in e'e” = p* W Annihilation

Spin Sums

Four possible helicity configurations in the initial state o ™=, ™ .+ ™,  *™ o ", ™ o o "™, "™

(fat arrow: spin, thin arrow: direction of motion) AL RR LL LR
2 1
(|Mfi| )= ;(lMRklz + [ M |? + Mgl + M D) =

2, 1
(|Mfi| )= Z(lMRRARRlz + [ Mgpgorel? + [ Mggoprl® + 1 Mpropn|* + [Meporel? + IMepogl* 4+ [ Mgl + 1IMeo? +
[Migorrl? + [Migore? + 1Migorrl? + [(Migoi)? + My orel® + 1M g | + My Sl + M)
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X me, + Ein E
t =1 0 =1[ 0 =1 = Z»m
Ultra- z Pa . f = 0 Vs = Egin » m, = pf = 0 E = Jm?2+p? = p=
Relativistic Py A 1 P1
Limit e — o e* E E E E
=10 c=1 0 c=1 [ E sin(9) c=1 [ —E sin(¥9)
E» s H_% e I R I 0 ks ) (D)
E —E E cos(9) —E cos(¥9)
() an() () ()
€' sin (S) ' cos (Z) —e'? cos G) e'? sin (g)
Initial state  E »> m, = Uy =VE - , U =vE e Vi =vE e , Vi =+E "
Spinors cos (E) sin (E) —SsIin (E) cos (E)
E>»+s e sin (g) —e'? cos (g) e' cos (g) e sin G)
1 0 1 0
9, =0 0 1) t=m 1
! = U(p)) =VE JUi(p) =VE ! = Vi(p) =VE _ Vi(p,) =VE
0 =0 1 0] g2 1 0
0 -1 0 -1
/cos (g)\ /—sin (g)\
93 =9 sin (g) cos (g)
Lo ueo=vE| T ey =vE| T
ps=0 cos (E) sin (E)
Final state A } i }
spinors sin (2) - Cg (2) e
E > \/’E ( sin (T)\ ( cos (; \ sin (;)\‘
-9 9 9
Yypy=m—=9 cos|— sin{— cos (=
e - | - (%) - ¢) | v () |
b= \ (T) / \ (5) } sin (E) /
n —9 19 9
cos - sm — Cos (E)
ll"1(1’1 + ll"z<152 +Wigs + l[J4¢4
w_ T Wi, + V3¢3 + Wid, + Yidy
b= Pyhg = phy0png = 1¥4 2
Muonand /" = TYOERIYYIO S g, —wig, +wig, — Wig) Mon current 1 = S8y v (o)
Electron Wiz — Wiy + W3y — Widh, ]"“‘ Ps)¥ ViPa
n W W W Electron current: j¥ = ¥(p$) v’ u(pf)
4-Currents 2 z " b
’ . ’) p
u* /RL H'/nn ;l“/ " u"'/m e u
ici =% v* wpd) = 2E(0,—1,—i,0)" ici ke = U () vY vi(s) = 2E(0,— cos(9) , i, sin(9))”
helicity Je RL 1P2) Y- wip; helicity Jure = W (P3) Y7 Vi(Ps ,—cos(v), 1, sin
combinations ]e re = (@) v* uy (pf) = (0,0,0,0)7 combination jy g = 01 (PE) ¥¥ vi(pg) = (0,0,0,0)”
fore*e ini- Je =@ y*u @) = (0,0,0,00" sforp*p™ it = 0@H Y vilpdH) = (0,0,0,0)7
tialstate: 8 L =9, (p) y* w(pf) = 2E(0,—-1,i, O)T final state: ¥, o =G, (p§) y" vi(p§) = 2E(0, — cos(¥) , =i, sin(¥))"
For each helicity combination: M’ = ]1’,‘ =- ]E];"” = —E]eﬂ"“ and for E > m: RR’s, LL’s are irrelevant =
0 0
-1 +cos(¥
MpirL = 4E2]eRL]17/nuRL = _EZEZE —i | —i( ) —e?(—cos(¥) — 1) = e*(cos(¥) + 1)
0 —sin(9)
0 0
2 -1 + cos(¥
) Mison = =™ = =2 2626 | 7] ) ) = —e2(~cos(8) 1) = e2(cos(®) + 1)
2 0 — sm(z?)
relativistic 2 0 9
. ) e
diferenial ag,, =~y s = - g 71 “ff V) = et~ cos(9) + 1) = e(cos(®) ~ 1)
cross section )
ete —utu" 8 —51110(19)
annihilation 2 -1 + cos(®)
Mipore = = gpzloiy™™ = —WZEZE ; iy —e?(—cos(®) + 1) = e?(cos(¥) — 1)
0 —sin(¥)
2 1 2 2 2 2 1 4 2 4 2
(|My]"y = Z(lMRLHRLl + [ Miporrl® + IMppoirl? + [ Miporel?®) = 2 (2e*(cos(9) + 1)* + 2e*(cos(¥) — 1)*)
1
(|Mﬂ|z) = ZZe“(cosZ(ﬂ) + 2 cos(®) + 1 + cos?(9) — 2 cos(¥) + 1) = ‘(|Mﬁ|z) = 16m2a?(1 + cos?(V))|...(2)
do 1 2 . L E>m do 1 2 do e* ) )
i = sams e Pl =01 = G et Ml = = gy (1 059 =1+ o)
Total d Mandelstam
+ - +,— _ o o _ 2 4na? — - _ _
efe outu” o= fan* dQ 21rf (1 + cos?(¥9)) sin(®¥) d9 = variables: =2pipZ; t = —2pi'py; u 2pi'p
cross-section
Lorentz-in- p p' = ZEZ pi'pd = 2E2(1 — cos(9)),pipt = 2E2(1 + cos(¥)) = (|JV[ | ) = 2e* 7@1”“) +(p: ph) 2¢t EHE
variant form 1 TR 1Fu fi '2) 52
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Chirality

Chiral States

The eigenstates of the ¥° matrix are defined as left- and right-handed chiral states (denoted subscript R and L). In general,
the solutions to the Dirac equation which are also eigenstates of y° are identical to the massless helicity eigenstates

(9 [y )

| e sin (f) | | e?cos (f) | | —e' cos (ﬁ) | | e
Up=vE+m 2 |UL=\/E+—m i |VR=\/E+—m| . |VL=\/E+—m|

cos (;) (E) cos

\ei"’ sin (g)/ \—ei"’ cos (g)/ \ e'? cos (g)/ \ei“’ sin

[@)
]
7]

9 sin

(S SEESARSEICA
\_——_/

Sie

Any Dirac spinor can be decomposed into left- and right-handed chiral components: ¥ = Wy + ¥, = pR‘P + ﬁL‘P

(PIhiraI 1010 1 0 -1 0\ PrUg=UgPRU, =0
rojection 1 sv_1[0 1 0 1| 5 _1 sv_1[ 0 1 0 —1) Prvy=0, By, =V,
Operators PR—Z(H‘*'Y) 101 0 'PL_Z(]l V)_z -1 0 1 0 ﬁLUL:UL,ﬁLURzo
01 0 1 0 -1 0 1/ Byv,=0, Pvy,=V,
Py ~ 1 1
Up = PrUt + PLUy = - (4 yD)Ur +5 A -y Uy =
9 9
[ ) [ =)
1 | e sin (g) - | e sin (g) |
Ur=3@+ySWEFm| G+ Ay WEEm =
Helicity Frm 08 (E) Fm °08 (E)
spinor Uz P g (P / P ipgin (2 /
expressed am © ¥ sin (2) e # sin (2)
in chiral cos ) —sin (E)
components ) ) ;
Ug and U}, e'?sin ) e'? cos (;)

N

N~
U

_—
|

mN.

<

(=]

o

@
YoaumS
N |
~—

Electron-Proton Scattering, General

General: The nature of e"p — e~ p scattering depends on the wavelength of the virtual photon in comparison with the proton radius.
A>T, - Process can be described as elastic A~ ~ . .
€ R . . . e Cross section calculation needs to
(very low scattering of the electron in the static |(higher
. s . account for the extended charge

energy): potential of a point-like proton. energies):

The elastic scattering cross section The wavelength of the virtual photon is
A<m, - becomes small. The dominant process |1 < 7, p \ sufficiently short to resolve the proton’s
(high is inelastic scattering. Virtual photon  |(very high +! internal structure. The proton appears
energy): interacts with constituent quark. energies): i / to be a sea of strongly interacting quarks

r
Proton breaks up. . and gluons.
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Rutherford and Mott Scattering

Low energy scattering: The kinetic energy of the recoiling proton is
negligible. The proton can be taken to be a fixed source of a 1/r

General e 9 '6)' potential. The matrix element is given by:
p Q
. My = "e -0 v V@) g, (U@ v U(5))
P
/ cos(9/2) / —sin(9/2) Ifhthe veloclity czjf the eIechon is small,
e sin(9/2) ' cos(9/2) N, =vE+m then K'<< .an to a goo
Ui =N, with ) Beve  approximation the energy of the
kcos(¥/2) | K sin(9/2) K= =
i o i E+m, ye+1  electron does not change and
Electron ke'? sin(9/2) —ke'? cos(9/2) K(p%) = k(p%). Taking @ = 0, we get:
Spinors -
1 0 cos(9/2) —sin(9/2)
- 0 o 1 o / sin(9/2) o / cos(9/2)
U9 =Ne[ O | U0 = Ne| o |and Uio) = \K costo/2) | = Ne \ esin(8/2)
0 —K sin(v) —k cos(9/2)
T
. = 19 9 9
jt = U@H YU = (E+m, )((K + 1) cos ;),2)( sm( ) +2ik sin (2) 2k cos (5))
T
. = 19 (Y 9
Electron i =U00H YU, = (E+m,) ((K + 1) cos ;) , 2K sm( ) —2ik sin (5), 2k cos (5))
currents , = 19
= 009 7 0.0 = B+ m) (=) sin(2),0,0,0)
T
19
iy = TNV D) = -+ my) (6 = 1sin (3),0,0,0)
The velocity of the recoiling proton is small (8, < 1), the lower 2 components become 0, since k < 1. Taking ¢,=7, we get:
Proton (1) (1) COSETIZ; - sinEn//g
- _ —sin _ —cos
Spinors Ui (ps) = |/2m, 0 ,U(p3) = /2m, 0 and Uy(pf) = /2m,, U ,U(pf) = /2m, n
0 0 0 0
P.currents  jh = —]pu =2m, (cos( ) 0,0, 0) and jiy, = —jb = —2m, (sm( ) 0,0, 0)
1
My = = (ME) = E|ME| =
- 2 n 2 (2 -
(JV[ﬂ) 4(q = )24mp(E+me) (cos ( )+Sm (2 )(4(1+K cos ( )+4(1 k%)% sin ( ))lE Yem
_ 4mpmee (Yet+1)? _ .22 Beye _
(Mfi)_iz(qiqa)z ((1 K2)? + 42 cos ( ))|K ey , =By =1=
) 2\ _ lemjmge*
Matrix (M7) = TR (1 + BZyZ cos ( )) (D
element In t-channel scattering process q“q, = (q%)? = (p§ — p$)?
When the recoil of the proton can be neglected, the initial and final states of the electronare E; = E; = E,p; = p; =p =
(1)
Hence: (¢%)? = (0,P, — P5)* = —2p“p,(1 — cos(¥)) = —4p“p, sin ( )=>
2\ mpmge 9
O = )( +p2yé cos? (2))].. @)
(2) 2 mgmae*
Electron is non-relativistic, and proton recoil can be neglected = B2y2 K 1= (Mﬁ) =—r° —.03)
(P%pa)? 51n4( )
Ruterfo.rd The laboratory frame differential cross section can be written as — do L > (%) (Mfl (D|E, =m, < m, =
scattering a0 " ean Myp+E1—Eq cos(d)
do __ 1 S lae _ mge* =P o2 do -
aq 64ﬂ2m 7 (M) =50 = san2(pep)zsind(D)| K T 2me o= (dn)Rutherford " 168 sint(2)
()
Mott Electron is relativistic, but proton recoil can still be neglected: m, K E K m, = k =~ 1 z]e“ =0 Jeu =~ 0=
) 294 (4),e2=4ma do a? 9
scatterin ) = 2 (Z e v . ’ T
g (Mfl) P sin“(g) cos (z) ( )MOtt 5 Sm4(ﬂ) cos (2) .. neglecting extent of proton’s charge distribution

aqQ.
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Form Factors

The form factor accounts for the finite extent of the charge distri-
o r-r Y pution, hence for the phase differences between contributions to
G | o 7 v the scattered wave from different points of the charge distribu-
enera ¢ — tion. If/1 > 1, then contributions are in phase, add constructi-
vely. Ifl &K 1, then phase stringly position dependent, negative
|nterference strongly reduces the total amplitude when integrated
Potential: V(7) = f;lpg(rﬂ r'...(1) In Born approximation, initial and scattered electrons are expressed as plane waves:
o Frra i @ _ip ) i5f
My = (Y| V@) |¥;) = [ e PsTV(F) ePr7 d3r = My = [[e™Ps T% DT @3y d3r
Matrix _ iGr-pa)7 QPF) 43 4 3 |- o _ igr @p(F) 3 s g3 _ ig-(7—i'+7") Qo) 37 43
Element, My, = [[ etPrps T 4o AT |q7p1—p3:>]vl'ﬁ—ffe pom f,ldrdr—ffe o T dir
Form Factor = ([ eld(F-")gid Q) y3r g3 | B i = [gidR_9 71 eld ™ 347
e T Ao AT |R_r =M= [e pmE R [p() e d3r' =
- ~ Form Factor F(q?)
equiv. point charge
IMﬂ = prit F(g*) with F(¢%) = [ p(7") eld™ d3r’| Form factor F(g?) is a 3D Fourier transform of the charge distribution
2 =
gllog . (Z—g)M = wza%‘l(,g)cosz (g) [F(¢*)|? with F(G?) = [ p(#") '™ d3'|.. accounting for proton’s charge distribution
cattering ott sin*(3,
Relativistic Electron-Proton Elastic Scattering and Rosenbluth Formula
Va e At high energies, the proton’s recoil cannot be neglected and the magnetic
Ps spin-spin interaction becomes important.
E
General - v & z E, o Es p
€ v ‘ w_ |0 w_[ O no_ 0 u_ | Pa
p \ p1 - 0 :pz - 0 rp3 - E3 Sin(19) rp4 - pi/
P4 p E; 0 E; cos(¥9) pZ
2
(M| = (p 757 — ((ip2) @3 + (pipt) @3p) — m3 (pip3) — m2(pyp}) +2m3m?)| m? ~ 0
2
(|7 = (p i (pi'P2) @3 + (01 ) 03p3) —m3 (pyP}) )| Pl not observable: pf = pi' + pt —pt
2
(|7 = (p T (( R (P30 + 2 — pD) + (v (o1 + 07— b)) (3p3) — m () pu))
(M) = W (pi'p}) Wipl + p3p? — p3pd) + (pi'pk + Pivi — Pipl) W3pd) — mi(pipf) ||mé =0
E1E3(1—cos(9))+Ezmp— mé me+Elmp E1E3(1—cos(¥9))
Matrix (M| = - )4m pE1Es ((By = E5)(1 = cos(9)) + m,, (1 + cos(9)) )
Element (|]\/[ﬂ-| y= - )4 2my,E, E; ((E1 — E;)sin ( ) + m,, cos ( )) (D
. 9\ (1
i - p?) =.q° = PPl + pSpd — 2pipd = mE + m?Z — 2, E; (1 — cos(9)) = —2E; Ey(1 — cos(9)) = —4E; B sin? (3) =
16e* L2 (9 zﬂ)_ mpe* _ 2 (9 2 (9
(|Mﬂ| )= Tesze3 s (2 )mpE1E3 ((E1 E3) sin (2) +m, cos (2) = nmsn (D) M sin (2) +m, cos (2)
2\ ~qqq%/(2my)
pe* 9a9” zﬂ)_ mpe* ( 2 (9 _ 9a9“ 2ﬂ) 2 def _ o o
(|Mﬂ| )=y Egsm"(z)( 2 sin (2) +m,, cos (2) = nm oD cos (2) 2z ST (2) Q% ¥ —qq.q
_ _ mpe* ( 2 (9 Q? 2 (9 )
(|Mﬂ| ) ElE3sm4(Z) cos (2) me, (2) (2)
Diff. cross-  ido _ 1 2, @lds __ a? 5( 2 (9 Q_Z-zi) R S
section 20 = samz (m El) (M) = P AT cos (2) + 2z SO (2) with Q% & —q,q%|...(3)
The finite size of the proton can be accounted for in (3) by introducing two form factors: G, (Q?) for the proton’s charge
distribution and G,,(Q?) for the magnetic moment distribution of the proton. This leads to the most general Lorentz-invariant
form for electron-proton scattering via exchange of a single proton, the Rosenbluth formula:
Rosenbluth
Formula P ) . - Y Y s aug
ao _ @ b3 EYTGM 2(V 2 «in2 (Y def _qu
e~ apzsint(Q) E e 08 (z) +27Gjy sin (z) with 7= wmZ - amd
— re\;)i] em scattering magnetic term
Rutherford (e~ spin) (p* spin)
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Electron-Proton Inelastic Scattering, QZ, WZ, Bjorken-x, and other Kinematic Variables

Because of the finite size of the proton, elastic scattering decreases rapidly with energy. High-
energy e~ p interactions are dominated by inelastic scattering processes. The hadronic final
state resulting from the break-up of the proton consists of many particles. The invariant mass
of the hadronic system, denoted W, depends on the four-momentum of the virtual photon,

energy loss)

General w?= pfpﬁ = (pél + g")2. In elastic scattering the invariant mass of the final state is the mass
of the proton and it is described in terms of the electron scattering angle alone. Now we have
two degrees of freedom, meaning that the kinematics must be specified by two quantities,
which are usually chosen from the Lorentz-invariant quantities w2, x,y,vand QZ

. 2
2 Q* & —q¥q, 2 0|..(1) Q*=—(py —p3)" = —pipi — Pyp; + 2P\ D} = —mf —mf + 2E, E3(1 — cos(9))|mZ = 0 =

Q

Q* ~ 2E,E;(1 - cos(9)) = |Q* = 4, Eysin? (1) . (2)

(1)

w2 - (3)W? = (q" +p})? = q"q,, +PypE + 2P} q, = W? — q"q, — pyp? = 2p;q, =

w2+ QZ _pzp# = 2Pz‘h| pzpu =m; = w2 +Q? _mp = prqu - (4)
Bjorken x w @ | (5 Gl @ (6) Because W2>miandQ?>0 =
(‘elasticity’) T 2pgau| Q2+w2-mz| ™" When x = 1 = W? = m} = elastic scattering

y iq‘; ()= In the frame E; m, E.‘g E, — Ei\

) » pYpl wherethe ;[0 w_|[ 0 u _ | Essin(®) b pi —Dp3 oy = B

|nelas,.t|c:|tyy _. & @ proton is at 121 0 |'P2 o |’Ps 0 , \py _ p3/ y T

(fractional y E| rest: Eq 0 E; cos(9) pi —Dp3

y is the energy lost by the electron in the frame where the proton is at rest. In this frame, the energy of the final-state hadro-
nic system is always greater than the energy of the initial state proton, E, = m, = e~ loses energy =

energy loss v

Sometimes it is more convenient to
work in terms of energies rather than
the fractional energy loss described in y.

v Pz qu

...(9) In the frame where the proton is at rest: ..(10)

mp

low Q2

. —_ 2 _ 2
Relations X = g (1D x = . (12) Q*=(s—m2)xy...(13)
sook o A For electron—proton scattering at relatively low electron energies, both elastic and
=4.879 . . . . .

= o ‘ { inelastic scattering processes occur. Because two independent variables are

3 1000 ) -qﬁiwmﬂ‘g {1 1| required to define the kinematics of inelastic scattering, the corresponding
Inelastic 2 i po ! double-differential cross section is expressed in terms of two variables, in this case

w

scattering at % § 500 H For electrons detected at a fixed scattering angle, the invariant mass W of

Elastic scattering ‘-t‘r ”

) | \divided by 15) , the hadronic system is linearly related to the energy E; of the scattered electron.

%25 20 a2 24 BEf[Gg\ﬁ w0 4z 45 46 Consequently the energy distribution can be interpreted in terms of W. The large

25 e 5 5 7o Peakatfinal-state electron energies corresponds to W = m,, (elastic scattering).
W[GeV] The peak before corresponds to resonant production of a A* baryon.

Deep inelastic scattering

The most general Lorentz- |nvar|ant elastic scattering formula, the Rosenbluth formula, can be re-written using Q% and y:

do_ 411(1 GE+‘EGM 2
= —(1- 2G4 )Th d d f G da dr=—_ be absorbed by f; f.
Introduction 1422 — " ( o ( )+ y M) e Q? dependence of G and Gy, and 7= can e absorbed by f; (Q?), f,(Q?%)
2
;—gz = 4’;‘: <(1 -y - m”y )f2 Q> +- yZ f, (Q? )) In this form: f; (Q?)... magnetic f,(Q?)... magnetic & electric interaction
Inelastic
d’c _ 4ma?® mjy Fz(xQ ) “. ”
ep — eX il <(1 P ) + y2 F;(x, Q%) ) with “structure functions” F,(x, Q2), F,(x, Q?)
scattering magnetic
2
Deep inelastic :Q* » m2y? = djdzz x dma ((1 )FZ(XQ )+y F,(x, Q? ))
05 T T -
Both F,(x, Q%) and : I
0.4 1 F,(x,Q?) are almost 1 - & + :
< oak oot }\ ‘ ] independent of Q2. Hence, =l P
Biorken i ! ! the structure functions can |Callan- {,
jor Loz} 1 be written F,(x, Q%) —» Cross & F,(x) = 2xF,(x)
scaling 2 ; . 1.0<QUGeVE <45
F;(x) and F,(x, Q%) — Relation 45 OOV < 115
o1l v_o25 1 o 5<Q¥GeVE<115
o® F,(x). This is strongly . 11.5< QUGeV2 < 165
0 L " s suggestive of scattering o \
’ : : ) from point-like quarks ? 0% !
Q%GeV? : .
www.goldsilberglitzer.a - - elmut@goldsilberglitzer.a
© goldsilberglit t 17 helmut@goldsilberglit t



Symmetries in Quantum Mechanics

General:

Physical predictions must be invariant under a symmetry transformation ¥ -» ¥’ = ¥ =
(Wlw) = (W' |w") = (09|0%) = (¢|0T0|¥) = ... (1) unitary

Eigenstates of the Hamiltonian must be unchanged: Y = AY' = AUY = EOY = UEY = UAY = [ﬁ, L7] ..(2)

Generator G

~ A ~a s (3) A ~ S A
Infinitesimal transformation: U = 1+ ieG ..(3) 1= UT0 = 1= (1-ieG*)(1+ ieG) =1 + ieG — ieGT + 2676 =
1=1+ie(G-GH) = ... (4) hermitian

(2) = A0 — 0A = 0 3 A(1 +i£G) — (1 + ieC)H = 0 = F+ ieAG — A= ieGH = . (5)

symmetry =
conservation
law

—~ h=1 —~ —~ . —~ . —~
Schrodinger: ih%‘l’ =AYy = i%sv =fy = %lp =AY =¥ =iy . (6a) = ¥1 = i¥'A .. (6b)
(6ab)

A Gl Gl Gl A Gl N P

(A) = f‘l’*A'Pd3x|a—t:E(A) :EIWTAWd% = (A= JWtAy +¥tAy)dix —

2(Ay=[(WHAY — WTARY)d*x = i [WH(HA - AR)Y d*x = i(¥|AA — A H|¥) = |2(A) = ([A, A])|Ehrenfest
P E rn Al G [a

Now let A = G, then --(G) = «[H,G]) (G =0

=
1 ~ (3) PN
D:x->x+e=>¥YX)>¥'x)=¥Ykx+e¢) ez Y(x) + £Z—j+ = (1 + e%) Y(x)=U¥x) 2 (1 + isG) Y(x)

Example: —iefzel= translational invariance < conservation of momentum
translational ox 18x n P
invariance Infinitesimal transformation: U, = 1 + iep, Finite transformation: T (xo) = lim,,_, (1 + i%ﬁx) = el¥oPx = g¥05y
, ~ 9 Taylor F] x2 92 x3 93 Taylor
W) =TW@) = em W) = (14xm+2o+B )P = Pix+x,)
SU(2) Isospin Flavour Symmetry of the Strong Interaction (Isospin Representation of Quarks)
dea: H=H,+ ﬁstmng + Hgy, because Hpy, «< ﬁsmng, and m,, = my, there is an (ud) flavor symmetry.
' We define |u) and |d) to be just two so-called Isospin-states of the same particle.
“ P . ~ (1 1,1 . . ~ (1 1,1
rormat somupparice: 1= (1) = 2G5, = (+2) o pauar sospin 0= (1) = 9001 = 9 (2+2)
Analogy to “normal” spin-down-particle: [{) = (0) = x(s,my) = )((1,—1) < down-quark isospin: |d) £ (0) =¢, ;) =¢ (1,—1)
normal spin N 5 1 22 A A 1 22
“normal” S? operator: % y(s,m,) = s(s + 1) x(s,m,) < isospin T2 operator: T2 d(I,I3) = I(I + 1) ¢ (U, I3)
“normal“ $, operator: $, y(s,my) = m x(s, my) & isospin Ty operator: T3 d(1, I3) = I d(1, 13)
Symmetrie A\ 0T W\ _roa (W) o At _
trafo SU(2) lu) = (0) jld) = (1) = (d,) =U(@) (d) with U(@) = e'*T € SU(2) = UUT =1, det(U) =1
Generators | 0(d@) = e'®i with G, € {T,,T,,T;}and T= ig Algebra: [Ty, T, = iTs, [Ty, T5] = iTy, [T5, Ty = iTy = [Th, )] = ighum T
LN
Ladder Told) = |u), Ty lu) = [0y with T, = Ty + iT; —
operators T_|d) = 10), T_|u) = |d) with T_ = T, —iT, _.—‘_.d . s

Combining 2 Up- or Down-Quarks or 2 Spin-Half Particles with SU(2)

Note: Two-quark bound states combining only u and d are hypothetical, because the total color cannot add up to white.

Note . ; o
But this concept serves as a basis for combining three quarks to a Baryon state.
combining Iy = IV 4+ 1P combining m; = m® + m® analogy My =ms +my
isospins [I® — 1D <1< 1D 4 D] |spins [s® —s@|<s<|s®+5@ B ls—u<y<lIs+1
dd 2 (ud +du uu 2 (ud - du!
configuration :Both particles can each take on two different states (|u), |d)) . & d. “ —i © & . “ 5
space Hence, the total configuration space is 2®2. Can be reduced to 3;01,. TR TR °

o Maximum state ¢s(1, +1) = ¢@® G, +§) @ G: +§) = |uu) ... the S in @5 stands for “symmetric”

symmetric

Isospin o ps(1,0) = T ps(1, +1) = T_uu) = TDOluw) + TP uu) = |du) + [ud) "= %(Idu) + ud)).

triplet - - - )
® o ¢5(1,-1) = T_(|du) + [ud)) = TO(|du) + [ud)) + T (|du) + [ud)) = 0 + |dd) + |dd) + 0 "=" |dd)

Isospin There is always just one state with I, = I"®, and just one with I; = IJ¥" = —[J"®_Hence, the 4" state can only be

singlet orthogonal to the “middle” state ¢5(1,0): $4(0,0) =L ¢p5(1,0) = %(ldu) — |ud)) ... the A'in ¢, stands for “antisymmetric”
o Because the SU(2) algebra for combining spin-half is the same as for isospin, the possible spin wave functions of two quarks

Splc? smlglet are constructed in the same manner. Hence, the combination of two spin-half particles gives:

and triplet

spin triplet: ys(1,+1) = |T1), xs(1,0) = %(ITL) + M), xs(1,—1) = |[I); singlet: x,(0,0) = %(lTl) — 1)

© www.goldsilberglitzer.at
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Combining 3 Up- or Down-Quarks or 3 Spin-Half Particles with SU(2)

All three particles can each take on two different states (|u), |d)). Hence, the total configuration space is 2Q®2®2. This can
) be reduced to 45@2 ,;sD24: A symmetric quadruplet, a mixed symmetric doublet, and a mixed antisymmetric doublet
(Eonﬂgura' ddd Ls(uud + dud + ddu) %tudu + duu + uud) uuu —1—5(2ddu— udd - dud) Lﬂ(2uud duu - udu) Lgtudd dud) ‘—z(udu duu)
tion Space [ —e . " ol @ [=L —— e, & —e— ol
2 3 1 1 .3 2 1 il 1 1
2 2 2 2 2 2 3
o Maximum state ¢ (2, +§) = |uuu)
i 3 - 3,3 - )
Symmetric o g (§’+§) =T ¢ (E, +5) = T faa) "= % (ldww) + Judw) + fuud))
Isospin 3 1 N 3 1 - norm. 1
Quadruplet ® $s (E,_E) =T ¢ (E, +5) = T (Jduw) + fudw) + huud)) "2 = (|ddu) + |dud) + |ddu))
3 3 F= 3 1 =y norm.
o 95 (3, —2) =1-¢5 (3, —3) = T-(ludd) + |dud) + |ddu)) "E" |ddd)
There can be just one state with I; = [['** = 2, and just one with I; = [JM" = — "% = 72.
Therefore, we are looking for further two (mixed symmetric) states with I = %
e We take the symmetric two-quark state ¢g(1, +1) = |uw) which we couple with a third down-quark to reach 13=%.
e Butwe canalsoreach I; = %if we couple ¢4(1,0) = %(ldu) + |ud)) with a third up-quark.
Mixed e One solution is a superposition of these states:
Symmetric Bus (l_ +l) = aluu)|d) + B(|du) + [ud))[u) = aluud) + B(|duu) + [udu)).
Doublet 202
e Conditions to determine « and f3: <(;b5 (2, +§) | bdus G, +%)> = 0 (orthogonality) and normalization a® + > =1 =
1 1 1
Gus (5, +3) = 75 Cluud) — fudu) ~ |duw)) )
e We reach the second mixed symmetric state from here with T_:
101 = 1,1 = 1
s (3.—3) = T tbus (5, +3) = T-2Juud) — |udw) - |duu)) "= - (2lddu) - |dud) — |udd))
There are further two (mixed antisymmetric) states with I = %
Mixed Anti- ® We take the antisymmetric two-quark singlet state ¢,(1,0) which we couple with a third up-quark to reach 13=%.
Symmetric DPra G, +§) = (|du) — |ud))|u) = %(ludu) — |duuy)).
Doublet e We reach the other mixed antisymmetric state with the 7_ operator
1 1\ _ & 1 N\ _4 _ -1 -
i (3:=3) = 1= b (5, +3) = T-(ludw) - |duw) = + (judd) — |dud)).
Because the SU(2) algebra for combining spin-half is the same as for isospin, the possible spin wave functions of three quarks
are constructed in the same manner. Hence, the combination of three spin-half particles give:
- a symmetric Spin Quadruplet:
3 3 3 1 1 3 1 1 3 3
s GoA3) = 1M xs (Go+2) = ZAMH + 1000 + 1), 25 (3, —3) = 2 AT + 010 + 1001, x5 (5= 3) = 1)
Spin - a mixed symmetric Spin Doublet:
(G +3) = 2 @I = 111 — [N, 1w (5, —2) = = 21D — 410 = [144)
XMS 2’ 2 _\/E 'XMS 2’ 2 _\/E
- a mixed antisymmetric Spin Doublet:
1 1 1 1 1 1
s (3 43) = S AT = D), 2004 (5, —3) = 5 (TLL) — [110)
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Ground State Baryon Wave Functions

! .
W= ¢flavorXspin§colarnspace Quarks are fermions = ¥ = llJA' Always: Ecular = SA with L = 0: T]space =ns =

Symmetries -

W, = ¢flauorXspin§AnS = ¢fluvorXspin must be symmetric (for L = 0)

ddd  Ly(ddu + dud + udd) Jy(uud + udu + duu)  uuu Y, = 1 +

W, = dexsEams - 0 o o Neutron A= (Pusxus + Puaxma) Eanls n p .
A—Baryons 3 3 > symmetric ! 1

I==,5s=- 3 1 1 3 Proton 1 1 @ e

22 g 2 2 2 I=3,s=3
1 1 1 1 1 1 1 1 1
_ 90 = (9ws (o3 aws G +3) + a3+ 3) s G 43)) =

spin-up _1(1 _ _ 1 _ _ 1 _ 1 _
broton IpT) = ﬁ(«z (2luud) - fudu) — |duu)) = 2IT11) = [1L1) = |111)) + % (ludd) — |dud)) % (IN1) |m))) =

[pT) = \/% (ututd! - uTuld? - wlutd? + 2utdiut - utdTul - uldTuf + 2dluTut - dTutTu - dTulut)

Isospin Representation of Anti-Quarks

Definition: [u) = (0) ;

Nilay=(")) == (—3) YMMELY |7y = 0(@) [7') with (@) = e'@7 s

0 u/ |Trafo

Ladder oper. T,[w) = —[d),T,|d) = [0y with T, = Ty +iTy; T_[w) = |0),T_|d) = [@) with T_ = T, — iT,

SU(3) Flavor Symmetry of the Strong Interaction

The SU(2) flavor symmetry is almost exact, as m,, = my. As ﬁm.gng treats uds equally, we can include the strange-quark with

| :
dea SU(3). However, the symmetry is not perfect, because the difference between mg and m,, 4 is approx. 100 MeV

u’ u " o P
i‘gf':etry (d’) = ﬁ(d) with T ... 3x3 matrix; 00t=1, det(0)=1 |U = @7 = ei@Ti;{ = 1.8 with _

s’ s

SU(3) requires 3% — 1 = 8 generators. (Remark: A complex 3x3-matrix would have 18 parameters. The condition

reduces this to 9 parameters; det(ﬁ) = 1|reduces further to 8 parameters). Suitable generators are e.g. the Gell-Mann

matrices {/11,;12,23,/14, 15,26,27,18} with |Tr(ii) = O|. Further: |Tr(iii,) = 26;;

/010 /0 =i 0 /1 00 _
Generators 7 — (1 o o|26;4,=(i 0 0|26;4=(0 -1 0|24 :»|sospinu
(Gell-Mann 00 0 0 0 0 0 00 2
matrices) 0 0 1 0 0 —i
24=<0 0 0); isz(o 0 0)
1 0 0 i 0 0
/0 0 0 /00 0y /10 0
Ae=10 0 1]); 3.7:(0 0 —il; /13:E<0 1 O)
010 0 i O 0 0 -2
[T5, 7] = 0 = Multipletts can be described with I and Y: Ty|Is,Y) = Is|I5, Y) and ¥ |I5, ¥) = Y|I5,Y)
~ G 1
T3|u) = +§|u) Ylu) = +§|u) } Vs [y IS) _ Iu)
- 1 % _ 1 Ladder Operators Y ; AL
Isospin and T3]d) = —Z|d) }:ld>_+23|d) P X ‘ SV fuy =1s)
Hypercharge 1 Tsls) =0 Yls) = —ls) T, =T, +if, l’{+|5) = |d)
"2k P, =T, +if, - U_ld) = |s)
Total Isospin: =+ T‘*:_ iAS T,1d) = |u)
-~ -~ A +=Tsx F —
=3 ,1T= iZ?ﬂA? = 3113 e ! T_|u) = |d)
Antiquarks
Y o1 R The elementary antiquark-triplet can be identified with
2l A3|E> =zl v, |t) = —135) |the antiquark states |&), |d) and |3). They cannot be ex-
ifs Tsld) = +-|d) 7. |5) = —|&) |pressed in the quark basis {|u), |d), |s)}
Idea: = f3ls) =0 1 U+| >: —Is The antiquark basis |z) — (1) ; |(i> - (1) ; 15) - 8
' 3 b Pl =t G55 = —|d) a o) L) 0
1 51T 115y & 5y |7 Sh A s A A Ao
U. 3 .a Y |d) =73 |d> Z+ |7f) - _l‘f) has different Generators {TI,TZ,T3,T4,T5,T6, T7,T8}
715 = +2f5) T-|d)=-1a)
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The Light Mesons: coupling quark and antiquark to a qq octet (and a qq singlet)

e By coupling a quark triplet 3 with an antiquark triplet 3, altogether 3®3 = 9 quark-antiquark states can be produced, which represent
mesons (bound quark states with even number of quarks: here with one quark and one antoquark). These 9 states split into an octet and
asinglet: 3®3 = 8 @ 1, as is derived below.

e Graphical derivation: The vertices of the quark triplet 3 are the center-points for the three coupled anti-triplets 3. This creates a hexagon
with six uniquely occupied corners and a triple-occupied center.

 Ina SU (3) multiplet, each point of the outer shell is occupied once, and each point of the next inner shell (if the outer shell was not a
triangle) is occupied twice. The outer shell here is a hexagon; the next inner shell is the center, which should therefore only be occupied
twice (instead of three-fold). Therefore, the hexagon with the triple-occupied center can be decomposed into a hexagon with a double-
occupied center (an octet) and a singlet (the additionally occupied center point).

e The six border states ¢5(I, I3, Y) of the octet are unique (quantum number [ = IJ*%* = 1):

o (1—3,+1) = 1d5), ¢ (L +3,+1) = [u5), (1, +1,0) = [ud), g (1,+3,-1) = [sd), g (1,—3,~1) = IsD), ¢ (1,—3,0) = |d7)

e The first center state ¢§*(1,0,0) can be derived by using ladder operators.
~ norm 1 - _
We choose ¢§1(0,1,0) = T-[ud) = 7D [ud) + @ |ud) == | ¢£*(1,0,0) = - (|dd) - |uu))‘ (1)
e The second center state ¢§2(1, 0,0) can be derived by means of further ladder operators:
V[us) "E" £ (1s5) = u@)) .. (2) 0_1d3) "E" % (1s8) — |dd)) .. (3) Superposition: ¢§2(0,0,1) = a1 4 gD

with: (C1|C2) =0anda? + B2 =1 = ‘¢gz(1, 0,0) = ﬁ (21s35) — |um) — |d&))‘

\SS) \dd)

. (4)

The Light Meson (q singlet

® Remaining center state is a singlet. We take the ansatz: |1) = a|ui) + ﬂ|dci) +y|ss)...(1)

We know: Any ladder operator acting on |1) must result in 0. Therefore: T,|1) = 0 g T+(a|uﬁ) + ﬁ|d(i> + y|s§)) =0=

(TP) + ﬂ”)(aluﬁ) +p|dd) +yIs3)) =0= Tfl)(aluﬁ) + Bldd) +vIs5)) + ﬁz)(aluﬁ) +pldd) +ylIss)) =0 =

(0 +B|u¢f) +0)+ (—a|u&) +0+0)=0= ﬁ|u&> - a|u&) =0= ﬁ|u&) = a|u&) =a=4..(2)

Again: Any ladder operator acting on |1) must result in 0. Therefore: 7_|1) = 0 (21) I7_(a|uﬁ) + ﬁld&) + y|S§)) =0=

(17_(1) + Ii“’)(aluﬁ) + B|dd) + yIs3)) = 0 = VD (aluur) + B|dd) + y|s3)) + I7(Z>(a|uﬁ) +p|dd) +vIss)) =0=

(alsT) +0+0)+ (0 +0—y|s@) =0 = a|si@) —y|s@) =0 = a =y ..(3) (1) 28 [1) = alutl) + a|dd) + a|s3) ...(4)
Normalization: (1|1) = 1 (:43 a?+a?+a?=3a’=1=a= Eﬁ“l) = ¢,(0,0,0) = ‘/—g(luu) + |dd) +1s5))|(as I = [J"™* = 0)

L=0 Mesons: Pseudoscalar Mesons

Quark/antiquark states with orbital angular momentum [£ = 0], and spin [s = 0] =total angular momentum|[/ = £ + s =0]|=
Combining anti-symmetrized states ¢g and ¢; with anti-symmetric singlet spin state x,(0,0) = ‘/ii Ly =1
Negative Parity: P(qq) = (+1)(—=1)(—=1)® = —1, Mass differences because m; > m,, 4
K@) gt @ K (1) %135 MeV ... = (luw) - |dd) - |uu) +[dd)) Z (1) = 1)
771140 MeV %z (Idu) — |ad)) = (m) )
Pseudo- 1, | w140 Mev oz (ud) = |du)) (m) [41)
i;z':‘c:ns & (diq" “® ‘-;.E,““” K™:494 MeV ... (Is7) - Ius))E(ITl) — 1Y)
: il ¢ K*:494 MeV ... (|sd) - |Js))%(|Tl) — |41
K°:498 MeV ... (|d5) — [sd)) 7z (1T4) — |41)
K™ (s) @@ RO (sd) K':498 MeV ...~ (|sd) - |ds)) (1) = [41))
JP=0 n : 548 MeV ...%(luu) + |dd) — 2|s3) — |uu) — |dd) + 2|s‘s))%(|Tl) )
n': 958 MeV ...\/%(luﬁ) + |dcf) + |s5) — |ﬁu) - |cfd) —|Ss) — |au) — |cfd) |Ss) + |uu) + |dd) + |ss)) qrdy =1y
=y 4 (S8 =y + A2 (62 = 60 - $0) =y, + At 0- (R4 1) -2 (2 +1))
Masses: m=m, +m, —zml“‘mz my =m, = 0.307GeV, m; = 0.490 GeV, A = 0.06GeV* (does not explain the n’ mass properly!)
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L=0 Mesons: Vector Mesons

Quark/antiquark states with orbital angular momentum and spin = total angular momentum =
Combining symmetrized ¢ and ¢, states with one of the symmetric triplet spin states ys(1,+1), xs(1,0),or xs(1,—1)
Negative Parity: P(qq) = (+1)(—1)(—1)* = —1. Higher masses because of spin-spin interactions
T = — —
o A o 0 :775 MeV ...ﬁ(luu) — |dd) + |au) — |dd))xs
K™ (ds) . ....... ) K™ (us) p~ 775 MeV ---\/—3(|dﬁ>+ [ud)xs
g *t 1775 MeV \/—E(|ud) + |du))){s
\Vector _ e, A (lei =
[Viesons - (d) o lo % p*(ud) K*~:892 MeV ...\/F(ls%) + |u_s)))(5
—e @m "> K**:892 MeV B (Isd) + |ds))xs
' : K*:896 MeV ... 7 (1ds) + [5d))xs
—x*0 1 - -
| £ K :896 MeV ... (|sd) + |iis)))(s
K* (si) @t@® K (sd) w :783 MeV % |uz + dd)ys (sic!)
JP=1 @ : 1020 MeV ...|sS)xs (sic!)
observed w and @ are mixtures of ¢g and ¢, states!
m=m, +m, %((52) —(57) - (522)) =m, +m, +ﬁ%(1(1 +1) —%G+ 1) —%G+ 1)) =
Masses:
m=my; +m,+ 1ﬁ my =m, = 0.307GeV, m; = 0.490 GeV,A = 0.06GeV?>
2

Coupling two quarks to a (hypothetical) qq sextet and qq anti-triplet

Note: Two-quark bound states combining u, d and s are hypothetical, because the total color cannot add up to white.
But this concept serves as a basis for combining three quarks to a triplet Baryon state.

e By coupling a quark-triplet 3 with another quark- 33 = 6 (23} 3,
triplet 3, altogether 9 quark states can be formed. v
They split up in_to a sextet and an anti-triplet: 5
3®3 = 65 @D 3,4, as derived here. 1 aw ) ‘"'1\;;")
e Graphical derivation: The corners of the first quark d "
triplet 3 are the center points of the second coupled | | _ + A
triplet 3. Thereby, a triangular-shaped sextet 65 with 7'71 'l I ds + sd (us + su

) )

V2 L Ve

ds — sd us — su
—=) |

six uniquely occupied outer border states and yet
Vi

another triangular anti-triplet §A with three uniquely
occupied states emerge.

The three corners of the sextet 6¢ ¢4 (I,15,Y)

. 2 2 4
(quantum number I = I§*** = 1) can be read off directly: ‘q’)és (1,+1, +§) = |uu), dg, (1,—1, +§) = |dd), ¢, (1,0,—5) = Iss)‘
The other three sextet 6 states can be reached by means of ladder operators:

0 fos (1,0,+2) = Tuldd) = T"ldd) + T |dd) == | ¢, (1,0,+2) = = (jud) + |du))‘

0 e (1,—3,—3) = U_Idd) = UD|dd) + 02|dd) == | s (1, -3, —3) = 5 (Isd) + Ids))‘

2 3

S

|ss)

~ ~ ~ norm
o b, (1,+§,—§) = T Juw) = 70 fuw) + V2 |uu) == | p, (1,+§,—§) = (suy+ |us))‘

The first anti-triplet state results from normalization and orthogonality condition:

Ansatz: ¢3, (0 0,+ ) = alud) + Bldu) ... (1) orthogonality: <¢6s (1 0,+ ) |¢3A (0 0,+ )> 0 % fudl+laul ““1‘*(‘“"

2 (udlud) + %(duldu) 0= p=—aS¢s, (00,+2) = alud) - aldu) ... (2)

(alud) + Bldu)) =0 =

tion: g 4 q? = 202 = LA (L2 Y _
Normalization: a? + a? = 2a —1=>0(—ﬁ:> ¢)3A(+3,0,0)—ﬁ(|ud) |du))

e The other two anti-triplet states can be reached by means of ladder operators:

11 lud)—|du) (1) |lud)—|du) 5 (2) lud)— Idu) |sd)—0 0—|ds) norm . 11 _ 1

0 s, (0,—1—1) = p MO _ poy RAIR) 4 iy At _ ledo | 07 TR, (0,-2,-1, ) = L(Isd) — |ds))
1 1\ _ 77 lud)-ldu) _ 7p) lud)-ldw) | (2) lud)—ldu) _ 0—|sw) | |us)—0 70T 1 _1\_ 1

0 3, (0,+5,-1) = 0 Ml _ ool gy i) _ ooy w0 B, (0,42, 1) = L (us) - fsu))
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Coupling 3 quarks to L=0 qqq Baryons

e We are looking for the reduction of 3®3®3 (these are 27 states). We have just 623 = 10 : 8
derived: 3®3 = 64 @ 3, therefore: 3®3®3 = (65 P 3,)R3 = e o o o o o
3®3®3 =653 @ 3,83 = e o o + o @ o

e Coupling 65®3 (18 states, see graphics on the right side): The points of the LA . o
symmetric quark sextet 6 are the center points of the quark triplet 3 that we are °

coupling with the sextet. By this, a triangle with three uniquely occupied corners, six

double-occupied points alongside the outer border, and triple occupied center point emerges. However, with a triangular multiplet, all
points on the outer border can only be occupied once. Therefore, the described triangle falls apart into a triangular, symmetric decuplet
10 (with nine uniquely occupied points at the border and one uniquely occupied center point) and a hexagonal, mixed-symmetric octet
85 (with six uniquely occupied corner points, and a doubly occupied center point). Hence: |65®3 =10, P 8M5|

Coupling 3,®3 (9 states): The points of the antisymmetric triplet 34 are the center points of the quark triplet 3 that we are coupling with
the antisymmetric triplet (see below).

Y

ds — sd

V2

In a SU(3) multiplet, every point on the outer border is occupied only once, and every point on the next inner layer (if the outer border is
not a triangle) is occupied twice. Here, the outer border has a hexagonal shape, and the next inner layer is already the center point, which
therefore only can be occupied twice instead of three times. Therefore, the hexagon with the triple occupied center point falls apart into a
hexagon-shaped mixed-symmetric octet 8,;,4 with a doubly occupied center point, and a totally antisymmetric singlet 1 4.

Hence:|3,®3 = 84, D 1,

e In total, the three-quark-multiplet with 27 states can be decomposed as follows:

[393®3 = (65 D 3,)®3 = 6,83 B 3,83 = (105 D 8y5) D (B D 14)]

! .
Y= d)flavor)(spinfcolornspace Quarks are fermions = W = W,. Always: §¢10r = &4 With L = 0: Nspace = Ns =
Symmetry ¥, = d)flavor)(spinSzAnS = qbflavor)(spin must be symmetric (for L = 0) =

singlet 1,4 cannot exist in ground state L = 0, because there is no anti-symmetric 3 particle spin function y,
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The Symmetric Decuplet and Mixed Symmetric Octet of Light Baryon States

» As described above: By coupling 6,®3 (18 states) a triangular (symmetric) deculplet 10 and a hexagonal (mixed symmetric) octet 8¢
emerges:

S 105 SMS
ud + du |ddu + dud + udd) |uud + udu + duu)
|det) V2 |u) d) () 3 73 I(ud + cu)d — 2 (i + dulu — 2uud)
) @ ——— @ [ua) R S
|uds + dsu + sud + usd + dus + sdu) (ds + sd)u + (us + su)d — 2(ud + du)s
Vi (ds + sd)d — 2l 12 (15 + ot)u — Zuus
® — \dds + dsd + sdd) |tes + wen + sus) o <—l—> S B
—_— et 4 Ve VB

ds + sd us + su V3 V3 (s + sdyu — (us + su)d)
| I ;
|

\_)
V2 fs) dss + sds + sscd) Juss + sus + ssu)
73 V3

[sss)

|53)
e The three corner-points of the decuplet 10 can be read off directly | |110,) = |ddd), |10,) = |uuu),|105) :|sss)|

@ The other six border points of the decuplet can be reached by means of ladder operators:
110,) = T+|ddd>””:m| 110,) = = (judd) + |dud) + |ddu)) ‘ 1105) = T_fure) =5 [105) = = (Jduar) + [udu) + |uud))|

nor

110,) = U_lddd) ==110) = = (|sdd) + |dsd) + |dds)) ‘ 110,) = 7. ) =5 [10,) = = (Iswu) + [usw) + fuus)) ‘

P norm 1 ~ norm 1
[105) = T, |sss) :‘uos) = (ldss) + Isds) + |ssd))‘ 1105) = 7, Iss5) =5 |10,) = = (Juss) + Isus) + |uus))‘

» Also, the center point of the decuplet 10 can be reached via ladder operators, e.g.:
110,,) = T,10,) = T, (|sdd) + |dsd) + |dds))'£‘ 110,0) = = (lusd) + [uds) + |sud) + |dus) + |sdu) + Idsu))‘

o The first point of the (mixed symmetric) octet 8, can be derived by orthogonality and normalization conditions.
e.g. left top point; Ansatz |8Y5) = a|dd)|u) + f =—=— l"d)+|d") |d) = alddu) + £ |udd) +£ |dud) (D

(1) dd|+(dud|+(dd: 1)
%ﬁ'“"'(mddu) + £ Judd) +%|dud)) =0=a=—V2f=pf=

Normalization: (8,|8,) = 1 = ‘ |815) = %(ludd) + |dud) — 2|ddu))‘

Orthogonality: (104|8M5)

o The other five border points of the octet 8,5 can be reached by means of ladder operators:

norm norm
|8%S) = —(Zluus) |usu) — |suu))‘

|85%) = T,18,) = |8MS>——(2|uud) ludu) — |duw))| |8%5) = U_18,) =

norm

|8%5) =1V_|8;) —||8¥S) = \/—E(Isus) + |uss) — 2|ssu))

norm

) =T.|8,) —

|8¥s) = ﬁ(ldss) + |sds) — 2|ssd)) ‘

norm

|845) = 0.,185) = ||84) = = (2ldds) — |dsd) — |sdd)) |

o The first center point of the octet 8,5 can also be reached by means of ladder operators, e.g.:
norm

|8%s) = |8MS):>‘ |8%5) = V%(Zluds) + 2|dus) — |usd) — |sud) — |dsu) —

e Derivation of the second center state of the octet 8y by further ladder operators, orthogonality and normalization:
—~ ~ N
Ansatz: [8Y5) = all, |8Y5) + BV, |8YS), orthogonality: (BYS|8YS) = 0 == [[84) = 1 (|sud) + [usd) — |dsu) — |sdu))

L1 . _
observed 105 spin ; decuplet with W, = ¢sxs&aMs observed 85 spin ; octet with Wy = pus s $atls
sym.
— — j— 3 j—
L=0P=15=30=; L=0P=15=3]=3
A" (ddd) A°(ddu) A* (duu) A" (uuu) n(ddu) p(uud)
L B 1232 MeV A - ° 940 MeV
T (dds) . £0(uds) A (uus) ) B
;s 1385Mev | 2 (dds) . X%(uds) . X*(uus)
> : 1120-1190 MeV
A(uds)
1533 MeV
. ................... ..
=7 (ssd) =0 (ssu) 1320 MeV
1677 MeV
masses are not equal, because the s quark is heavier than u and d masses are not equal, because the s quark is heavier than u and d
Baryon _ L (5iSa)  (51:s) (§2.§3)> Effective ‘m,; = m, = 0.365GeV [spin-spin inter-  , 3
masses: =M1t matmat A (mlmz nims +mams )| masses: m, = 0.540 GeV action strength A" =0.026GeV
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Mixed Antisymmetric qqq Octet and Totally Antisymmetric qqq Singlet

e As described above: coupling 3,®3 (9 states) results into a six-sided (mixed antisymmetric) octet 8,4 and a (antisymmetric) singlet.
Hence:3,03 =8,, D 1

3, ® 3

8ma @ 1,

“ |(ud — du)d) |(ud — du)u)
jud — du, V2 V2 Y

o

i |(ds — sd)u — (su — us)d) T3

/./ 7 |(ds — sd)d) 2 [(us — suju) @
®SZ, = 5
/ N f [2(ud — du)s — (ds — sd)u — (su — us)d)

ds — sd su 1 Y V12 }‘ - - -
== |(ud — du)s + (ds — sd)u + (su — us)d)
) V2 rs NG
|(ds — sd)s) |[(us — su)s)

V2 V2

‘_/

o The six corner-points of the octet 8,4 can be read off directly:

||8’1"’A) [ud)— Idu)ld) [udd)—|dud)

lud)—|du) |ludu)—|duu)
|854) = [u) =
V2

V2 V2

Isd)l ) __ldss) —|sds)
B V2

MA\ _ lus)—Isu) _ lusu)—=|suu)
[1g4) = iy o]

vz B V2 vz vz

e The first point in the center of the octet 8,4 can be reached via ladder operators. As the isospin symmetry works best with T;, we choose
|87) — T+|86) — A |udd)‘/_|dud) T(l) |dsd)—|sdd) T(z) |dsd)—|sdd) + T(3) |dsd)— \sdd) |lusd)-0 = 0—|sud) . |dsu)—|sdu) N

norm norm norm norm norm norm
llgg,m) — |dsu)—|sdu)+|usd)—|sud)

‘ISf{“) _ Jus) - Isu)l y = luss) — |sus) -~ ‘IBL}“) _ las)-lsa) d) = Idsd)—\sdd)‘

lds) -
oz ==

2

o For the second point in the center of the octet 8,4 we choose the following ansatz:

|8MA) — 0[U+|8MA) + ,BV+|8MA) — (Zﬁ_,, |luss) Isus + [);V+ Idss‘ﬁlsds)

|884) = a(—|dus) + |uds) + |usd) — |sud)) + B(—|uds) + |dus) + |dsu) — |sdu)) ...(1) Orthogonality: (8¥4|8M4) = 0 =
W(—aldus) + al|uds) + alusd) — a|sud) — Bluds) + B|dus) + Bldsu) — B|sdu)) =0
(1)
—B(dsuldsu) += ﬂ(sdulsdu) += a(usdlusd) += a(sudlsud) =0=Ff+a=0=FL=—a=
(2)
|844) = a(2|uds) — 2|dus) + |usd) — |sud) + |sdu) — |dsu}) ... (2) Normalization: (8¥4|8¥4) = 1 =
o 1 @F omay _ 2Quds)—ldus)) +lusd)—|sud)+sdu)—|dsu)
(4+4+1+1+1+1)—12a_1:>a_r:>|8 y= Nivi
For the singlet 1 we choose the following ansatz: For each corner-point oft a (hypothetical) qq state 34 there is a state of the third quark
of the 3 triplet, which leads back to the center. We choose a superposition of these tree combinations, and also consider orthogonality to
|854) and |8%4), and the normalization condition:
Ids) Isd

Idsu) \sdu) |lusd)—|sud)

Ansatz: [14) = o 9= I”‘“’| Y+ B lu) + '“”‘2'“” |d) = o4 "“‘5) +8 +ymd 3)
. . MA|4A\ _ dsul (sdu|+(usd|—(sud| Iuds)—ldus) |dsu) - Isdu) lusd)-|sud)\ _
Orthogonality 1: (874|14) = 0 = 2 (a N + /3 N +vy N ) =0

18 1y 1y _p®
ﬁ(dsuldsu) += \/_(sdulsdu) + \/_(usdlusd) + \/_(sudlsud) =0=B+y=0=y=—-F=

|1) — Iuds) Idus B Idsu) Isdu B lusd)—|sud) — Iuds) |dus) ﬁ |dsu)—|sdu)—|usd)+|sud) (4)
MA|4 A\ _ 2(uds| 2(dus|+(usd| (sud|+(sdu|—(dsul| |uds)—|dus) |dsu)—|sdu)—|usd)+|sud)) _
Orthogonallty 2: (8% |1 ) = ( = B N ) =0
\/%\% (uds|uds) + (dusldus) - L—(usdlusd) - L—(sudlsud) - L—(sdulsdu) — L—(dsuldsu) =0
ba—4B =0 = f = a 2 [14) = g1 'dus“'d“)«;s"“) '“Sd“'“‘d ..(5) Normalization: {(1]1) = 1 :7(1 Fl+1+1+1+1D) =1
(5)
3al=1=a= \/% =||14) = \/%(luds) — |dus) + |dsu) — |sdu) — |usd) + |sud))
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The Local Gauge Principle

e The free particle Dirac equation iy#d,1 = mi is invariant under a global phase transformation ¥ (x*) - ¥'(x%) = el PP (x®)
e Suppose we now demand invariance of physics under a local phase transformation
Px®) - P (x®) = T(x) P(x) = XD p(x*)
o The free particle Dirac equation is not invariant under this local transformation: iy”au(eiqxu"‘)lp) = me! X6y —
iylt(a”eiqx(xa)l/} + eiqx(xa)a”w) — mein("u)llj N iy”(W)iqau x(x) P + eiﬂx@e"}a”w) = mW)¢ =
|iy“(6ﬂ +iqd, x(x“))l/; =my | This equation differs from the original equation by the term —qd, x(x*)

e Whenever a physical theory with some global transformation invariance should also become invariant under the same local
transformation, it is necessary to introduce new fields.

N T
QED e In case of the Dirac equation we need to introduce the EM field by means of the four-potential A*(x%*) = (¢(x"‘) ,A(x“))
U(1) ;e The physics of the EM field does not change under the global gauge transformation A, (x%) — A, (x*) = A,(x*) — 9, x
S T o T
where 4,(x%) = (q,’)(x“),—A(x"‘)) and 9, = (60, V) .
e Again, we demand invariance under local gauge transformation IAﬂ(x“) - A4,(x%)=A4,(x%) -0, )((x“)|

goal by re-writing the free-particle Dirac equation iy#d,p = mip to - |iy* (9, + iqA,(x™))p = myp
NI

Dy, min. substitution

This modified Dirac equation no longer corresponds to a wave equation for a free particle, because there is now an

interaction term | —qy#A,(x*) ¥ |

e When we demand invariant physics under the local gauge transformation |1,[)(x“) SYP'(x*) = elax(x®) w(x“)l, we can achieve this

The corresponding SU(3) symmetry associated with QCD is invariance under the following local gauge transformation:

eight Gell-Mann-Matrices by T‘a = iia, and 9(x%), being eight functions of the space-time coordinate x*

With this local gauge transformation, the free-particle Dirac equation becomes|iy“(6# +1igs0,9(x), Ta)lp = m¢|

The required local gauge invariance can be asserted by introducing eight new fields G, (x%),, representing the gluons

|1p(x“) -SYP'(x*) = 19s9(MaTa 1[)(x“)|with a = 1...8, T, being the eight generators of the SU(3) symmetry group related to the

QcD i ® These 8 new fields transform in a local gauge transformation |G#(x"‘)k = G, (x9) = Gu(x M) — 0, 9(x®) i — gsfiji 9(x%); G#(x“)j|

SU(3) i ® The last term arises because the SU(3) generators do not commute [ﬁa,ib] = 2ifpcle
e The presence of the last term gives rise to gluon self-interactions.

e The Dirac equation, including the interactions with the new gauge fields, becomesliy“(au +igsGu(x9), Ta)lp = ml/}|

e From this we see that the form of the qqg interaction term is ‘ —gsv* G (x%), T, = — %gsy“ G, (x9)q Ao

2
fabe = foca = feab = —foac = —fach = —fepa (@nti-symmetric). All other structure constants are zero.

e These are the structure constants and their properties: fi,3 = 1; fi47 = fos6 = fo57 = fa45 = fs16 = fe37 = %; fass = fers = E

’

Color and QCD

o Instead of two types of charge like in electromagnetism, QCD has three fundamental charges for the strong nuclear force, known as
colors, called red, green and blue (7, g, b) and three opposite color charges anti-red, anti-green and anti-blue (7, g, b).

A free particle cannot have a net charge of any type; only “colorless” states are allowed for free (observable) particles.

A color plus its anti-color is colorless; additionally, all three unique colors 7, g, b (or anticolors 7, g, E) added together are colorless

the QCD interaction is mediated by eight massless gluons corresponding to the eight generators of the SU(3) local gauge symmetry.
Each quark contains a net color charge of one color (r, g, b); each antiquark has an anti-color (7, g, D) assigned to it

The only other Standard Model particle with a color is the gluon: quarks exchange gluons, and that’s how they form bound states.
Only particle with a non-zero color charge couple to gluons. For this reason, leptons do not feel the strong force.

The quarks, which carry the color charge, exist in three orthogonal color states.

Unlike the approximate SU(3) uds flavor symmetry, the SU(3) rgb color symmetry is exact. Consequently, the strength of the QCD
interaction is independent of the color charge.

Whereas electromagnetism doesn’t change the electric charge of the particles attracting or repelling one another, the colors (or
anticolors) of the quarks (or antiquarks) change every time the strong nuclear force occurs.

Whereas the QED interaction is mediated by a massless photon corresponding to the single generator of the U(1) local gauge symmetry,

YC: %la Yf.‘

The 3 color states can be represented by 3 color wave functions

RO

Following the discussion of SU(3) flavor, the color states of quarks 3
and antiquarks can be labelled by two quantum numbers: The third
component of color isospin I§ and the color hypercharge Y¢

) ab _Ligaayn
Feynman Gluon Gy 0y o " 6% ensures fchat the gluon aco 2 igshiyy
Rules for ropagator —-—30 @WQ of type a emitted at vertex u ertex: @=1..8
QCD propag 4"« is the same as absorbed at v " ji=n14gb
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Gluons: Coupling color and anticolor to a cc octet (and a forbidden cc singlet)

o By coupling a color triplet 3 with an anticolor triplet 3, altogether 3®3 = 9 color-anticolor states (i.e. gluons) could be theoretically
produced. These 9 states split into an octet and a singlet: 3®3 = 8 @ 1, as is derived below.

o The singlet is forbidden for gluons though, as a single gluon (which is not observable in a free state) is not allowed to be colorless!
Therefore, only 8 gluons exist.

e Graphical derivation: The vertices of the color triplet 3 are the center-points for the three coupled anti-triplets 3. This creates a hexagon

with six uniquely occupied corners and a triple-occupied center.
Y(
3 ® F':

forbidden!

Y(

® In a SU (3) multiplet, each point of the outer shell is occupied once, and each point of the next inner shell (if the outer shell was not a
triangle) is occupied twice. The outer shell here is a hexagon; the next inner shell is the center, which should therefore only be occupied
twice (instead of three-fold). Therefore, the hexagon with the triple-occupied center can be decomposed into a hexagon with a double-
occupied center (an octet) and a singlet (the additionally occupied center point).

e The six border states &(I¢, 1§, Y©) of the octet are unique (quantum number I€ = (I$) 0 = 1):

1 T 1 I — 1 _ 1 — 1 —
Go(1,—-2,+1) = |gb), Gy (1,43, +1) = |rb), Go(1,+1,0) = Irg), Gg (1,+3, 1) = 1bg), 6o (1, -, =1) = b7, G (1,-3,0) = |gr)|
e The first center state G§*(1, 0,0) can be derived by using ladder operators.

We choose G§1(0,0,1) = T¢|rg) = TO|rg) + T@|rg) = [6E1(1,0,0) = %z('ﬁ) —lgg») ‘ (1)

e The second center state G§2(1,0,0) can be derived by means of further ladder operators:

velrs) "E" \%(|b5) —|r7)) ...(2) U_|gb) e ‘/% (|bb) = 193)) .- (3) Superposition: G§2(0,0,1) = « lbbi/:zlrﬂ +p lbb)\ggg) . (4
with : (C1|C2) = 0 and a? + 2 = 1 = |G§%(1,0,0) = viz (lrmy + 19g) — 2|b13))‘

r b r b r b r b
. L rb+b7 rg+gr bg+gb rT—bb
Color flow for o 5 Eight combinations: JTotgr 2979 TrO2
the t-channel g = = + [ R CHA R R
_irb—br _irg—gr _ibg+gb rr+bb-2gg
process rb—br N A A
b r b r b r b r

Color Confinement

Color Colored objects are always confined to colorless singlet states. No object with nonzero color can propagate as free particle.
confinement Therefore we never see free quarks. They are always confined to bound colorless states.
hypothesis Gluons, being colored, are also confined to colorless objects. Therefore gluons do not propagate over macroscopic distances.
colorless Only when I§ = Y°¢ = 0 a state is colorless. This is only the case for color singlet states.
g g [} ] g g ) q
int ‘i Virtual gluons carry co-
tgg |In eradc ‘on g 9 lor and interact with - S 9 N
q”:\ft'ingl on each other: Therefore - Lkl
uartic glu
they form flux-tubes
vertices ¢ e e ¢ Y g
Energy stored in the field is proportional to the separation with 1GeV /fm! This is 10°N between any 2 unconfined quarks!
The color confinement hypothesis implies that all hadrons (bound quark states) are colorless, i.e. have a colorless, singlet
Hadronic color state. This strongly restricts the possible quark combinations.
states Not to be confused: (Single) gluon states are not allowed to be (colorless) singlet color states. All free (observable) colored
objects must be bound (colorless) singlet color states
In a process like eTe™ — qq two (initially free) quarks are produced traveling back to
Hadroni- back. As they separate the color field is restricted to a tube. When the energy stored P O .
sation in the color field is sufficient, the tube breaks into smaller “strings” producing new e =8  e—se—e—
q pairs. This results in a jet of hadrons (bound quark states). g @ @ =
qqp j ( q ) = X *@%® =1
ab Il
Jpllowed The only possible singlet color state for (qq) mesons is [ \
qq meson — _ 1 .= _ = ) ‘
ctate §c(q) = 5 (Ir7) + 19g) + |bb)) 5
forbidd
or nlqeszr:m There is no singlet color wavefunction for (qq) combinations, therefore
14 there are no gq meson states
|state
|aIIOV\£)ed The only possible totally antisymmetric singlet color state for ggq mesons is 3Q3®3 = (6;  3,)®3 = 6,83 G 3,83 =
aryon 1
P11 23O ¢.(aqq) = & (Irgb) — lgrb) +1gbr) = |bgr) = Irbg) + brg)) (105 ® Bys) ® (8ys © 1)
other baryon Another possible and confirmed state is the antibaryon (qqq) state. Pentaquark states (qqqqq) were observed in 2015 and
states 2019 by LHCb in CERN. In principle, also other combinations of (qq) and (qqq) could exist.
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Running Coupling Constant in QED

General

,,,,,,, (0) = 1.0/137.036
—— QED

The coupling constant of QED at low energies is small (¢~1/137). Therefore, first 0008

order calculations already yield good results, and perturbation theory does work
well. However, it must be taken into account that in QED « is not constant, but
becomes larger at higher energies (“running coupling constant”).

a(g®)

1+B as(uz)ginln(%) 12m freedom iparticles. Perturbation theory can be used.

10° G/ GaV
()
In a field theory with local gauge invariance, higher-order
Ward identity corrections to four-vector currents as shf)wn in (c), (d) and (d)
cancel each other out. Only loop corrections to the photon
propagator as shown for first order in (b) must be considered.
The infinite series of corrections to the photon propagator, known &) o)
bhoton ias the photon self-energy terms, are accounted for by replacing
the lowest-order photon exchange diagram by the infinite series of = 7
Iself-energy R )
loop diagrams expressed in terms of the bare electron charge e,.
The corrections are absorbed into the charge e, — e(q%q,) * o)
Each loop introduces a correction factor (q?) such that the effective propagator P is given by:
P = Py + Pyn(q*) Py + Pymt(q*) Py (@) Py + -+ = Py(Py (q?) + P§m(g®)* + ) = P = P01—Poln(qz) - (1)
ion. 2y _ m(a?) 2y — 42 2 @
One-loop photon self-energy correction: I1(g%) = e =mn(q*) =q¢*1U(q*)..(2) =
_ 1 ) p _eB®) 1
P =P, Thanas (3) Propagator with bare charge: P, = p =SP= 0 ez (4)
We want to express the effective propagator P in terms of the running coupling e(q?):
. aer (@)@ 1 _ @)y e e 1 _€d) 20,2y —
ca|U|atmg P = q2 0 1-€2 11(q2) - q? PO - q? = q% 1-eZT(q?) - q2 =e (q ) - 1-€2 1(q?) (5)
the running ]
coupling Problem: I1(g?) is divergent. But we know from experiment that e(g?) is finite.
(5) 2
co(nszt)ant If we know the electron charge e(q?) at some scale g* = u?, we can write: = e?(u?) = #;(#2)
a(q”) with ~%
renormali- € (W) — 2P ed (u?) = ef = ef jg)z(yz)eé N(?) = e?(u?) = ef (1 + 2 (W) N(u?)) = e*(u?) =
e?(u
zation p_ W) O) ooy TGN _ e2(k?) 20,2y e2(u?)
€0 = reeones € (@*) = 1-— 202 pegey T 1+e2(W) ) -e2 (1) 1(g?) = et = 1+e2(u?)(M(u?)-T1(g%)
1+e2(u2)1(u?)
2 2
e?(q?) = m ... (6) Both I1(g?) and I (u?) are divergent, but I1(g%) — M(u?) is finite.
2y (6) 2(,2 . . . 2
g2 - 102) ~ 250 (2) Ser(qh) = —2W_le2(¢) = dna(?) = 4ra(q?) = —mW)
4 H 1—32(u2)mln(ﬁ) 1—‘1(#12)51"(?)
a(q®) = el a(0) = — L Atcenter-of-mass energy /s = 193 GeV: a = .
1_a(”z)iln(qé) 137.035999 075 ) 127.4
3m \w
Running Coupling Constant in QCD
0.5
N o Taudecay
04_ \ +  Heavy quarkonia 1
The coupling constant of QCD at low energies is large (ag~1). Therefore, first Foy » Deep inelastic scaftering |
order calculations are not sufficient, and perturbation theory does not work. T o3} T e Amiaten
General However, it must be taken into account that in QCD aj is not constant, but K
becomes smaller at higher energies (“running coupling constant”) so that 02|
perturbation theory can be used in the high-energy regime. |
01! R
e S
Owning to the gluon-gluon self-interaction, there are additional diagrams.
Gluon self B 2 11n.-2nf Ny ... #quark flavors )
1 2_1'[ 2:__1 a 'th3=#f + + .
energy @ ®*) 4n n(u2) wi 12zr N, ... #of colors
For N, = 3 and Ny < 6 quarks, B > 0 = a, decreases with increasing q> o
2 — . .
v.(q%) a,(q?) = as(u?) ~ with B = 1INc=2Nr| |AsymptoticAt |q| > 100GeV a,~0.1. Quarks can be treated as quasi-free
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Parity Conservation in QED and QCD, Parity Violation in Weak Interaction

Parity
operator

PYW(X,t) = W(-%, t)}
PPW(X,t) = ¥(X t)

{ﬁﬁ:n
p=p1

If physics is in-
variant under P

Ptp =1 opt = P~1. unitary, P = P~ = Pt = P .. Hermitian
If [H,P] = 0 then P¥W = PY¥ with P = +1 because P?¥ = P2@¥ = @

intrinsic parity

P(e™) = P(v,) = P(q)

= +1

Ple?) =P(ve) =P(q) = ~1 P(y) =P(g) = P(W*) = P(Z) = —1 P(Higgs) = +1

tion in decay

hich is given by (—1)! with [ being the orbital angular momentum in the final state.

P in QED P=y'=U —ﬁ’ PU =y°y Pdjoint spinor ﬁ =Uty° i (PU)W‘VO = @YUty Yy = Uty =1y’ = ﬁiﬁy"
= TV U.7) > T Yy Uo(pf) =
QED matrix 0 ST,V U p?) = U, (o) Y° U ) = J°
element UGV VY U D) = = U@ ¥ vy Uepf) = = U, () v* U (pf) = —j¥
S = jode — JEj ijfjg — (—/®)(=ji) = j¥j| = invariant under P = parity is conserved in QED
QCD Apart from the color factors, the QCD interaction has the same form = invariant under P = parity is conserved in QCD
P. conserva-  The total parity of a two-body final state is the product of the intrinsic parities and the parity of the orbital wavefunction,

Examples for

Consider p°(17) = n* + ™. In order to conserve angular momentum, the =+ and 7~ are produced with relative orbital

. P R AL - V. LAp .
velun = 9%ive iun + Iidve Jéun — 9v9aUive Jauu + Jve Jtu)

conserves parity

violates parity

|allowed and  angular momentum [ = 1. Therefore P(p®) = P(n*) P(r™) (—1)! = —1 = (—1)(—1)(—1)* vallowed
forbidden Consider p°(07) = m* 4+ m™. In order to conserve angular momentum, the =+ and 7~ are produced with relative orbital
deacys angular momentum [ = 0. Therefore P(p®) = P(n*) P(r™) (—1)! = —1 = (—1)(—1)(—1)° % forbidden
Rank |Parity Example Lorentz-invariant bilinear covariant currents
Form components Boson spin
Scalar 0 + temperature T js = $¢> 1 0
parity Pseudoscalar 0 - helicity h i} Jjps :ipyfv(p 1 0
properties Vector 1 - momentum p j"; = Yyrep 4 1
Axial (pseudo)vector 1 + | angular momentum L jf; =Py ySo 4 1
Tensor 2 = Yy —v'yR e 6 2
Js D s ps ™ —lps IS0 b =i = JHLSJEL 8= =% JE Sk = i TS = T
u 2 ) 60 P __ Experiment: The spin magnetic moment i of
Co— Nl,s-+ €™ + Ve co atoms is aligned by an strong external
s P 8 ¢/ T 11 magnetic field B. It turns out that much more
- \ = " electrons from beta-decay are emitted opposite
Parity violati- ep . ;
) i * to the B direction (and hence opposite to the
on in B—qecay : spin direction of the atoms)
of polarized . : : - o " ——— :
cobalt-60. Direct interpretation: The weak interaction “cares” about the spin direction (couples only to LH part|c|ef) .
Parity violation interpretation: In a (hypothetically) experiment mirrored under parity-transformation P, the axial vectors B
and ji do not change orientation. Only the vector momentum g, of the emitted electrons changes sign. Therefore, in the p-
transformed “mirror-world”, the electrons would predominantly be emitted into B direction (and hence into the spin
direction of the atoms). = The parity-transformed experiment would have a different outcome = parity violation.
I'nv. Bfgecay charged-current weak interacti(I)‘? v.d —>.Ae’u: strength of parity violating part
ve = U@ (gvy" + gar"v*) U@E) = gulve + Gadve
Neutrino fau = U@ (gvy” + gav v UDS) = gvida + Gufi 9v9a
Iscattering Mfi & jqejdvuu = glajggjdvuu + gij;le{lj(?uu + ngA(jX:ljguu +j11/?jguu) g% + gﬁ

max. violation when | gy |=] g4l

Weak Interaction: Feynman Rules and Chiral Structure. Strength of Weak Interaction.

Propagator
of massive
W boson

1

i—
q%qa—m3,

P -
ZA gu &y
polarization
states

q%qa—m3,

(_guv + q,:g:) =17

i

q9qe—m}, (‘q‘“’

_ Quav
2
w

m,

because massive W boson
has also longitud. state

iguv

q%qq-mj,

weak charged
vertex factor

u
P Ps Weak charged current with W2 bosons is a (V — A) interaction with vertex-factor —i%%y“(l -7
w

Matrix -
element M;

a%qg-my,

w ~9udv/my (Gw G
My = — (WS (1 —y S, ) P (S0, 2y (1 - y5)', )

Fermi Theory
M limit
1°Ga <M,

ansatz:

Mfi = ‘/%Gpguv(mﬂ’”(l - },5)\},1)(@4),1;(1 - y5)\p2)

with

because:

compare:

Mfi =

w1
- (‘%‘Vs Ly -y, e

q
my (9w

uv—l-
(%

2 — —
My = o> 9 (W (1= y*) W) (Way (1 - y*) )

@4%},1/(1 - }’5)\1"2) =

Strength of
\Weak Inter-
action

When |q%q,| < m,, (low energy), then the propagator Pw~m+mz becomes Py~ — # In comparison, Poyp~
w w

Therefore, weak ineraction decay rates, which are proprtional to |M|?, are suppressed by

@%qa)?
miy

In the high energ limit, when |q“q,| > m,,, QED and weak interactions have almost the same strength.

1

q%qq
realative to QED rates.
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Decay Modes, Branching Ratio

General Particles can have more than one possible final state or decay mode.
Example: The K; meson decays 99.9% of the time in one of two ways: K, » n*n~ and K, - n°r°.
Fermi’s trans. iEach decay mode has its own matrix element, M. Fermi’s Golden Rule gives us the transition rate I' for each decay mode:
rateand M (K, > ntn™) « [M(K; > ntr™)|? and T(K; » n°n°) « |M (K, - n°m0)|?
Tot. trans. rate : The total transition rate is equal to the sum of all allowed transition rates: ['(Ky) = ['(K; » ttm™) + I'(K; » n°7°)
; The branching ratio, BR, is the fraction of time a particle decays to a particular final state
Branching
. 4.y _ TKsomtn™)
ratio BR(K, » n*tn~) = ~rwo
Chiral Structure of Weak Interaction
The four-vect tis given by [/ = 2T (™) yH L (1 = y) U(p™) = 2T (™) y*P, U ("
Chiral e four-vector current is given y‘] N3 ®*)y 2( y>) U(p%) N (P*)y*P, U(P%)
Istructure Only left-handed chiral particle states and right-handed chiral antiparticle states participate in the charged current weak
interaction.
T Ve e v, ° N oy These are the allowed helicity combinations in weak
b i i N w P w interaction vertices in the limit E > m where helicity
Limit E > m w w VAH V'[H states are the same as chiral states. Only RH particles
e Ve and LH antiparticles participate.
helicity = RH antiparticle ~ LH particle A RH particle  LH antiparticle Under parity transformation P the P vectors are
chirality T i e AR _>{> R == 5, ireversed, but the axial vector spins of the particles
Py Pe “Pe il remain unchanged. Therefore the LH particle becomes
v v 4 4 RH, and the RH antiparticle becomes LH.
In the realm of non-relativistic energies, the helicity must can be decomposed into RH and LH chiral components:
Chiralit 1
Y UT:—(1+L)UR (1——)UL
2 E+m E+m.
Charged pions m* are /¥ = 0~ meson states formed from ud and du. They are the lightest mesons with m,, ~ 140MeV and
therefore cannot decay via the strong interaction; they can only decay through the weak interaction to states with lighter
fundamental fermions. Hence m* pions can only decay to states with either electrons or muons.
Helicity in Main decay modesfor r™: (1)t~ = e7Vv,, (2) T~ > u7v, (dominant) and (3) T~ - uv,y
piondecay o general expression for the decay ratea —» 1+ 2is [; = 32n2 7 f|]V[fl| dQ with
p*= —J(ma — (my + my,)?)(mZ — (my — m,)?). Hence, we would expect the decay rate 7~ — e~ v, to be greater than
7~ = 1~v,. The opposite is found to be true, charged pions decay almost entirely to 7~ = u~v, (or + — u*v,).
§Neutrinos are effectively massless, m, < E = for the neutrinos helicity=chirality. Therefore the
RH antiparticle | RH particls iantineutrino is always produced in a RH helicity=chirality state. Because the pion is spin 0,
v, 4 — o — » ¢~ neutrino and lepton must have opposite spin. As they fly back-to-back, also the lepton has RH
:’; | P ‘helicity. We can decompose RH helicity into RH and LH chirality. The electron has very little mass,
spin0 ¢ therefore the chirality is almost completely RH (forbidden) with a very small LH part (allowed).
§The muon has much bigger mass, and therefore a significantly larger LH chirality part.
The matrix element is proportional to the size of the LH chiral component: My, ~ i (1 - Tm) ..(D
L L
litati E, E. E;\| in the 7~ fi : m E. E, R m;=p, +E ..(2
Qualtative () = (5) 4 (5)| i theyr frame: ey < (B 4 (5], =y 2, = T P H B D)
explanation Pr Pv D1/ Pr = 0,Er = my 0 Pv D 0=p,+p,..(3)
o o L L 2
B)=pm=-B=Iml=Bl=p=pP=>my=p+E=E=m;—p .4 "
mz-m? 4
Ef = mk + pf — 2myp | E} = m} + p} = m} +pf = m +p{ — 2mup; = 2myp = mi —mi = p = n—l .(5)=
_ _ mi-mf _ 2mi-mi+m} mE+mf ( _m ) (5),(6) 1 _ m,zt—ml 1
E =my 2my 2my; =k = 2m, = (6) (1) = Mip~5(1 Ei+my = Min 2 1 2my ma+m? ) =
2my
JifqomhmmE 2mm ) 1( - W) = 1( — mn-mt) = 1(mn+mt-mn+mz) =1 2 IO
Ml" 2 (1 ;. mi+mi+2mam T2 1 (mg+m))? T2 1 My+my T2 My+my T2 m,,+ml:> Ml" Mpy+my
Probability Probability for emission under wrong helicity (RH particle or LH antiparticle): pf;:,mde = pfztipamde = %(1 -B)
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Neutrino Oscillation, Mass and Weak Neutrino Eigenstates, PMNS Matrix

General: ;Neutrinos created in weak interactions (v, v,,, V) are called “weak eigenstates” or “flavor eigenstates”. They are a
|veak and §superposition of more fundamental “mass eigenstates” v4, v,, v3 which represent three fundamental neutrinos with small
N iand slightly (unknown) different masses. Weak-force couplings compel the simultaneously emitted neutrino to be in a
<tates "charged-lepton-centric" superposition such as, for example, v, which is an eigenstate for a flavor that is fixed by the
electron's mass eigenstate, and not in one of the v,,v,, v; neutrino's own mass eigenstates.
Neutrino oscillation arises from mixing between the flavor eigenstates v,, v, v. and mass eigenstates v, v,, v3. That is, the
flavor eigenstates v, v, v, that interact with the charged leptons in weak interactions are each a different superposition of
the three (propagating) mass eigenstates v,, v,, v; of definite mass. Neutrinos are emitted and absorbed in weak processes in
flavor eigenstates v, vy, Vs, but travel as mass eigenstates vy, v,, 3.
As a neutrino superposition propagates through space, the quantum mechanical phases of the three neutrino mass
eigenstates v;, v,, v advance at slightly different rates, due to the slight differences in their respective masses. This results in
Ne‘fm’fo i changing superposition mixture of mass eigenstates v, v, v, as the neutrino travels; but a different mixture of mass
oscillation eigenstates vy, v,, V5 corresponds to a different mixture of flavor states ve, v,,, V.. So a neutrino born as, say, an electron
neutrino v, will be some mixture of v, v, v; after traveling some distance. Since the quantum mechanical phase advances in
ia periodic fashion, after some distance the state will nearly return to the original mixture, and the neutrino will be again
mostly electron neutrino v. The electron flavor content of the neutrino will then continue to oscillate — as long as the
quantum mechanical state maintains coherence. Since mass differences between neutrino flavors are small in comparison
with long coherence lengths for neutrino oscillations, this microscopic quantum effect becomes observable over macroscopic
distances.
The main feature can be understood by considering just two flavors. We consider the flavor (“weak”) eigenstates v, v,,, which
here are taken to be coherent superpositions of the mass eigenstates v,, v,. The mass eigenstates propagate as follows:
d d
- w g 2 iE D) = [vy)e PR = fy;)eixh
- s [v2 2, 00) = v,)e i@ -E20) = |y, e~k
’1—?:(:039 ""‘—\gsing
e’ e’
In this simplified twofﬂav'or example the flavor elgensFates Ve, le Ve Usi U\ v cos(®)  sin(9)\ V1
are related to the mass eigenstates v, v, by a 2x2 unitary matrix (Vu) = (U LU 2) (Vz) = (—sin(ﬁ) cos(ﬁ)) (Vz) (D
Oscillation of that can be expressed in terms of a single mixing angle 9: K K
wo flavors  The wavefunction of the neutrino at time t = 0: [¥(0)) = |v.) = cos(¥) |v;) + sin(®) |v,) ... (2)
(simplified The state subsequently evol\zes according to the tie dependence of the mass eigenstates:
example) [W(Z, 1)) = cos(9) [vy)e~Pi%k + sin(9) |v,)e~ P2k = cos(D) |v,)e =1 + sin(9) |v,)e~ %2 ... (3) with ¢; = E;t — p; - &
By inverting (1) we get: (:)/1) _ (cgs(ﬁ) —sm(ﬁ)) (\\:e) _ [vi) = Cf)S(19) [ve) — sin(®) |v,) @)
2 sin(9) cos(9)/) \Vu [v,) = sin(®9) |v,) + cos(9) |vu)
[P (X, t)) = cos(9) (cos(ﬂ) [ve) — sin(¥9) |vu))e‘i¢1 + sin(9) (sin(19) [ve) + cos(¥) |vu))e“’¢2
|W(%, 1)) = e”i®1cos2(9) |v,) — e~ 1 cos(9) sin(¥)) |VH) + e %2 5in?(9) |v,) + e %2 cos(¥9) sin(¥) |Vu)
[¥(Z,1)) = (e71 cos?(9) + e~z sin?(9)) |v,) — (e~ — e~%2) cos(®) sin(V) |v,,)
[¥(Z,1)) = e~ ¥1(cos?(I) + eP1e~%z sin?(9))|v,) — e "1 (1 — e'P1e7%2) cos(I) sin(¥) |v,,)
|W(%,t)) = e~ ((cosz(ﬁ) + et@172) 5in2(9))|v,) — (1 — e'¥1792)) cos (V) sin(V) |v“))
[¥(X,t)) = e"i¢1 ((cosz(ﬂ) + et sin?(9))|v,) — (1 — e!4%®) cos(9) sin(I) |"u)) with A = ¢; — ¢,
d d
. v (Ve> Uer Uez Ues <V1>
u = + U Yy | = Uul Uyz Uu3 vV,
Oscillation of oW oy U Uy U, Ug/\Vs
three flavors: 2 e V2 et
PMNS matrix nitar v, Uz Uy Ui\ v, Ul Uel Ul 0.85 0.50 0.17
U1t = ?w = (Vz) =|(Us U, Un (w) mir;' Uil V2| |Uus| | = (0.35 0.60 o.7o>
V3 Uss Upz Upz) \Vr [Unil Uzl |Ugsl 0.35 0.60 0.70
repr. with 3 1 0 0 cos(Vy3) 0 sin(9;5) e cos(d;,) sin(¥;,) 0\ Iy, = 35°
Euler angles  Uppyns = (0 c0s(8;3) sin(1923)> 0 1 0 (— sin(¥;,)  cos(d;,) 0) 9,3 = 45°
Jand phase 0 —sin(¥,3) cos(¥3)/ \—sin(@;3)e™® 0 cos(¥;3) 0 0 1/ 913 =10°
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Weak Interaction of Quarks, Quark Mixing, Cabibbo Angle and CKM Matrix

There is an universal coupling strength of the weak interaction W * to charged leptons (e*, u*, %) and the corresponding
neutrino weak (flavor) eigenstates (ve, vy, Vz): c;;e’ = G,E“) = GIET). However, the coupling strength GF(m at the ud quark weak

General:
interaction vertex is found to be 5% smaller. Furthermore, different coupling strengths are e.g. found for the ud and us weak
charged current vertices.
In the Cabibbo hypothesis, the weak interaction of quarks have the same strengths as the lep- U c U
tons, but the object that couples e.g. to the u quark via charged-current weak interaction is not Vg2 T N Vl2 = Gy 1
just the d quark, but rather a superposition of the down-type quarks d and s, here denoted by ud d S“s Fd’
[d") = Vyqld) + Vigls) . [Vial? and |V,|? are the probabilities that d and s decay into u quarks.
Cabibbo Similarly, the object that couples to the ¢ quark via charged-current weak interaction is not just: u c c
hypothesis:  ithe s quark, but rather another superposition of the down-type quarks d and s, here denoted |V4|* 7 1|Vl = Gp T
by |s') = V,q|d) + Vig|s) . [V.4|? and |V,.¢|? are the probabilities that d and s decay into ¢ quarks. d s s’
The weak (flavor) eigenstates d’ and s’ are related to the mass , .
eigenstates d and s by a 2x2 unitary matrix that can be expressed (d,) = (Kud 5‘5) (d) = (_C(.)S((Z% sm&’;cg) (d)
in terms of the single Cabbibo mixing angle 9, = 13.02°. S cd Yes/ RS e
v I(K~ - p9,) « sin(9,)
Main decayi F(Tc‘ N #—17”) « cos2(d,)
modeiof T The K~ decay rate is suppressed by a factor of
land K MK Top7v) _ sin?@0) _ 2(9,)
; F(n‘au‘?u) - cos?(9c) =tan ¢
The flavor changing neutral-current decay of neutral mesons can be represented by box-diagrams showing the exchange of
virtual quarks. For example, the decay of the neutral kaon K — u* ™ can occur via the exchange of a virtual up-quark, and
also via the exchange of a virtual charm-quark:
Flavor chan- d c0s 8, W d “sin6 W My« gy cos(¥,)sin(d,)
ging neutral- —— NN — —_—— NN —— M, « _g“:} COS(19£) sin(ﬁc)
current decay o uy A Ko cy A Because both diagrams give the same final state:
M7 = M, + M|* = 0
_ —a—r ) —.— _ —wg—t~~~~)—ag—  Thecancellation is not exact because m, # m,,
s sin 6 " ° cos 6, """ and hence this explains the small branching ratio.
d’ Vaa Vus Vaup\ /d\ with d' coupling to u, Magni- Vaal  WVisl [Vapl 0.974 0.225 0.004
CKM Matrix s' =V Vie Ve |[s] s couplingtoc, and cudes Veal Vsl 1Vepl 1 =10.225 0.973 0.041
b’ Vea Vis Vin/ \b/ b’ couplingtot WVeal  Vesl [Vl 0.009 0.040 0.999
repr. with 3 1 0 0 cos(¥;3) 0 sin(9d;) e cos(¥;,) sin(¥;,) 0\ U, = 13°
Eulerangles Ve =10  cos(9,3)  sin(9,3) 0 1 0 —sin(¥;,) cos(¥y,) 0] Y3 =2.3°
land phase 0 —sin(d,3) cos(¥,3)/ \—sin(¥;3)e™® 0 cos(¥;3) 0 0 1/ 9,53 =0.2°
Wolfenstein 1-2%/2 A AR (p — i) Charged Vua Vus Vup
parametrize- Vexy = -2 1-21%/2 AN? +0(*) |current —i%(ﬁ, c‘,f)y“i(l -7 (Vcd Vs Vcb>
tion A (1—p—in) —AA? 1 vertices Veia Vis Vo
The vertex factor contains V,,4 (or any other matching V;;) when the down-type (charge — %) particle’s arrow points inwards
d Vud% u a Vud% d u
W Vuﬂ%
w W d
. gw — 1 . gw Sr— 1 5 : gw 3 1 5 7
f:fr;g:td —i 2V, U y* (1~ ¥ U(D) —I1ZV Y@y ;A -y)V(d)  —iEV U@y (A -y)V(d)
ertices The vertex factor contains Vy; (or any other matching V) when the down-type (charge — %) particle’s arrow points outwards
U Vi m_% d d W:a% U o
we Vun%
W W d
w17 1 SGwrr (T 1 = Sdw s T 1 =
—1 %V Uy 51—y U() —1E Vi V(d)y*; A=y V@) —1Z Vi U@ y* ;1 - ) V@)
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The Neutral Kaon System

General:

) ) ) Vid Vis Vo u Vs
The weak interaction provides a d —— A —P— S d s
mechanism whereby the neutral
kaons K°(d5) and K°(sd) can mix; K° uy Au K’ Ko K°
(see 2 of the 9 possible diagrams - _ -
on the right side) s . d . d
8 Vus Vud VL;S 1] Vucl

K-short K and

) = -
Beause of the K® & K mixing, a neutral kaon produced as a K° will develop a K component (K° and K° are flavour
eigenstates). The K°/K° system has to be considered as whole. Neutral kaons propagate as linear combinations of the

K-long K, s
K° and K°. These physical states are known as the “K-short” K¢ and the “K-long” K, kaon.

Spin-parity  K° and K have spin-parity J* = 0~ = |f’|K°) =—|K% P|K® = —|I?°)| by convection: |C‘|K°) =—|K° C|K°) = —|K°)|

and CP —[¢PIK°) = +IK°) CPIK®) = +|K")]
|K?) = ‘/—7(|K°) +|K%)) is a CP eigenstate with CP|K?) = Fc"(|1?<>) F 1K) = |KO) = (1a)
|K$) = 5 (IK°) = [K°)) is a CP eigenstate with CPIKS) = =CP(IK®) — [K°) = —IK$) = ..(1b)

K 1K.) If CP were conserved in the weak interaction, these states would be the |K) and |K, ) states. But C P violation is small,
hence, in good approximation ||Ks) = |K?) = \/ii(lKO) +|K°)), |K;) = |K?) = \/%(ll(o) —|K°))|[ts = 900ps, T, = 500ns]|
['(Kg - ) » ['(Kg -» mw) and T'(K, - nem) » T'(K, - mr)| (K decay mostly to 7tm, and K decay mostly to )
Explanation: Because kaons and pions have J/” = 0~ = P(n°n®) = (-D!'P(@®) P(n®) = (-1)°(-=1)(-1) = +1...(2a)
Cln®) = ic‘(uﬁ —dd) = ic‘(au —dd) = +|n°% = C(1°n°) = C(7°) C(7°) = (+1)(+1) = +1...(2b)
CP(n°n) = C(n°n®) P(n°n®) = (+1)(+1) = [CPEn®) = +1]...(3)

Kaondecay P(r*n™) = (=1)'P(r7)P(r7) = (-1)°(-1)(-1) = +1 ... (4a) = P o -

to pions € and P have the same effect on 7r n’ (see image): C(m*tm™) = P(n*n‘) (4—@+ 1..(4b) +—o—=e—0

o T A& T ot
CP(n*tn™) = C(mtn™) P(n*n‘) (+1)(+1) = CP(n*n‘) = ...(5) e—O— 0—@
With some more involved derivations: |CP(n°7T°n°) = —1] (6)|CP(7T+1T‘1T°) = —1| (7
If CP were conserved in the weak interaction, the hadronic decay of the CP eigenstates |K‘}) and |Kg) would be exclusively|

K > and K > mrem, because CP(|K9)) = +1 and CP(rrmr) = +1, and CP(|K?)) = —1 and CP(rrmrm) = —

CP violation in
hadronic kaon
decays

If a neutral kaon is produced in the strong interaction pp = K~ n*K?, at the tim eof production, the kaon is in the flavor
eigenstate: |[K(0)) = |K°). Without CP violation where |Kg) = |K?) and |K,) = |K2) the flavor state can be written n terms of]

the CP eigenstates: [K(0)) = [K®) = = (IK?) + [K$)) = - (IKs) + |KL))‘

proof: [K°) = & (IK?) + 1K9)) = —( (1K) + 1K) + LK) = 1K) = £ (5 1K) + £ IR + £ 1K) - LK)
|K®) = 3 |K°) +3 |K°)\/ The subsequent time evolution is descrlbed in terms of the K and KL, which are the observed kaons
In the rest fram of the kaon: |Ks(t)) = |Ks(t))e " i™ste~t/Ts and |K,(t)) = |K,(t))e iMte~t/ —

If a kaon beam, which originally consisted of K° propagates over a large distance L > ct;, the Kg component will decay away,

leaving a pure K, beam. Therefore, if CP was conserved, at large distances from the production of the beam, the decays to
two pions would never be detected. But, even at a large distance, some K; — mm decays are observed = CP violation!

Origins of CP
violation

(1) CP violation in K < K° mixing (main contribution): |Ks) = *(lK{’>+e|Kz°))and K, = == (IK2) + elKD)
1+|e|? 1+lel? U el
T[T[T[
|KD) (negligible)

L
TUTLTT

T b2

(2) Direct CP violation in the decay of a CP eigenstate: |K;) =

Z Resonance

General:

Because the Z boson couples to all flavors of fermions, the
photon in any QED process can be replaced by a Z boson.
The respective coupling terms in the matrix elements are

Z resonance

2
9z
M, oc and M, « pp—; - o "
T
o for low center-of-mass energy ./q"q, = Vs <K m. 3
. ® “ — 142 —
QED process dominates 4
QED 3
o for high center-of-mass energy ,/q¥q, = Vs » m, 1

QED and Z exchange processes are both important
because coupling strength of y and Z are comparable

o in the region ,/qFq, = Vs = m,

Z boson process dominates (Z resonance)

200 veGeV

Avoiding
divergence at
a"q, =m}

. . 1 _; _L N _ . .
Wavefunction of unstable Z boson with total decay rate I' = = WY o e"iMzteT3t 5o that W*W o e Tt This can be introduced to

—imgt

) N LT, ) )
the free particle form W « e by substituting m; - m, — l;’. Making the same replacement in the Z-boson propagator:
2 2 2
2 Tz 2 _ 12 2 _ 9z 9z
m—)(m —l—) =m; —imyl, —-T7 = m; —im,[;, = -
z Z7 " z 20z 42 z 272 qiqu-mZ " qtqu-mZ+imglz
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The Weak interaction SU(2), Group

SU(2) phase
transformation

The charged-current weak interaction is associated with invariance under SU(2) local phase transformations:

e(x) - @'(x) = elow@@T cp(x)| ... (1) with T containing the three generators of SU(2): T = %(01, 0,,03)7

Gauge fields

The required local gauge invariance can only be satisfied by the introduction of three gauge fields le‘ with k = 1,2,3
corresponding to three gauge bosons W@, W@ w®

\weak isospin

Because the generators of the SU(2) are the Pauli matrices, @(x) must be written in terms of two components and is termed
“weak isospin doublet”. Since the W2 couples together fermions differing by one unit charge, the weak isospin doublet must
contain flavors differing by one unit of electric charge. Since the weak charged interaction only couples to LH particles and RH

iantiparticles, these doublets only contain LH particles and RH antiparticle chiral states. RH particle and LH antiparticle chiral

states are placed in weak isospin singlets. The weak isospin doublets are constructed from the weak eigenstates and therefore

doublets account for the mixing in the CKM and PMNS matrices. The upper member of the doublet is always the particle with differs by
plus one unit electric charge relative to the lower member and are weak isospin I, = %states.
ve(x)) 3rd componentis(z) 1 ~3) 1 _ lalldo-if Ve Vu v u c t
g, X) = = = =—-C -] -] =] r] o r] ’
eg 9(x) (e’(x) . of weak isospin ly"ve = +3veandly"e ublets (e )L (ll )L (T )L (d )L (s )L (b )L
weak isospin | _ _ . . @)
ksinglets €r, Ur, TR, Ug, Cr, tr, dg, Sg, bg With weak Isospin I, = 0 and third component of weak isospin I,,,” = 0
LA Ky — i la K [weak _(VL W Gw— A W Gw— A W Gw— un
Interact. term ig,, T,y "W o, = igw 6V Wior | . eg forg, = (eL)=>11 =50y 6L J, =0 6L j3 =0, v 60,
er Vi
The weak charged currents are related to the ladder operators 6, = : (6, £ i6,)
The W currents are: ji = \/_(]1 + i) Vi e
L +_ @ 4 @
+
W currents The physical W= bosons are: W \/_(W +iW, ) w -
+
W= bosons All weak currents: J* - W l = Jh W(l) +]"W(2) +]§‘W(3) ]f:W+ +jiw, +]§W(3)
+ L _ Gw— pl p(0 1 9w L u IwoyrZ(1 —
W exchange: ji = 29,y 8., = £9,y" (6, +16,)9, = S (L 2y ( 0) (eL) fm’ e, = J—w A —y%e
_ , — 0 VL
=G yhe = 9w L — = 9w My, =9wgyul
W~ exchange: j& =29, y*6_¢, ﬁwLV 3 > (8, — i6,)p, ﬁ = ey (1 0) Hertv=gey (1 r®)

\Weak neutral
current

— ol
=209,y 650, =2 (W, e )y* (0

=19 9ufr"s (1— f

1\ (VL 1 1-
3 _1) (EL) = 9w ;VLVMVL - gwEeLy#eL
"o
3

e
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Lagrangians in QFT

Classical Lagrangian: Euler- d /oL oL Exam- %Particle moving inlD:L=T—-V =—— V(x) = m_xZ —V(x)
discrete L =T -V with Lagrange E(a_qv) 30~ ie: 4 /oL ov
particles T =Eyn,V = Epyy grang ' ' P E(ax) ox ( ) — (_> - + - 0=mi=—or=F
) q; = ¢:(t,x,v,2) L(q;,q;) = L(d)i,aﬂd)i) Euler- ( oL )_B_L _ . _ .
|scalar fields i > O,y with L = [ £ dx Lagrange 0y 6(6u¢i) 2= 0[... (1) with ¢; ... scalar field
i = ) =3 (im) Comid)

— = d,¢p0"p — - o+ il
relativistic Free non-interacting scalar field [9(9.®:) 5(5u¢1)( L $0"® m ¢ ) 39y ¢) )0t + 9.9 a(0u:) ¢)( )
(spin 0) _1 wp L1 2.2 OLs _lau i ( ) i u u i _% z
|scalar field Ls=70,40"¢p - m°¢ l...(Z 0(0,91) 2 0" +3 J0"p FICD) 9.9 -0 b +3 ~0tp =10 ¢>=>6 ot =0=

0,0"¢p — (—mzd)) =0=0,0"¢p + mqu =0.. KIeln—Gordon equation for a free scalar field

— L for free-particle Dirac equation
Relativistic arp, 3 (@) B_L (3) u
(spinhalf) | £p = P(iy*9, —m)¥ @ E:'i;n . |2 (6(0;% )) 9 _0]..(4) G =0=— (iy*9,¥ —m¥)=0=
spinor fields = iquuaulp —mPy| grang B (iy“au — m)‘~P = 0 ... Dirac equation

_E. —E - o (¢

L for electromagnetic field 0 Ey E, E,\ Ak & (/T) Py, oL
Relativistic EM L — _lpwp — A ‘ FhY g E, 0 -B, B, FRV — QhAY — gvaR Euler- a, (B(BVA )) =
vector field EM 4 [ " “|E B 0 -B |y I 9. Fmv — jv  [Lagrange . .

.. (5) E, B, B, 0 ), —o w =) - (6)
z ' x Ay = Ay = Ay —Oux
(5)
iV = QRAY — QYA S Ly, = — 2 (9RAY — 0VAR)(9,A, — 0,4,) — j4A,
Loy = =304 AY0,A, — 20" AMD, A, + 20" AV, A, +- 0V ALD,A, — j*A,
nev nev
Deriving Loy = =0V A 3,4, — 20V AL, A, + 20V AFO A, + 20" AMD,A, — jHA, = Ly = =0V AL, A, + 50" AL, A, — j*A, ..(7)
, atgm_ D_1 v#TT__vu v AR\ AT 2T vau

Maxwell's G e za(aA)(aA)aA A B(BA)(aA”)+26(6A)(aA)aA +3074 B(BA)(aA)
equation 27 0(@uan) VTV
from Ly ALgm 1 v v ap uAv uAv 0

e ”(a n )(a A,)dvA ——a A B(a " )(a AH)+26(6 n )(a A, )oHAY + 5 a A a(a " )(a A,)

aLEM___vu__vu_uv_uv BLEM_ VAL " AV VAR uAv Phdad
A SOVAM —ZOVAR +20"AY +20"A :a(avAﬂ) —JdVA* + 0HA =>6(6A +0*AY) — M—O

9,(—0VA" + 0HAY) — (=) = 0 = j# = 8,(3"A* — B"AY) = jH = 0,F" = 9, F* = j¥

veou

... Maxwell’s equation

Massive spin 1
particle

— _lpw 12
Lproca = _ZFH F;w + EmyA‘uAu‘

Local Gauge-Invariance leads to QED Lagrangian

Local Phase  Requiring the Dirac equation to be invariant under a U(1) local phase transformation introduces the electromagnetic
transfor- interaction. The required gauge symmetry is expressed naturally as the invariance of the Lagrangian under a local phase
mation transformation of the fields: |‘P(x"‘) - P (x%) = glax@x) lP(x"‘)|... @Y
— — — — (1)

1L is not Ly =iPy*0,¥ —mPY ... (2) » L) = iP'V*9,¥' —mP'¥Y' =
:nvalrla:t o o= ie”MXPyig, (elIXP) — meT U PliTY = g~ laXxPy# ((@ei‘”)‘y + e"‘"faull’) - mPy
ocal phase S iovin . . _ L . T _
 ransfor- Ly = ie” ' Pyh(iq(a,x)e" X ¥ + e““‘ﬁ,lz’)) —mPY = —eFXPyhq(0,x) MY + (eF N Pykeli P — mPY
mations Ly = i‘T’y“@u‘P - mPY — qq’y“(au)()‘{’ = |Lb =Ly — q@y“(au)()‘{‘| ...(2) ... not invariant to local phase transformations

The required gauge-invariance can be restored by replacing the derivative d, with the covariant derivative D,:
gauge ‘ d,~D,=0,+ iun| ... (3) where A, is a new gauge field that transforms as IA# A, =4,- 6#)(| (4
invariant )

— _ (3 _ _ _ — _
for spin-half  (2)(3) = L, = iPY*D,¥ —mPY = Lm,, i‘{r'y“(aﬂ +iqA, )Y — mPY = iPy*9, ¥ — qPy*4,¥ — mPY =
fermion Liny = P(iy*0, —m)¥ — q‘?’y“Au‘{"| .(5) 3 |£m,, =Lp— q‘T’y“‘l’Au|... (6) Interaction of the fermion with the photon
’ ’ ’ ’ w w' ’ ’ )
r,., isinvar- i = Ly —qP'y A, Y :>Lm,, =L, - q‘}’y“(au X)ly qP'yH AW =
jant t? gauge iLi =L, —qPy*(d,x)¥ — qe X Pyha;, WW:LW =L, —qPy*(9 )()‘P qPy* (A, — 0, x)¥
transform.
Liny, = Lp — a2V 1)V — qPY*A, Y + @By, 7P = £, — qPY* WA, = Liny = Liny

Considering that F*VF,,, is already invariant under the transformation 4, - A, = A, — d,.x, we can write the complete QED

Lagrangian, describing the fields for the electron (with ¢ = —e), the massless photon and the interaction between them as

Logp = iPY9,% — m,PY + ePyrWA, — ~FIVE,, |with ji = —ePy'y —
LQED Kinetic term electron potential term  kinetic term

electron mass term e~y interaction photon

Logp = l‘{’y"a Y —m, Py - JHA, — —F" =Ly + Lgy
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The Higgs Mechanism - Introduction

If the photon were massive, the Lagrangian of the QED would contain an additional term %m}z,A"Aﬂ
LEsve = (Pyhg W —mPY + ePyFWA, — SFWE, +-mZAlA,
kinetic term potential term  kinetic term m
electron e~y interaction photon
Pmt?'Tm: But the new mass-term is not gauge invariant: %m}z,A"AM - %m}z,(A” —0kx)(A, —8.x) # %mf,A"Aﬂ
pma;::;s This problem is not limited to the U(1) local gauge symmetry of QED, it also applies to the SU(3) gauge symmetries of QCD
break iand the SU(2), gauge symmetry of the weak interaction. This is a problem for the large masses of the W and Z bosons.
leauge The problem is not restricted to the gauge bosons. The electron mass term m,PW in the QED Lagrangian can be written as:
5
invari T — ) P (101 — 5 1 syw) — 0 @ (1 1 A=Y, =Y,
invariance m,¥Y¥Y = m,¥ (2 A-yI)¥+50+y )‘P) =m,¥ (2 v+ Z‘PR) A 475 )W, = W, =
= = (1 1 1 = = 1 = =
m B = m, P (2(1 = yH)W, + 21+ yW) = 3me(P(1L =YW, + T(1+y5)W) = 2m (F¥, + F,9)
In the SU(2), gauge transformation of the weak interaction, left-handed particles transform as weak isospin doublets, and
right-handed particles as singlets, and therefore the mass term of the electron also breaks the gauge invariance.
Consider the scalar field ¢ with the potential |V(¢) = %,uquz + %Aqb‘*l (D ¥ ‘-9\ L9
~ s
. . . 1 7’
Interacting The corresponding Lagrangian is: L = E(?Md)a"d) —-V(p) = | g \\\'11,1
0 1 1 1 4
|scalar field L= > L, pOFD — E#quz _ 2/1(1)4 () +for 250 /z \\\
Kkinetic energy particle self— ,’ ~
of particle mass* interaction [ ] [l
The vacuum state is the lowest energy state of ¢ and corresponds Vo) Vo)
to the minumum of V(¢). For V(¢) to have a minimum: 4 > 0.
If u2 > 0= V(¢) hasaminimumat¢p =0 =
Vacuum state at ¢p = 0, scalar particle with mass p,
our-point self-interaction proportional to
four-point self-i ion proportional to ¢*
Isymmetry * v v
. —u2 - ul
breaking If u2 < 0= V(¢) hasa minimum at ¢p,,;, = +v =+ /% = : 0
u can no longer be interpreted as mass, there are two \/ \/
degenerate vacuum states at ¢ = +v. Choice of vacuum state o i i
breaks symmetry of L = “spontaneous symmetry breaking”
" ; 2 ' @, 3 2 2 2 2 ol
calulating pppin = tvforu* <0: V'(v) = 0=2p0*v+ 0 = 0=+ 0?2 = 0= 002 = - =v = + T...(3)
If the vacuum state of the scalar field is chosen to be at ¢ = +v, the excitations of the field, which describes the particle
state, can be obtained by considering perturbations of the field ¢ around the vacuum state: ¢(x) = v + n(x) ... (4)
(4)
Because the vacuum state v = const. = d,¢ = 9,7 ... (5) By inserting (4) and (5) into (2) we get:
— —u2
L0 = 20,m0%n = 1w +m? = 1AW +1)*|v = /%2 =v? ==t ==’ = -’ (6)
L) = é ,M0*n + ilvz(vz +n%+2vn) — %A(v“ + 403y + 6v2n% + 4vn® + %)
getting L() I AP SRVENE SR 1l 39,22 _ 3003 _1go4
o L(n) = 30,n0"n +Av* + v’y + 37 v A3 SAvin? —avn® =Sy
perturbations i£(n) = % LMo*n + %lv“ —Ww?n? — vn® — %ln4| i'hﬂ is constant and therefore irrelevant =
|around the 1 1 1
== Hay 2,2 3 _ 2 4 2,2 ol 22 4H2
/acuum state L(n) > Mok — Avin® — vy 4Ar] ..(7) The term Av?n corresponds(g) the original mass term - p*¢* =
_1 1 2,2 3_ Yo a| el o2 49 2 2 = 99192 X 2 — _9,,2 —
L) = S0,ma¥n — Smun® — Avn® — 2 Ay |W|th Smy =P =myp = 20v? S mi = —2u° = |my = -24°
J n I
1 1 2,2 ; 3 1 4 / \\ .
L) = 50,100 —smyn* —V(n) with V(n) = Avn® + —1n ’ S
2 2 —— 4 N-==-- o L W 1A
—————— “hdss triple —— \ PRGN
Kinetic enery mass interact quartic N , ~
of particle term * interact. \ e A
n n n
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Symmetry breaking for a complex scalar field

The idea of spontaneous symmetry breaking is now applied to a complex scalar field ¢ = %(z]bl +i¢,)...(1)
The corresponding Lagrangian is: |L = (0,9)*(04¢) — V(¢) with V(¢) = u*(¢*p) + A(¢p*Pp)* and 1 > O| . (2)
This special form becomes clear when L is expressed in terms of ¢, and ¢,:
L= (9,4)"(0"9) — (@°9) = A(p*)*[d"d = |pI* = 5 (47 + $2)
* 1 1 (1)
Lagrangian £ = (8,$)"(8%¢) — Eﬂz(d’% +¢3) — ;A(d’% +¢3)? =
1 . 1 . 1 1
L= 5(5,&151 - lau(pz)ﬁ(aﬂtpl +i0kpy) — S i (9 + ¢3) — L A(pf + ¢3)?
1 . . 1 1
L= E(au¢1a”¢1 + laﬂd’laﬂd)Z - la‘f¢1a;1¢2 + aﬂ‘l’zaﬂd’z) - Eﬂz(d’% + ¢’§) - ZM‘P% + ¢§)Z
1 . . 1 1
L=2(0,010"¢; + i0,ps 0L, —ibrr0" P, + 0,020 h,) — S u* (§F + ¢3) — - A(¢F + p3)*
L =10,9:0"$ +30,$20"9; —1i2(#1 + 9D) —12(¢1 +93)7|..(3)
@ )
The vacuum state is the lowest energy state of ¢ and corresponds ’ ve) vie)
to the minumum of V(¢). For V(¢) to have a minimum: A > 0. T
_ P
If u> > 0= V(¢) hasaminimumat¢p, = ¢, =0 = W
Vacuum state at ¢, = ¢, = 0 \
lsymmetry If u2 < 0= V(¢) has a minimum at ¢? + ¢p2 = v? = _T”Z = ""‘-\. ,.‘-""
breaking indicated by the circle in image. The physical vacuum state \ S0
corresponds to a paticular point on the circle, breaking the global \74 s
U(1) symmetry of L. = “spontaneous symmetry breaking” ///
e @ 2 2 / @ 5 2 -u? «
*calculating v?: ¢*P L s=>V=p?s+ s> .. (4) V(s)=0=>p*+2As=0=2As = —pu :s=7|s:¢ o=
—u? 1) _y? — 2
00 =269 =168 2167 + 91 = 2@+ 9D =L = [+ 93 =T = v2] .50 = 7 = ~27 . (5)
Without |.0.g. the vacuum state can be chosen to be in real direction (¢4, ¢p,) = (v, 0), and the complex scalar field ¢ can be
expanded by considering perturbations n(x) and & (x) around the vacuum state: |¢>1(x) =v+nx),d,(x) = f(x)l... (6)
(6)
Because the vacuum state v = const. é 0,6 = 9,n = 09,&...(7) Byinserting (6) and (7) into (4) we get:
(5b)
L =20,m0" +20,604 —~p?((W+n)? +§2) — A +m? +§2)2 =
L =20,m0" +>0,604E + A2 ((v +1)? +&2) — S A((w +n)? + §2)?
L =209,m0" + 08,6015 + > Av(v? +n? +20m + §2) = 2A(w? +n? + 2om + §2)?
L =209,m0"n +50,60"E +
%ﬂv“ + %ﬂvznz + iy + ilvzfz - i/l(v“ + 4030 + 6v%n? + 4vn® + n* + 20282 + 4vné? + 2n2E2 + &)
getting L=209,m0"n +0,60"¢ +
L(nt, f)bfrt?m St AP 4 R+ SARER — S avt — P — 2 AvPn? — Avp® - 2Ant —TAnPER — Avng? — - anER — 2 Agt
perturbations 2
aroundthe L= ;a“na”n + ia“faﬂs + ilv“ — w?n? — dvn® — %AE“ - %Ar]“ — vné? — %/1772{2| Av* = const = irrelevant
vacuum state 1 1 1 1 1 (5b)
_1 [T HE _ 11202 _ 3_loza_ 1,y 4 2 _ 15222
and creating L =50,m0"n +30,0"8 — A" — Avn” — L AE% — LAn" — Avnd® — 2 An"EE =
the L= % Lok + %6”56“5 + utn? — dvp® — %154 - %ln“ — Avné? — %/1772§2|Iet’s express the mass term +u2n? as —%m%rjz
Goldstone 1 1 1 1 1 1 P
boson £=30um0%n +350,80"¢ —min® — Avn? = S An* = AT = dun? — S An* ¢ |~ min? = wn? :H
kinetic energy mass (@) TET 7;)—/ (@) (e)
term
n n no & ¢ g n ¢
4 ~ ’ ~ rd / ~ rd
l’ ~ L7 ~ L !’ ~ L ¢2
Ne--a i LY BT R ! gL
\\ ,’ \\ ’, \\ \‘ ,/ ~
n n n ¢ g S n S ¢,
(a) (b) (c) (d) (e)
The excitiations of the massive field n are in the ¢,-direction where the potential VAR E
V(¢) is (to the first order) quadratic. In contrast, the particles described by the n
massless field & correspond to excitations in ¢,-direction, where the potential B s a
does not change. This massless sclar particle is known as the Goldstone boson.

© www.goldsilberglitzer.at -37- helmut@goldsilberglitzer.at




The Higgs Mechanism

General

In the Higgs mechanism, the spontaneous symmetry breaking of a complex scalar field V(¢) = u2(¢*¢) + A(p*p)? is
embedded in a theory with local gauge symmetry. In this example, we will use U(1) local gauge symmetry.

Invariance
under local
Jgauge trafo

The Lagrangian for a complex scalar field £ = (9,¢)"*(8%¢) — V(¢) with V(¢) = w (P @) + A(¢p*p)? is not invariant under
the U(1) local gauge transformation ¢p(x) = ¢’ (x) = ¢(x) 9% This is because of the derivatives (0,9)* (0% @) in the
Lagrangian. The required U(1) local gauge invariance can be achieved by replacing the derivative 0, with the derivative

0y~ D,=0,+ igBul ... (1). The resulting Lagrangian Ly, = (D,@)"(D#¢) — V(¢) is gauge invariant, provided the new

gauge field B, transforms as |B” - B,=B,—9, x(x) | This is then the combined Lagrangian for the complex scalar field ¢

(1)
and the gauge field B,: ‘L = (D) (D*) — 12(¢* §) — A(d"$)? — L FF'F,, with F#¥ = 94BY — 9¥BH| =

£=((3, +1gB,)9) (0" +igB")$) — k2(&°$) — A" ) — LFWE,

L= (0,9 +igB,$) (0" +igB*®) — u*($'$) — A($'$)? = TF¥'Fyy

L= ((8,0)" — igBu¢*)(0"¢ + igB ) — u*(¢"$) — A(B"$)* —; F*'E,

L= (8,0) (0"9) = u2($"$) — A" $)* = F*'Fyy, —igB,d" (0" ) + ig(0,0) B $ + g*B,B"$"¢|... (2)

additional Terms from d,,~Dy, =8, +igBy

Again, for u? < 0 the vacuum state is degenerate and the choice of the physical vacuum state spontaneously breaks the the
symmtry of the Lagrangian. As before, the vacuum state can be chosen w.l.0.g. to be in real direction (¢4, ¢,) = (v,0), and
the complex scalar field ¢» can be expanded by considering perturbations n(x) and €(x) around the vacuum state:

¢p(x) = %(1} +n(x)+ié(x) ‘ ...(3) Substituting this into (2) leads to

Isymmetry
1 1 1 1
breaking L= ;(5,‘77)(3”7)) - 11727]2 + ;(auf)(auf) - ZFMVF;W + EgzszuB# —Vine + ngua‘uf (4)
massive 7 massless massive gauge field B, . nB . §B
(Goldstone) interactions  jnteraction
The previously massless gauge field B, has acquired a mass term %gzszﬂB", achieving the aim of giving a mass to the gauge
boson of the local gauge symmetry.
. The original Lagrangian contained four degrees of freedom: One for each of the scalar fields ¢; and ¢,, and two transverse
fDegLees ° polarisation states for the massless gauge field B,,. In the Lagrangian (4) the gauge boson has become massive and therefore
reeblom has the additional longitudinal polarization state. An additional degree of freedom seems to have appeared. Furthermore, the
problem gvB,0"¢ term appears to represent a direct coupling between the Goldstone field ¢ and the gauge field B,.
To solve this, we re-write the Lagrangian (4), starting with just re-arranging the terms:
1 1 1 1
L= Egzsz”B“ + (0,6)(9&) + gvB, o4& + ;(aﬂn)(a“r)) — wPn? — TP Ey = Vit
1 2 1 2 1 1
L= Egzvz(B”) + (0,)" + gvB, (848 + E(aﬂn)(a“n) — wPn? — TP By = Vit
1 2 1 2 1 1 1
L=>g%v* <(BM) + o (8.8)" + zg—vsu(aﬂf)> +5(0,m) (@) = A*n? = S FEp, = Vi
Eliminating . . 2 . . .
the Gold- L= Egzvz <B” + s (6M§)> + E(aun)(a“n) — w?n? — ZF‘“’FW — Vine| gauge transformation: B, —» B, = B, + E(aﬂf)
stone boson -2
by gauge =B
choice L= i(aﬂn)(al‘n) — w?n? — iF‘“’Fm, + %gzsz,’tB”‘ ~Vipe |- (5)
massive scalar Higgs field n massive gauge boson By, interzljtions
By choosing the gauge transformation B, — B, = B, + j (6”5) we eliminated the the Goldstone boson. (“The Goldstone ¢
has been eaten by the gauge field B,”). This transformation is equivalent to B, = By, = B, — 8, x(x) with |x(x) & —i—? ..(6)
_ig?® .
The corresponding gauge transformation of ¢(x) is therefore |¢(x) = ¢'(x) = p(x) e Tov = Pp(x) e 1 ED/V|_(7)
f(x) & iz(v + n(x))eld@/v | (8)| 7 and € are just small excitations = e!509/? ~ 1 4 # =
_ 1 g0\ _ 1 ; in(x)§(x) ~
() = 5+ 100 (1+52) = (v+ 100 + 1500 + L252) 50 5(0) ~ 0 =
Unitary gauge 1

() = = (0 + 0 +1500) 2 100 = ) 2 $@) = % W + 7P L /() = L (v + () DL —

VZ

¢'() = 5 (0G| 0 2 hx) Higes|¢'(0) = Z (0 + h(@)] . (9 2
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n* ' % g % g 1 . % ' . n* ' % | g
L=(0,0") (0"¢") —u*(¢"¢") — M@ ¢")* — L F"E,, — igB,¢" (0"¢") +ig(9,9') B*¢" + g*B,B*¢"¢'| ¢' € R
' ' ' ' 1 . ' s ’ ' ’
L=0,¢'0"¢' —u*p™” — A¢"" = S F*E,, — igB,$'d"¢' + igB!'¢'d,¢" + g*B,B ¢
Py ' 41 . At L , 2@
L=0,¢'04¢" —p?¢’* — 19" — ZF¥E, — igB,¢'ap"+igB, 0"’ + g*B,B"p 15
£=20,w+ MW +h) = 2pP W+ h)? = 22w+ h)* = 2FWE,, +2g2B,B (v + h)?| 0, (v + h) = 9,k
L= %auha”h - %uz(v +h)? — i/l(v + h)* — iF‘“’F;w + %ngﬂB”(U + h)2|re—arrange =
1 1 1 1 1
£=20,h0"h+2g?B,B (v + h)? = FWE, — 2 p?(v + h)? — 2 2(v + h)4| y? = —Av?
=1 “p +1a2B BE 2_lpw 1ap? 2_1 4
L_Za”ha h+zg B,B*(v + h) 4F Fm,+2)m (w+h) 4A(v+h)
L =20,h0"h + g*B,B (v + h)? = ZFME,, + v (v? + h? + 2vh) — 1 A(v* + 4v°h + 6v2h? + 4vh® + h*)
lagrangian £ =30,h0"h +>g?B,B (v + h)? — ZFME,, + > Av?(v? + h? + 2vh) =2 A(v* + 4v°h + 6v2h* + 4vh® + h*)
ofamassive 1 =29 hoth +2g2B,B (v + h)? — = FHE,, + > Av* + 2 Ww?h? + W3 — 2 w* — Wk — > Ww?h? — Awk® — 2 h*
scalar Higgs 2 2 4 2z L 2 4
field handa L= %@lha“h + %ngﬂB“(v + h)? — %F’“’FHV + %Av‘* — Av?h? — vh® — %Ah4| %/1174 = const = irrelevant
massive 1 1 1 1
= u 142 H(q,2 2 _Iruv _ 212 _ 3 _2 4
sauge boson L=- 0,hd*h + ;9°B.B (v* + h* + 2vh) S R Av*h® — Avh 4Ah
B, L= %auha”h + %gzszﬂB” + %gzthﬂB” + g*vB,B* — iF’“’FW — A?h? — Qvh® — ilh4|re»arrange=>
1ng %mé @ () © ()
L=20,h08h — 12 h2 =1FWE,, + 14202 B,BN + g2uB,BF + 1 g2h2B,Br — Avhd — 22kt |..(10)
2 K 4 4 2‘9 H 9g © 2'9 H 4
massive scalar Higgs massive gauge boson h,By, interactions h self-interaction
This Lagrangian describes a massive scalar Higgs field h and a massive gauge boson B, associated with the U(1) local gauge
symmetry. It contains interaction terms between the Higgs boson and the gauge boson, and Higgs self-interaction terms .
B h . B o h . p h
\\ / \\ ,’
h====d 52 L, %g? h ----R/ Av 1‘.‘ _11/'1
’,I \\ /,/ \\
B h B h h h
(a) (b) (c) (d)
The mass of the gauge boson originates from the mass term %gzszuB“ where we identify %gzvz with émé, and hence the
Mass of mass of the gauge boson is related to the strength of the gauge coupling and the vacuum expectation value v of
gauge boson  the Higgs field.
|.‘;2<:0l-r|]|ggs The mass of the Higgs boson originates from the mass term Av2h? where we identify Av? with imf,, and hence the mass of
the Higgs bosonm V2Av|is also related to the vacuum expectation value v of the Higgs field.
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