QED

28.06.2020
1. Starting Point: Schrodinger Equation
Schrédinger L0 5 Hamil- P o _ PP N Momentumis o nonrelativistic because of H
Equation: ih at I¥(©) = HI¥(©) tonian: H= _EV V(@) = 2m + V(@) Operator: p=—irv and fixed particle number
Time evolu-  ifj(¢) = e-mTt = Insertinginto |, i( it )_ A< it ) Lo imy e P L
tion operator  |w(¢)) = 0(¢) [¥(0)) |Schrodinger eq. ih=-(e " m|9(0)) ) = H(e 7 [¥(0)) :>Lh( h)e n |W(0)) = He n |¥(0))

SEQnat. units i0,¥ = AY = i0,¥ = (- =V + V)W = 0% = (i = V2 — V) ¥ ..(1)

conjugate:  —id,¥* = (—ﬁﬁz + v) Y= 9,9 = (—iﬁﬁz + iv) wr . (2)
1)(2) 1= , .1 o .
p=I¥P =W = 0,p=0,(¥"W) = Q¥+ WY = 0p=(-i =V + V) ¥¥+ ¥ (i =T —iV) ¥ =
gy ERTE TS — L (yTry _ (T2 Tu Ty _ Sy

dep = 4sz O e e M_m(w 2y — (V29 )Lp)| + VP VY — V7Y
Density Oep = — (VW' TP + W72 — (V2" )y — V9 Tw) = ;(v (¥ V) - V- ((V‘P*)\P)) =

0.p = iﬁ - (‘P*V‘P - (6‘1—'*)\1’) ...(3). Because ffoml‘l—'l2 d*x=1= %fjowl‘{’lzd% = f:o% |¥|?d3x = fj; d,pd3x = 0.

o 3) i 0= - .
. 3, o L (W _ * 3.
Check: [_ drpd*x = — [ V- (¥'V¥ — (VW")¥)d*x = Om
) _ _ 0 1 {Sz}. . _ 0 —i {Sz}. _ _ 1 0 {82}

paul o =INU+INM= (] o) e =iEmU+m = (] ) s e=ma-u=( )
matrices

def

a2 ~ 2
- - — > T =2 > 3 _ . =3 X — .
0,01 = 0,0, = 0303 = 1,, G =(0y,05,05)", 62 =31, (¢-%) =1, with x & 010 = Oyl + iggj 0y

1.1. Relativistic Notation

] g" = diag(1,-1,-1,-1) . o 1 0 0\ invariant
Four-Vector ixH = (Cf) Mmk,OWSk' invariant under Lorentz Trafo Line ds? = Guv dx* dx? Euc“?“an 6;;=10 1 0] under3D
X/ |Metric GVLE LY = gp element metric 0 0 1/ rotation
alp
L - i : ing“ S’ |Passive LT: H “
orentz Let S‘ be the ,,moving” system, and S the ,rest” system; i.e. 7Actlve.LT _HOW dffes pmoving® " |Passive LT: OYV df)es ,,res.t ‘et
transfor- velocity of $* in relation to S determines value and sign of 8 looks like in ,rest” system S? system S look like in moving“ S‘?
mation: ¥ g lat = A*,a"v a* =" ,a"
Active LT v Br 00 Passive LT v —Br 0 0 1 1 — 9 Aau—
Feuwn R - 1o 29 - =90 =
Boost in x, i L, By v 0 0l |goostinx, v, = By v 0 0] |Four 5 _(C0 sk =t Qua- L s o
R 0 0 10 S 0 0 1 O0f |gradient # S _g/|bla  Z0 -V
) 0 0 01 ) 0 0 0 1
E Egin E ih ih
Four mo- 144 = myc + = 2 . —0 . [—0
e ()= () (T o (5] o =t (7). )
p p —p —ihV ihV
1.2. Natural Units
h & 1...combines energy and time |c & 1 ... combines length and time 1% ~ 200nm [Fine structure const. ‘a = 4711'[6 ~ é (low energy)

2. Relativistic Wave Equation: Klein Gordon Equation

— TR
Naive E = Jpzcz +m2ct = \/pz + m?2 (ignoring the negative solutions) = H = \/p?2 + m? =m +:—m - # + .-
approach iproplems: (1) = time-space-asymmetric, (2) = contains derivation of arbitrary high order = non-local!
Klein- E2=p?>+m? = H>=p*>+m? = (—ﬁ)2 +m2 = —V2 +m?...(1) Schridinger: i3, ¥ = AY|io, - = —0¥ = i9,(AY) =
Gordon 2@ = i(8,A)¥ + iH0,¥|0, [ = 0= —02¥ = Hid,P|io, ¥ = AV = —a2¥ = A*Y¥ g —¥ = (V2 +m2)¥ =
equation _g2y — _J2y 4 m2y = 92W — VAW 4+ mPW = 0 = (02 - V)W 4+mPW =0 = (¥ +m?¥ = 0 = [([(J+ mOP = 0
[(W+m¥=0=[|¥ = -mP[V" - = U ¥ = —m?P*¥ . (2)|conj. = P[ |¥* = —-m?P*¥ .. (3)
(2)~ () = WY -Yw = 0= V9,0V — W9,0"W* = 0| + 9, 9"V — 9, W "V =
9, ¥ 0" + W*9,0MY — 0¥ 9/ 04 W — W3,0" P = 0 = 9,(V"orY — PorY") =0...(4)
Density (4) = 9,(P*9°% — wa'¥*) = 0|9, = 3° = 9, = 9,(¥* 0, ¥ — ¥o,¥*) =0...(5)
(4) = 9;(P" 'Y —Wo'W*) = 0|9, = V,0' = —V= V(-W'VY¥ + $V¥*) = 0 = —V - (W'V¥ — $V¥*) = 0....(6)
0=02Y 0, (P*0,W — W, W) = —V - (¥'VY — yT¥*) vgl.%p =-V-j=[px ¥P3,¥ — ¥9,¥"]... not positive definite!
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2.1 Dirac Equation

~ —\2 . P =
E2=p’+m? = H3 =p? +m? = (=iV) +m? = =V +m? ... (1) Schrédinger: i0,¥ = H,¥|id, - = —02¥ = id,(H,¥) =

Start like
i —~ —~ ~ P —~ o~ (1) =
Klein Gord  _g2w = (9, H,)¥ + if,0,%|0,H, = 0 =—02W = Hyid,W|io, ¥ = H,¥ = —d2¥ = H3W = —02¥ = (V2 + m?)¥...(2)
W, (7, t) ~
. W, (#,1) ) W0 order to allow Lorentz-covariance, Hy, in x-space, must be linear in spatial derivatives:
Ansatz v = 2 (spinor € C%) Hp = a;p; + Bm ... (3) with @; and f being 4x4 matrices acting on the components of ¥
W, (7,t) £ [ L =4
W, (7,t)
~ =, ~ ~ (3)
(2) = H = -V*+m? = H} = —0,0, + m* = H} = —0,0;6;; + m* = (giﬁi + Em) (gjﬁj + Em) ==0,0;6;; + m* =
1 1 1 1
0,0, @;0; + fmfm + fm-a;0; + - a;0,m = (—0,0;6;; + m*)1
Jj-i
—a;2;0;0; + m** + %mﬁgiﬁi + %mg,.ga,. = (—0,0;6;; + m*)1
Derivation —:@;0:0; + m?f? — im (ﬁgi + gié) 0; = (=0:0;6; + m*)1
of Dirac | Hapa], =1
Equation  Coefficients of -0,0;: a;a; = 6;;1 2= * [gi,gjL = 26;;1|Clifford algebra
1 0
Coefficients of m?:|$? = 1| solved b =°=<2 2)
oefficients of m sove yé Y 0, -1,
- . _ _ _ (02 ar\| . _(0 1 _ (0 —i (1 0
Coefficients of @: g,ﬁ +£gi = [gi,EL = 0 solved by|a; = (01 @Z) with|o; = (1 O),az = (i O),03 = (0 _1)
~ (3
10.% = W =10, = (ap; + fm) ¥ = 10,¥ = (F ;0 + fm) ¥ = i0,% — 1 ¢,0,% — fm¥ = 0 =
Final form  i0,¥ + i@,0,;% — fm¥ = 0| - = iB0,Y + if;0,% — fm¥ = 0||;=3 20, Ba =7 §7 =1

iy%9,¥ +iy'9,¥ —Im¥ = 0|y* = (y°,y)" = |(iy"6u —1m)¥ = O| = I(i;?) —1m)¥ = 0 with § & y#d,, m...rest massl

2.2 Properties of y*

1 1 —i
bw o 1 - _ 1 2w g i .
Gamma y'=E < -1 vE bau= -1 v = e i (a::lf:):i
Matrices -1 -1 —i &
) Ve
(Dirac 1 1 G2 =g =1 [y*y"],=2¢"1
represent- 1 1 (r)2=—1 (5)2=1
tation 3 pa, = B 5 & jy0yly2ys = s e
b R L rEYYYY =l R SR A
1 1 Hf=—y! yiyt=—y*y® 0y 3-_13,0
Y 14 Yyi=—y’y
Prqof o= Eﬁiﬁli = (égi + giﬁ - giﬁ) Eﬁi = ([érﬁiL - giﬁ) ££k| [EinL =0= Proofy® (¥ = ET = £ =
¥H2=-1 )2 = —liﬁﬁlxwﬁ _ EZ 1= @)= _gigi|gigi =1=[¢)=-1 hermitian; (0)t = ©
Proof y* anti
hermitian
gL_Z,/=32

tracelessness |@; = 1g; = ffa; = —pa;f = tr(e;) =tr (—Eglﬁ) =tr (—giﬁﬁ) =tr(-q;) = tr (E) =0| [tr(y") =0
Dirac repre- _ ( O'i) _ (]12 ) i_po ( Ui) Weyl (chiral) O_( ]12) i_( al-) 5_(—]12 )
sentation: =" \g B= -1,)'V = Ba; = —0; represent.. | \1, i Y= 1,
Majorana 0 _ ( 0’2) 1 (ia3 ) 2 _ ( —az) 3 _ (—i01 ) All Br-matrices are imaginary. Dirac equation
represent.: “\o, V= ioz)’?V T \o, = —io;/ becomes real. Easy descr. of neutral particles.

2.3 Dirac Adjoint Equation and Dirac Current

Adjoint Because Hermiticity properties of y-matrices can be summarized | (y#)t = y0y#y° GOt = %% =1y° = O
|spinor it is natural to define the Dirac adjoint spinor bym GO =y’ = vy =y =~y
. t . . . P
diont (iy*9, —m)¥ = 0| = ¥H(-i(y"t 9, —m) = 0|y =y y*y* = W (=i y*y") 9, - my°y®) = 0=
join - 173 tT3 . P T/ : - - def
Dirac Wy (—iy# <9, —m))° = 0|WTy* & W = W(—-iy# g, —m) = 0| - (-1) = P(iy* 8, +m) =0|y* 09, & 9
equation @(i‘—a + m) =0 with <@ & y# 9, and P & pty?

Dirac: (ig —m)¥ = 0|¥ - = ¥(ig —m)¥ = 0...(1), adjoint Dirac: P(i @ + m) = 0|- ¥ = @(i“@ + m) ¥=0..(2)
continuity _ _ _ _ _ _ -
equation  (2) + (1) = P IY + Pm¥ + iPJY —WmP =0[: i = P(“P+H¥Y = 0= P(y* 9, +y"9,)¥ = 0=

(@y")“aﬂ‘}' + @y"@u‘}’ = O|(¢y") 0, = y"@“@u = 6M¢y" = 0,1@)/’“4’ + @y"aﬂ‘}’ =0 = |6#(¢y"‘l’) =0,/*=0
Probabilit —
dre(;;ty' W= 0 = Byow = w0 0w = winy = wiy = [ = 34 Wiy > 0].. positive definite
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2.4 Covariance of Dirac Equation

Poincaré Trafo x”‘=L"vx"+a” guv:gpoLpuLUv:LpugpoLUv: (LT)upgpaLUv:
Invariance (iy"az—# - m) Yx9)=0 < (iy" af’ﬂ - m) Y (x'?)=0
. x“—>x"‘:x“+a":>ﬂ:1:>6x’“:6x“:> a, ==
Translations oxk Ox'k  oxt
Invariance trivially fulfilled by ¥'(x'"*) = ¥(x*) = ¥'(x* + a*) = ¥Y(x*) = Y(x'* — a*) = |‘~P’(x“) =WY(x+ — a”)l
, , ax'H i 9 ] _ ]
Xt o x* = A x>t =H x> a’;v :L”vzm: v = |30r = (L 1)"”5 (D
(2)
Ansatz: I‘P&(x"‘) = Sup(L) ‘~I—'B(x”)|... (2) Dirac: iy#* aj,u Y'(x)—m¥x9)=0=
. 9 (1)
Condition for Wﬂax_'u(SaB(L‘) Wp(x7)) = M Sep(L) W (x) = 0=
. _ a
covariant iy#(L 1)vuﬁ(5aﬁ(]=4) q"ﬁ(xa)) —mSp(L) Y (x7) =0 =
) . _ )
:)rfan,stformatlon iy (L 1)"” Sap(L) ﬁ‘l—'ﬁ(x") —mSp(L) Y (x?) =0
’ iVEL)Y, S S5 W) —m S W) = 0|57 (L) =
IS PHLT)Y, S S5 WET) ~ mW(x) =0 = L YHLTY, SWL) =y 14, =
S = k==
-yV
ST y*SL) = L“vy"| ... condition for S(L)
Infinitesimal Lf, = 65 + ew” , with ¢ ... ,small“ ... (1) Invariance of Minkowski metric implies anti-symmetry of Wy
(€8]
Lorentz G = L4170, = (6 + 0, ) (67 + ew”,)gps = (8] + €0°,) (8] Gao + £ Gus) = (8] + €0” ) (gp + €0py)
Trafo gw:6,fgpv+pugpv+5!fewpv+ew”uwpv:gw=gw+eww+eww+0(w2):>ww+ww=0:
In D spacetime dimensions there are D(DT_D independent Lorentz trafos (e.g. 3 boosts and 3 rotations in (3+1) dimensions.
0 Wo1 Woy  Wo3
o< TP O @ Ou G0 w0p(L9%), + 003 (1) 4+ 01,12 + wia (D), + w30 (1P)
uv —Wy, —Wi, 0 W3 01 wv 02 wv 03 uwv 12 §73% 13 uv 23 uv
—Wo3 —Wi3 —Wy; 0/,
— B B
0100 0010 000 1 (LF),, = 876, — 878,
(-1 0 0 0 [ 0000 | 0000 L) = —(LP*) = (L%
@ 7o 300w 300 e 300 (L9),, = =), ==(7),,
000 0/, 000 0/, -1.0 0 0/, Infinitesimal trafo from generators
e 0 000 0 000 00 00 L, = 6l +5wap(LF)" &
i 0 0 1 0 (0 0 0 1 0 0 o0 O _ 1 ap
rators | (W o g g o) EDe g 0 0 o) EweHo 0 0 1 Lot vl
'a“;"e 0 00 0/, 0 -10 0/, 00 -1 0/,
trafos.
0 1 0 0\" 0 0 1 0\" 0 0 0 1\
for oty (1 0 0 0 ozyy [0 0 0 0O o3y [0 0 0 0O LaBY = (LB o
passive:(L)V_OOOO (L)v‘1000 (L)‘oooo (_)v(. )vvg
change 00 o0 o, 000 0, 100 of , [(signchangeinall
signs 0 0 0 0\* 0 0 0 0\* 000 O0\* ,C,_;spatlalllne: (Ilne.1-3) '
00 -1 0 00 0 -1 00 O 0 enerators for active rotations
@ = 01 0 0 (L2 ,= 000 O »y = 00 0 —1 and active boosts
o0 0 0, 010 0/, o0 1 0/,
0 -1 0 0\" 00 -1 0\" 0 0 0 —1\"
1 0 0 0 00 0O 000 O
01yuv 02)uv_ 03yuv— uv
o 00 0] 10 0 0] 0o 00 o (LB) = (L) 9" 9"
0 0 0 O uv 00 0O uv 100 O v (sign change in all
00 0 0 0 00 0 000 0 »spatial lines” (line 1-3) and
00 -1 0 0 0 0 -1 000 O i «
12\uv_ 13yuv_ 23yuv_ »spatial columns” (column 1-3)
G 01 OO(L) OOOO(L) 00 0 -1
00 0O 01 0 O 001 O

Ansatz for S
infinitesimal
spinor trafo)

condition for S(L)
_—

S=1+¢eT..(3) =S =1—¢T because S = (1+ eD(1 — eT) =1+ &2T> =1
(1 - eDy*A+ eT) = (64 + ewh,)y” = (1 — eD)(y* + ey#T) = 8LyY + ewh,y’ =

Pt yMT — €Ty — e2PpT = W + ewhyy¥ = (T — TyH) = ety = [y T] = whyy?] ... (4)

infinitesimal
spinor
transformation

(4) issolved by T = —éw‘ir,l,fS"V with [SHY = ;;[y",y"]

to be used in |‘P[;(x"‘) = Sep(L) ‘Pﬁ(x“)|

; (3)
..generators = T = %w,zl,f[}’”,yv] =

§inf =1+ gwuv[yu: VV]

finite LT

n
o=t (3450 ) = [Fz ]

finite spinor trafo

S = pwin V]

" inf 1 BV LS i _i w|.
Wy fw;l"l/f =|s= es@w V1) = g zuslrty ]|Sl“’ def Z[y",y’”] = |5 = ez |in dirac repr.

§—1 — y0§1'y0
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2.4.1 Rotation

Passive rota- i/x’ x cos(p) sin(p) O cos(e) ~ 1 ) 1 ¢ 0 x'=x+e¢y
tion around y' | =R, <y> withR, = —sin(gp) cos(p) 0 =RM=(-¢ 1 0] sothat Yy =y—ex
0 1 0 0 1

s —~ 2z
z-axis z' z 0 sin(e) ~ £ z' =z
1 1
v o cos(p) sin(e) cos(e) = 1 Cw o 1 ¢ _ 1 _ u
Lorentz trafo ¥, —sin(p) cos(¢) sin(e) ~ & = Linys Y e 1 1+¢ 1 1+ ew”,
1 1

infinitesimal
spinor trafo

i , o
Sinf = ﬂ"'%“’uv[y"'}’v] =1 _Z[Yl»}’z] = |Sipr =1+ s%23 withZ; =03 @ g3 = ( ; 63) (1D

Wo(x™) = Sup Wp(xH) = W (X', t") = Sap
Wi (R, 1) = Sep Wp(R™ IR%, £)|R¥ & ¥ = Wy(%, t) Sep Ws(RTIZ )X > % = ¥, (x t) = Sop W (R, t)
Y'(X,t) = (]l+ 822 )LP(Rlnfx t)| Rt =(x—ey,y—ey,2)T = W,(%t) = (]1+ e-X )‘~P(x &y, y +&x,z,t) =
Y'(X,t) = (]l + 8223) (‘~I—'(x, t) — sya‘{—'(x, t) + sxa‘{—'(x, t))

t'=t =W (X', t) = Spp Yp(%, 1) =

Deriving ) . )
Spin % w'(f,t)=\p(f,t)-sy%ly(f,t)+ex%tp(f,t)+s§z3w@,t)-szizgyiw 2 LB W, D)
Y(%t) =W, b) +ie 23 + xE - y on Y(%,t)|Because X5 has eigenvalues +1, this shows that W carries spin %
spm Sy I,
Jz

Finite rotation

= limy,,e (]1+%;;213) =|s= ¢35 “P’( t=e 725 Y, t) = (ﬂcos( )+ iZg sm( ))‘P(x t)‘
Spinor Trafo

(¢ = 2m) = =1 = only a 4m rotation brings us back to S(¢ = 4m) =1

S
S

2.4.2 Lorentz Boost

1 ¢ 1 1
Boost in Linf"v =& 1 1 =1+ef ! =1+ ew”, with w*, = (L'D* = L
x-direction
infinitesimal 1 1
1 1
Lorentz Trafo (W) =1,H 0, = , (0h)3 = = wh,, ..
“ _ Ewly, _ & ZnL 2n+1 §2n+1 2 oo fzn gan+l
L =e€ Zn 0(JJ - Zn 0 (2n)! + Zn 0 (2n+1)! =w Zn:o 2n ), Zn 0 (2n+1)!
Finite cosh(§) —sinh(§) Yy =By
Lorentz Trafo [ju "— 1 _ )2 + w? cosh(§) + w sinh()|=| ~ sinh(§)  cosh(¢) 1 =(=Ar ¥ 1 ¢ ... rapidity
1 1
cosh (g) —sinh (g)
Ly m v _Ler,0.1 0;
S — est@umr 0] = o387 itk 0 1] = 2¢ :2( 1) ¢ e
= .y’ 1 o, cosh (E) —sinh (;)

[[%)
Il

—sinh G) cosh G)
—sinh (g) cosh (g)

Eg‘i:erTo;;; S =1cosh (g) — a, sinh G) = 1 cosh G) - (01 01) sinh (g)

tanh (3) = s = v~ v <o (5) = |5 sinh () = tanh () cosh )
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2.4.3 Components of the Lorentz Group

The Lorentz Trafo L#, = ef@fvis continuously connected with the identity.
This does not exhaust all possibilities of the Lorentz Group, but only those with det(L) = +1 and L% > 1
This subgroup of Lorentz trafos is called proper orthochronous Lorentz group L1,

Reducibility

As long as only elements of L1 are considered, S(L) is reducible, i.e. 3 nontrivial, invariant subspaces

i P ; 0 1) i
Visible e.g in chiral representation y° = Yt =
1, —0;
. . . . v R

Consequences In the chiral representation of the Dirac Matrices the generators S¥of S(L) = e 2% (with £y = w,,) read
in chiral Weiyl .guv = Z[1 V] = |SHt = ,5% = 2 [0, yi] = _L(Gi ); SU =Z[ylyl]l= lgijk (g" ) ... block diagonal
represent.: + * 2 0 * z Ok

when applying ¥’ = S(L) ¥, then the upper two components of ¥ never mix with the lower two components

We start with Dirac equation (iy“@u - m)‘l—' = 0...(1) using chiral representation y° = (]1 ﬂz),yi = (_J_ Ji)

E ﬂa def 1 id ’ ‘
Weiyl Because of p, = < c >...(2) and p, = (c t) == D= ( _f) =1id,|...(3)
. _3 Lo /lh 1 iV

equation ihV 5 5 @
(massless compare (2),(3) = B2 pi = —iV=—p;...(4) m=0= iytg,¥ = 0=y p, ¥ =p¥ = 0|= (¥°Do + ¥y PI¥ = 0=
particle) (v°p, — iAi)ly=0|lpd_er(¢):>(0A _ iu‘)<¢>=0:>( ]12>A _( gi)Ai(¢)>=O=>

Y Po V.P = x)° Y’ Po—VD X 1, Po —a, p X

(1290 + p'o)p = 0,(1,pp —P'odx = 0 = |(730 +7-8)¢ =0, —p-Fx= 0|
Full L. group iobtained by composing elements of L] with P ... space inversion (parity Trafo), T ... time reversal, or PT ... both

m

v, = (1 1 ) condition for S(L) = P: ST* (L) y* S(L) = L*,y¥ = P ly*P = (1 _1 ) yv =
Parity Trafo 3 i ) 3 v )

PyP=y% Ply'P= —}’Ll = [S(L) =P = +y°|because y°y°y° = y% y°y'y® = —y'y°y° = —y!

I S50 I
T . ) o0 1, ¢\ _ (X . o . .
Parity violat. ichiral representation P =y° = 1 =P ¥)= (¢) = y, ¢ get mixed, parity violation with Weyl spinor
2

[#, = —8*, | condition for S(PT) = P: S~*(PT) y# §(PT) = —6#,y¥ = —y* =
T Trafo (S(PT) =7 =iyyly?y® = i%wpay”yvypy“\

Proof: (y)t = (iyy'y*r)T = =i DT GHTGOT = —i(=r) =y (v’ = iv’y?y'y° = —iy*y3y'y°

= iy2ply3y0 = —iy2yly®y3 = iyly2y%3 = —iy Y% 2y3 = iyOyyZy3 = ¢S
5)2 — 5\t — 15[ 51 — — HyS 5 0] — 5 cuv] — [+,5 Lre V1| =

Properties @2 =1 =y°|[r’y vhy® = IrS.v*, = 0| [v®, 5] [y Sty ]] 0
of y® Proof: (¥ )t = @y y'v*y)T = i)' T GO = —i(—y) =y (=yy° = iy¥y?yly® = —iy*y*yly°

= iy2y 3y = —iyyly%y3 = iyly?y%y3 = —iplyOy 2y = iyOyly2yd =y

Schurs lemma

If a matrix commutes with all elements of a matrix representation of a group, then it is either proportional to the unit matrix,

13
or this representation is reducible. = S*” is reducible = S(L € £}) = e 290" s reducible

Chirality

The invariant subspaces are given by the projectors ’PL = i(]l —¥5), Py = i(]l + ys)‘ ... left- and right-handed chirality

P =11-y)A-y") =10-2°+ )| %) =1= P =22 1-2y%) =10 -y%) = P? = P, ... projector
W, = PV is eigenstate of y° with eigenvalue A = -1 = m
Proof: y>W¥, = y*P,¥ = y° § A-y¥ = i(ys —yyHY = %(ys -DY = —%(11 -y =-P¥Y=-Y,

W, = P, ¥ is eigenstate of y° with eigenvalue 1 = +1 = |y°W¥, = +¥,

Proof: ySWy = ySPW = yS 2 (A +y W =2 (S + ¥y ¥ = S (5 + D¥ =2 (1 +75) = PW = +%

o
Weyleq.: p¥ = 0 = y#p, ¥ = 0|y°y° - = ySyy#p,¥ = 0 = y5y O+ (p 9)‘{‘ =0

y5p°W =5 - pY| ... (5) with ‘f =(2,2,,2)  and s; = iEi and s; = ésijk[yj,yk]‘

o 5) o 2. o 5P 5P
P"=E=p| = BlY =3 p¥= =10 = W =1w =

2 |pl

iys‘{" = %‘P with %ys ... chirality, % ... helicity of massless particle (boost invariant, changes under parity)
Chirality is % times the eigenvalue of y° and equals the helicity (projection of spin on the direction of p) of massless particles.

-1 1
In chiral representation: y° = ( z ]12) =P = %(]1— y®) = ( 2 ),PR = %(]1 +y%) = ( ]12)
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2.4.4 Dirac Field Bilinears and Higher Spin

Lorentz
scalar P

Yy = §‘-P|* =yt 5 ()t = (§‘P)]L = ‘P*§T| Y0 = Why0 5 (W0 = wigty? = gty 01 = %0 =

Wiy® 5 (W)ty0 = whyy 05ty 0wty w iy — \E > = Pyosty0 = Fs1| Py - F'y’' = Ps-ligy — [Py - Py

prob. current
vector Py HW

jh = By | - = TSIy RGPSy AS = Lyt = i o = By = LBy = Lk [T = T
Generally: @y“l ...y*W| transforms as a tensor of rank k. Inserting y° does not change that under L € L],
PyhySY|  axial pseudo-vector

Pseudo scalar

BySY under parity transformation: ® (x'*) 15 W' (x'*) = B(x#) P-lySPW(xH)|P = y0 =

Schwinger eq.

TySwunder B (x™%) Y5 W' (x™)=P(xk) (yO) 1y Sy W) | (0) 1=y ® = T (x/®) yS W (x®) =P (x) y Oy Sy O W(ah) |y Sy 0=y Oy F =
parity trafo T (x') YW M)=—Ta") Yy M)y = 1= |¢’(x”‘) YIW (x'") = —W(xH)yS ‘~P(x”)| ... pseudo-scalar
Decomposi- ANy 4x4 spinor matrix I' can be decomposed in a linear combination of the following 16 = 4% matrices and thus into terms
tion of spinor With well-defined Lorentz transformation properties when sandwiched by Dirac fields: I'y = 1 (1 scalar), I} = y* (4 vector),
matrices Iy’ = %[y“,y" & gV (6 asym. tensor), [t = y#y5 (4 axial vector), Tp = ¥ (1 pseudoscalar). In N dimensions 2V matrices
Rarita Vector spinor with Lorentz-index W* contains spin % and % P = y#W¥, projects out the spin % Dirac spinor.

Rarita Schwinger equations: |(i¢ - m)‘}’” = 0 with ¢ = y#9, and y*¥, = O|

3 Solutions of the Klein Gordon and Dirac Equation (plain wave, at rest)

O+m)¥ = 0= (8,0" + M)W = 0|¥ « v = (8,8” + m?)e " = 0 = 9,0ve " + m2etw™ = 0 =

Elein §ord0n av(ikuavxueikux“) + m2eikuxt = 0favxt = g™ = av(ikugvueikuxl‘) + m2elud = 9 =
P?al:]a:zg;/e 51,(ik"e”‘ﬂ"”)‘+ mze”‘ﬂ"“.z 0= ikv(ikﬂavx“)eikﬂx" + m%e”‘ﬂ"" =0|=axt=58 =gt =
solution _kv(kug”v)elk”xu +m?ekn’ = 0 = —kVk,e*n" + m2ettn = 0|k"kv =p'p, =m?=
(_mz + mZ)eiik,Lx“ =0m
Pos.and neg. Schrédinger: i0,W = AW|W oc el st oF(ikox"~tki!) = pF(ikot=tki') = g e F(tkot=tkir') = Y = |k, W = AW = EW| =
Energy +k, stands for positive and negative Energy

Dirac Equation
Ansatz

(i — 1m) ¥, (x°) = 0 = (iy#8, — Im) P, (x%) = 0...(1) Ansatz:

‘Pgr)(x") = ety (k9) ...(2a); ‘Pé_) (x9) = ettty (k9) ... (2b)|‘{",§+) ... pos. Energy sol., ‘Pé_) ... pos. Energy sol.

Con.f.itiog (iy*a, — 1m)w{P () = 0 &a) (iy*d, — Tm)e~"ux* u, (k%) = 0 = (iy*(—ik,) — Im)e~"w " u, (k%) = 0 =

ositive Ener-

|Zy solution €W (k= Im) ug (k) = 0 = e" W (K — Im) u, (k%) = 0 = |(V —Im)u (k%) = 0with k= V“ku| - (3a)
(Zondti.tionE (iy*8, — 1m) YO (x9) =0 &) (iy*a, — tm)e* it u, (k%) = 0 = (—y*k, — Im)e*#ux* u, (k%) = 0 =

negative ther- . )

oy solution €755 (yhle, + Tm) ug(k?) = 0 = 6" (K4 1) v (%) = 0 = [ (K + Tm) v (k") = 0 with K = yky] . (35)
A:i(i)tiir\]/te B = ((k_ 1m) u"‘(ka))f =0= ((y“kﬂ —1m) “az(kg))f =0 = ul (k%) (#")'k, —1m) = 0|(y)" = y°y*y° =
Eneray ul(k?) (v Oy yky = 1m) = 0[1 = y°y° = ul (k) (v r*yky —y°y'm) = 0 =

equation  uf (k) yO(y*h, — Im)y® = 0| uf,(k7) y® & 1, (k) = Ta(k?) (y*h, — 1))’ = 0 = [ (k) (K — 1m) = 0] ... (4)
:gjzl?\t/e Gbh = ((k+ 1m) Va(sz))+ =0= ((y#ku +1m) va(kd))* =0 = vi(k®) (P’ Tk, + Im) = 0| (/)T = y0phy® =
Enerzy vEk?) (¥ °yy ke, +1m) = 0[1 = 0y ° = vk (y°ryk, +¥°y°m) = 0 =

eauation Ak (e + Im)y® = O] (k) v° £ 0o (k) = (k) (r*k, + 1m0 = 0 = [0 (k%) (K + 1m) = 0] .. (40)
Restframe ot = (m,a)T, k, = (m,0) & (°m = 1m) ug(m,0) = 0|:m = |(y0 ~Du,(m,0)=0 | (5a)

k# = (mﬁ)T k, = (m,0) & yom + 1m) Ve(m,0) = 0):m = I(yO +1)vg(m,0) =0 ‘ (5b)
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3.1 Solutions of the Dirac Equation in Dirac Representation (at rest)

1 1 \(ulgm,gg 0 /ulgm,(_)% 0
1 1 u(m,0) 1 [o u,(m,0 0
Positive (5a) = -1 1 u3(m,6) =lo|™ -2 u3(m 0) o]~
energy -1 1 - 0 0
u4(m, O) u4( 0)
-2 u3(m,6) =0, -2 u4(m,6) =0= ua(m,a) = (‘/’) ... positive energy solution in Dirac representation
1 1 \(Vl(m DA 2 /Vl(m’g) 0
vy,(m, 0 vy,(m, 0
_ 5b) = 1 ! 2(m0) | (o) _ [0 2 2(m0) 4 _ (o] _
Negative -1 1 vs(m, O) 0 v3(m, 0) 0
-1 1 - 0 - 0
energy v4(m, O) v4(m, 0)
2v1(m,6) =0, ZVZ(m,a) =0= vu(m,a) = (2) ... negative energy solution in Dirac representation
1 0 0 0
Basis u®(m 6) =9} u@(m 6) 1), v (m 6) =19, v®(m, 6) =0
) L ) L ) 1] ) 0
0 0 0 1
1
1y 1 =1 -1 ly W =1y®.1y @ = _1@. 1y (® =131y ;®—-_1®
Spin 223—2036903—2 1 :>223u =7u ,223u =-3u ,223u =;u ,223u =-ju
Operator -1
= upper two components: positive energy spin up / spin down solution
= lower two components: negative energy spin up / spin down solution
Solutions of the Dirac Equation in Chiral Representation (at rest)
1 1 \ / u(mOy g -1 1 / u(mO)\ g
,0 - ,0
(50) = 1) 1 uy(m ﬁ) R 1 u,(m 4) _[o)_
- 1 1 ug(m, 0) 0 1 -1 u3(m,0) 0
Positive 1 1 . 0 1 -1 - 0
energy u4(m, 0) u4(m, 0)
—u; + us 0
Ltu |_[0 _ _ N _ (P . Lo . .
u-u =0 = u; = Uz, Uy = Uy = ua(m, 0) = ((p) ... positive energy solution in Chiral representation
Uy — Uy 0
/ 1 1 \ ulgm' E% 0 101 / ulgm' 2% 0
1 1 u(m, 0 0 1 1| uz2(m, 0 0
(5p) = + R = = =
) 1 1 u3(m,0) 0 1 1 u3(m 0) 0
Negative 1 1 N 0 1 0
energy u4(m, 0) (m 0)
u; + uz 0
u; + uy 0 = X . Lo . .
Uy + U =10 = Uy = —Uz, Uy, = —U, = va(m, 0) = (—)() ... negative energy solution in Chiral representation
U; — Uy 0

Solutions of

the Dirac Equation for k+0 (Dirac representation)

(k—1m)(K+1m) = (y*k, — Im)(y"k, + Im) = y*k,yVk, — Im? = y*y k,k, — Im?
(k= 1m)(k+1m) =2 (r"y ke, +yHy kk,) —Tm? = (r 'y Vi ey + yVy il de,) — Tm?

(k—1m)- o

(K+1m) =0 (K—1m)(k+1m) = %(y“y"kﬂkv +yVyrkyk,) —1m? = %(y“y" +yYyMk,k, — 1m? = %[y“,y"Lkﬂkv —1m? =
(K- 1m) (K +1m) = 29"k, ke, —Tm? = k,k* —1m? = k? —m? = m? —m? = 0 = |(y —1m)(k+1m) = 0|

(3a) =

(k) £ £ (f+ 1m) ug(m,0)]| = |+ (K= 1m) (K + 1m) ug(m, 0) = 0]...(7)

General 5 - . - . : -

solution in u, (k%) = ﬁ(k +1m)u,(m,0) = ¥ (r*k, +1m)uy(m,0) = = (¥ ko + ¥'k; + Im) uy(m, 0) |y = py = E =

Dirac N i

e 06 =308 ka0 =35 e (0 T)e (B )n) (D)=

ion

E + dominated by upper
ua(ka)dzgf%(( ‘m)<p) Y upp

o'kip components if |E| «Km

ety 2 5

alkiy ) dominated by lower

(E+m)y

components if |E| Km

Normalization

TO()uP (k) = 69 ..(8a) TV v (k) =0...(8¢)
VO U) v (k) = 6% .. (8b) VP(kT)u® (k%) = 0...(8d)

Inserting u, (k%) and v, (k%) = |N = /2m(E + m)
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3.2 Klein’s Paradox

Plane wave .Nn 1 (1)
) travelling in o (0..x; <0 k= (0)\/E2 —m? ‘assump: =N (|0 }<p “\o
Scenario x,-direction () = {V X, =0 iy < 0 ) 0 spin up u(m, 0) =u (m,O) 1o
hits potential with E' > m 0
1 E+m 1
Pos. Energy (k) = (E +m)<P ((E +m)(p) 1 (E+m) (0) (k%) = 1 0 a 0
Spinor Ua - G ko W\ ok )TN (0 1) X (1) @ TN 0 - 19
1 0/71\0 ky -
E+m
Lpin — ua(ko) e*ikux” - efiEt+ik1x1+ik2x2+ik3x3|k2 — k3 =0= ll_]in - ua(ka)e*iEf”kﬂfl =
Incoming 1
wave —0) = oy pikaxt _ it [ O
(fromlefty ~ ¥in(t = 0) = ua(kT) e = ae®H 0
1
E+m
1 0 ( 1 0 ' =FE—V
Reflected » 0 L, 1 Trans- - 0 & / 1 \ E'?2 = (E-V)?
wave Wrep1 = be ! 0 +blemthax! E—kl mitted | Ftrans = de| o e E'? = k' +m?
- + ! ’ ,
(from right) E+:n Om wave E,k E am =k' =
- — +m [(E—V)2 —m?
spinup spin down san w spin spin down m
1 0 1 0
(N (oo ]2
Continuity m(o) + lI'lrefl(o) Lptrans(o) = a\ / +b \ / +b ki | = d 0 +d \ K’ / =
_ —kq E+m k' E'+m
[t =0 E+m E+m 0 \E +m/ 0
’ N ’ ’ ’ . . b 1-p d k' E+m
= = =d = I b_1lp. d_ 2 der K
b'=d',b'(<0)=d'(>0)= b"=d =0 = nospinflips! ..= a1 @ Te with p &f PRS-
; P 2
V<E—-m R=ﬂ=(2) =(1—p) T=1-R=—2_forV 0= k' >k > E?—m? =p—->1= R - 0,T - 1as expected
jin a 1+p (1+p)?
V=E-m E-V-m=k-0=p->0=R->1T-0
I . . . . — 1
E—m<V<EE—V <m= k'imaginary = transmitted wave is decaying. ‘Penetr. lengt = Jm=oop2
V=FE d = dpn = i ...Compton wave length (for electrons: 4 - 10*3m)
E <V < E + miPenetration length d becomes larger again
V>E +m E-V<-m=kreal=E-V+m<0=p<0= |R >1,T< 0|More is reflected than came in! KLEIN’S PARADOX

Points towards creation of particle pairs! Single particle theory like Dirac theory is not sufficient!

Localizability of a Wave Packet

Wave Packet

5"2
P(0,%) = e 202w, ... (1) with w, = ((g) spinor. The smaller D the more localized in space.

w(0,p) = f‘P(O ) e e @3y = [e” 202w e~ @3x = FT of Gaussian = (2nD2)2e = 2 wa large D — localized p
General (%) = (2,,)3 = 21Y2_,(b(p; ) u@(p) e e + d* (p; a) v @ (p) ePe¥*) d3p with p = p* = (po, B)
Solution T . for convenience; u(@(p) ... plane wave pos. energy contributions; v@(p) ... plane wave neg. energy contributions
b(p; @), d*(p; a) ... expansion coefficients (star at d* only for convenience)
Jw(0,2) e @3x = [ [(zi)s%fﬂ:l(b(p; ) u@ P e P + d*(p;a) v (p") e“’gx”)dg'p'] e @3y .. (1)
t=
P (1)
[W(0,2) e iBFF"D) 3% = 2m)28(F - ) = .. =
Jw(0,%) e dx =252 (b(p; ) u® (p) + d* (5; @) v () ‘ . (2) with p = p* = (po, —P)
Calculating Orthogonality conditions (assuming wave in x-direction):
Expansion E ]‘(" m Y, o ,
Coefficients Ha) (T 1) _ ab 1 x ab (E+m)®+kg _ sab (E+m)*+E*—m ab 2E“+2Em — ab E
ICI u (k) u (k) g N2 (E +m, kx' 0'0) 0 2m(E+m) 2m(E+m) 2m(E+m) m =
0

HO () u® (k) = s E. V@OV vO (k) = s E. vt@(FYu@ (k) = 0: ut@ () v®
uF@(k)u® () = 6% £; analogously: v () v (k) = 6 ;5 vIO (k) u@ (i) = 0; W @(R) v (k) . (3)

3 D%
d*(p; @) = 2nD*)2e P = vI@(p) w,

3) 52D? 3)
(1) = @@ S|b(p;a) = @rD)ze ™ Tu @ (@) w,| [(1) = @)@ -

low energy

amplitude negative energy solutions a

151
E+m

IfD >~ (Iow energy)= d* K b = <« 1 almost only positive energy contributions

amplitude positive energy solutions b

high energy
zitterbeweg.

IfD<—

mterference term between pos. energy solution and neg. energy solution of a single particle if localized at narrow space.

(h|gh energy) J = PyW = WYW has e?¢ interference term = e.g. 2 - 102 Hz electron zitterbewegung, relates to
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3.3 Electromagnetic Coupling

Relativisti 0 —EF' —E? _pE3 V-E=p e Dual Field Tensor:
eanvstic E' 0 -B® B?| [Four- P\ Max- TxB—9,E=7) " 7 | ~EMIPE,,
Field Strength [FKY = —FH = - jH = (—)) x t2 =] =
Tensor E2 B3> 0 —B'| [current: J/ |well V-B=0 ey v B> _B
E* -B* B' 0 VXE+9,B=0 OuF=0 {F with (B—> E)}
j;?\f:::ggi: AF = (d_),) - B=VxA L:Eale AR(x) > A*(x7) + 8 A#(x?) = A*(x?) + 9, A(x?) U(1) gauge group
’ A E=04-— Vo BAUBE caves FHY = giAY — gvAK unchanged

Maxwell eq. FH = grAY — gVAH t trafo
Dirac How to bring em current j* = ePy*¥ into Dirac equation (iy#d, —1m)¥ = 0..(1) ? |min. subst.: g
igt:]sril:gn:to (iy”(@u +ie Aﬂ(x”)) - ]lm) Y(x9)=0= (iy”(?# —eytA,(x°) — ]1m) Yx°)=0=
EM field (i¢ —e f(x?) — llm) W(x?) =0 with g & y#9, and A & y“AM|... 2)
(min. subst.) 6 can compensate A*(x?) = A*(x?) + 8, A(x?) with |‘~I"(X”) — ™A% l}’(X”)| so that (2) is fulfilled
“creating” A* iOther way round: By demanding W(x?) — e~ 2" W(x?), we automatically need to introduce A*(x%) — A*(x°) + 9, A(x%)

w (B _(® ; s (DO

yH = Ba;)’ AF = (Ai)r A, = (¢p,—AY), 8, = (0,,0;) = —ip, = —i(Po, —P;), P* = (ﬁi)' Pu = Bo, —P0),

Dirac (1800 + iBaid; — epl + cfaid’ — BBm) W(x") = 0 = B (ido — @iy — el + ey’ — fm) W(x") = 0 =
equation with o~ _ - -
em coupling —‘l—'(x )= (a P+ ﬁm) Y(x9) + (—ea A+ eqb]l) Y(x9)|...(3)

Hint

Ho

+eA ]1:>‘H ﬁm+a (p

- (3b)

’Bn

H=d-p+pm-

3.3.1 Nonrelativistic Limit

Pauli
Equation

(1)

imt

o(t, 9?)) ©).0

Wt D) = e (m (‘;)) = (@-5+pm) e (O) + (~ea-d+ep)em (%)

X&) " ¢
0¢
eimt ;te“""t (;‘?) + e~imt % = (& B+ Em) (;‘(()) + (—ed- A+ eA°) (;‘:) =
ot
eimt _imt (P —imt i;_(f 5 2 (O] L 0= oy (P Dirac representation
—ime (X) +e ax | |= (a-p+£m) (X)+ (—ea-A +eA )(X):
at
29
cp a 0 o)\ (P 1 0 ¢ 0 o\, (¢ @
X)J” o _(al @;>pl(x)+(@ —n)m(x)_e(ai aﬁ)Al(x)”AO(x):’
at
L) . .
mey (o |\_( 0O op"\ P im 0\ [ 0 eqh) e o (@
(mx)“(*’_x _<oq-ﬁi @)(x)+(® ) (&) (egiAi 0 )(x)”“’ ()=
at
0] .
mey | _ (oD me ea;A'x eA%@
(mx) +i (ﬂ B (UJ}@‘(p) * (—mx) - (eailAiq)) * (eA"x) -
ot
) R S a Y 2
(m<P)+. a_(f _[(G-Px+me—ed-Ax+eA :(mq))+_ a_q; _ 0-(p—e/f)x+mcp+eA°<p
mxlﬂ_oz.? —eGAg+edy m) TN o )T\ (5 - ed) @ - 40
~ pPo—my —ed-Ap+e o G- (p—ed) o —my+eA%
.09 5 32 0
00 _ = (2 7 i—==0-(p—ed)x +el
mp+i2L =G (f - ed) x+mq@+eA¢ mdominates:.g;_ﬁ(i 1) ‘ By
mX+iZ—X=5'(5—6/T)Lp—mx+eA°X IE—U (p eA)(p+eAx—2mX
t Gy «m
L0 o 2 0
i—=o- eA)x+eA S
* o Ep( )A)ﬁ) ? Z‘f - (ﬁ—eA)—J (p—eA)(p+eA°(p:>
X~ -d-(h-ed) <o
i?a_(fz (E(J ﬁ) +6A0)‘P with # & § — e A(%)|...(4) Pauli Equation (1): describes fermions forM %« 1
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Pauli
Equation

(2)

SN2 _ — - S N2 - _ -
(¢-7)? = oym;opm; = aiajninj|aiaj =8 +igjo = (G- = (6,-]- + l€ijk0k)7Ti7Tj = MM + i€ 00 T =
5 N2 1. 1, _ 1. 1, _ 1, 1,
(G-m)?* =mm; + 7 LEijk Ok T L) + 5 LEjR Ok T = TT + 7 LEijk Ok T T + 3 L& Ok TG T = T + 3 LEujk Ok T — 5 LEijk O T TT;
Ll

ioj

(¢ )2 =mm; + %isijkak(ninj - njni) = ‘(5 ‘)? =mm; + %iaksijk[ni,nj] ‘ ..(5)
R=p—eAd=—iV—ed=m =—i0,— ed, = [ni,nj](p = [(—id; — ed)), (—iaj - eAj)] =
sl—jk[ni,nj]q) = &k ((—iai — eAL-)(—iaj — eAj) - (—iaj - eAj)(—iai — eA,-)) o =

e[ |0 = e (—0:07 + €D A; + ieA;0; + E¥AA; + 8,07 — ied;A; — ieA;0; — e%AA; ) =
suk[nl,nj Q= iesijk(aiAj - A}-Bi)qo + ie sijk(A-a- - ain) Q= ies,-jk(aiAj - Ajai)qo + iesjik(Ajai — aiA]-)(p =

e[| = 2iee; i (0,4; — A;0,) = 2iee;;,(0,(A;0) — A;0,9) = 2iegy, ((aiAj)q; + M) =
(5)
”k[T[l,T[ = Zlesuk(a A; )(p = s”k[nl,n ] = Zzesuk(a A; ) =

(61?2 =mm; + —wkZLeei]-k(a-A-) = (6?2 =72 — &, (0,4))opele; 1 (0:4;) = By =

|
]
sl—jk[nl, j]qo iesijk(aiAj —A}-Bi)qo Lesuk(A 6 0;4; )(p les,-jk(aiAj - A]-a,-)qo + ies,-jk(aiA]- —Ajai)(p =
|
le

(:4312—‘1) (ﬁ((ﬁ—eﬁ)z —e&-§) +eA°)(p =

(G- @B)?2=72—ed B = (p—eff) —e3 B

a > R ) )
la_f = (%(p - eA) +eA® — ﬁa . B)(p ... (6) ... Pauli Equation (2)

Potential for

Claim: ‘A = %E X X is the vector potential for B= const.‘... (7) Proof:

T i T e T o N1 1
B=VxA|A=_Bxi=B=_Vx(Bx%)= B =&;0;(Bx%), =¢d;(eumBiXm) = €ijxeimBi0jXm =

const. field g ;euksklmBl i = = (808m — Sun1)Bi6im = = (88jmm — Sun18jm)By = = (88} — SumB)BL =
B; = ;(51'13 — 6B =3 ~26,B,— B, = B;m

(B —ed) o= (5 —2B x 9?)2 p= (ﬁ - 2B x f)i (ﬁ —2B x i)iqz = (ﬁi ~&ijB; Xk) (ﬁ el,mlem)q) =

(5 - EI‘Y)Z(P = pibip — gﬁigiszzxm(P - gfijkBjxkﬁqu +0(B%) ‘P| B; = const K 1=

(5 - EI‘Y)Z(P = Pipip — ggiszzﬁixm(P - gfijkBjxkﬁqu =
(5 — ej)z (5 - EI‘Y)Z(P = D0 — ggiszz DX + XmD)o — %SijkBjxkﬁi(p| DiXm = —0iXpm = —8ipy =
L%ca‘)lrliitslrc‘it (5 - EI‘Y):(P = Pipip — ggilmBl(_é‘im + XpP) @ — %gijkBjxkﬁi(p =

(5 = E‘A) © = pipip + ggizm5imBz<P - %gilmlemﬁi(p - %SijkBjxkﬁi(p| EitmOim = 0=

(P - E‘A) © = @b — zgilmlemﬁi - ggijkBjxkﬁi)qJ = (ﬁiﬁi - ggilmlemﬁi - Sgilmlemﬁi) @ = (PiP; — ecymBixmP@

joLkom

(5 - e/f)z ~p2—e(xpP)-B=p*—eL-B ‘ (8) with angular momentum L = % X 3

(8)in (6):>ii—‘f~ (i(ﬁz —ez-ﬁ) +eA°—i* B)q) (iﬁz —iz-§+eA°—i&-§)cp
Pl 12 (Lt et LB +6B))g[S el =i =25 =12 (L v e’ - L (T B+ 25 B))o =

ii—‘f ~ (iﬁz +eA® — i(Z + 2§) §) 0= ‘Hpau“- ~ - ﬁz +eA — uB(Z + 2§) . 5‘ . (9) with pg = i Bohr magneton
leyrom.ratio (9) = g = [magnetic moment}ispin] _ 2 gyromagnetic ratio

B

relativistic
spin-depen-

dent interact.

(ig — e + Im?) acting on (2) = - =

((ia —ef)’ - Ilmz) Y= ((ia —eA)? —m? — gaWF,W) Y= O‘With ot & Lyt y and oW E,,) = (id - E - 5 B)
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3.4 Foldy-W

outhuysen Transformation

Aim

Systematically decoupling of large and small components of a Dirac spinor by (block)-diagonalizing the Hamiltonian

Ansatz

. . ~ (D . —~ .
Y =eSY o W= Y (1) insert into Schrédinger-like equation i, ¥ = HY = id,(e™5¥') = H(e™SY') =
(0,67 +ie™59, W = H(e W) e - = (3, )V’ + ie 59,V = H(e™8Y¥') =
e (1(2,e7)) W' + 0¥ = eSH(e™SW") = i0,¥' = eSA(e W) — e (i(d,e™) ) ¥’ =
0, = o5 (A(e™) — i(9,e™)) W' = ‘ﬁ' = ¢ (A(e™) — i(3,e7™)) ‘ (2

Isimilar problm

Y i
Diagonalization of H = ¢,,B, + 0, B, achieved by rotation around y by €29 with © = arctan (%)

3.4.1FreeD

irac Equation

Hamiltonian H=a&-p + Bm |Ansatz: elS = exp (_ %G)(p)) =exp (yl |@(p)) .(3)
— 2 i Jj
() = y;};:’ —— (yYV'pw)) = == Gr'YIpip +57'Vpip) = 5 Gr'pm + 3y Y e | ppe = pipy =
ioj
S2
YP) = J Jj — j Jj .
(g)z -1 (lﬁl)z = pkpk( v ]/ Dibj + P and plp}) - 2(}/ v +vly )pr]
b Y\ ~ j v i il = —§..
(ﬁ) —mkz[y 14 ]+pp,| 'yl =g1= Iy Y] = 61 =
. S~
PP) o _pipi 7B\ _ _
( 11 ) PkPk o OulPiPs = Pkpk]l = (lﬁl) 1@
lexpansion 4 :> ... series ... = ™S = cos(0) + Sm(G)) =cos(@) + B TpT
L= = ) _ L 2 _is @
Assumption: H and H' not time-dependent :> H = e‘sHe = els (a D+ é’m) e =
o = (cos(@) + ﬁ—sm(@)) (ﬁ b+ ﬁm) (COS(G)) ﬁ )| Baa = —apa, pap = —ppa =
. 2 N
g =(a- — .3 —BaX —(a-3 —_28a2
H' = (a p +/=3m) (cos((':)) E ’i m((':))) (a p +£m) exp( ﬁalﬁl (':)) =\a-p+ ﬁm) exp( 2pa Iﬁle) =
0 = (07 P+ /_Bm) (COS(ZG)) B z sm(Z(':)))
) 2
=, S 15 22 2
Condition for ' = (@ p) cos(20) — BB (% (@ - F) sin(26) + fm cos(26) — B( sm(ZG)‘ BE=1,(a p) =-p*=
diagonalizing | N
O H' =d-pcos(20) — 7 (G- B)sin(20) + Bm cos(20) + ﬂ—sin(ZG)) =
—~ 5 2 Dirac representation
H =a-p (cos(ZG)) - —sm(Z(':))) +pB (m cos(20) + —sm(ZG))) (6) —/——
q = ( ) cos(20) — Sm(Z(E))) ( «]]1)) (m cos(20) + sm(2(':)))|want to get rid of off-diagonal terms
! _m . . _ Esm(Z@) m Iil
cos(20) — ﬁsm(ZG) =0= cos(Z(':)) = |ﬁ|51n(2®)| ccos(20) => 1= 17 205(20) Imtan(Z(E)) = |tan(20) =
sin20) _ 15l _1B1E _ BE _ [ oSl _n
i08) —m = B = mE :‘sm(Z@) = cos(20) = E‘ (7
= L2 . po. @)
(6)=H =a-p (cos(Z@) — %lsm(ZO)) +B (m cos(20) + %sm(Z@)) =
Diagonalized 2 22ia 20, irac repres. i
P 151 o Py = 1 0] = Dirac representation
Hamiltonian H =£(m?+|p’7|%)=£m;-p EZ:pZ+mZ:>H =£E=£,/p2+m2=(® _ﬂ),/pz-}mZ:}
I’_ir
_ 1 p? 2 0
q :< P2 +m >
0 —1/p?% + m?
Iroa:—c:c:iall W (x) = (x|¥') = (x|eSW) = (x[e®1¥) = [(x|e’S|x')}x'|¥)dx' = I‘P’(x) = [(x|e®|x ) P(x") dx’l non-local Trafo
Mean The usual £ operator changes its meaning when applied to W' and then transformed back, it becomes a “mean operator”
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3.4.2 Interacting Dirac Equation

Ansatz (3b) from33=H = ﬁm +a- (5 - e/i') +eA%1 = [_3m + €+ 0 O..off-diagonal (“odd”) terms, € ... “even” terms

Free case @(p) 1 1Bl ~ ﬂ

(3.4.1) iS = /S’Of,ee I I /=3’ I I arctan(m)for K1=0 =iS= ﬁOfreez

[ansatz W' = eBSY with oS = emf0 = [’ = pm+ € + 0 with0'~0 (i> =

n . = m

interacting o 1, _ 1 corr 1 _ 1

case e = e = A" = fm+ €+ 0" with 0"~ 0 () = & = ez = A" = pm + € + 0"with 0"~ 0 ) .

ijrr — " 1
A" =pm+€" +0(=5)
a =g(m+i(ﬁ-e,5)z ~ L) tep—Sp(G-B) +(-iz56- (VX E) - 55 (Exp)) -5 (V-E) +0()
= 2m 8m3 2m= 8m?2 4m? 8m? m3
(4 (B) ©
. . B* . 2 ~ p_pr
(A)... Pauli equation plus‘ 3| COMINg fromE =m2+p2~m +2 p gm? + -

Result (B)... ‘Spin — orbit interactions g * mv = —#Er’- (E X ﬁ) ~ —%i& : (E X 1‘7’)‘with E X ¥ being the magnetic field as
seen from the particle moving with velocity ¥ through the electric field E =Thomas procession. In a static, spherical
symmetric potential the V x E term vanishes, and in the second term E can be written as E = —V(j) = E g =
‘spin — orbit — term (B) = 41:2T o (L a) with L =

(C)... Darwin term due to particle fluctuations (“zitterbewegung”) (§x) = 0, ((6%)?) > 0

3.5 Hydroge
3.5.1 Spinor

n-like Atoms
Harmonics

q]z[o?-ﬁ+£m,9?xﬁ]:[&-ﬁ,ixﬁ]+M=&

: [ﬁ:f X (_ﬁ)] 2q [ﬁi,fjklxlﬁl]

[ﬁo'f] +0 [Ao.z]j ¢ = ;&0 (DixXiDy — X D)@ = ;i1 (B (i Pr ) — X013 0) = aigjkl((ﬁixk)ﬁl¢ + XM)
[Ao.z]j = aifjkz(_iaixk)ﬁz = —i; 0y = [ﬁo,i]j = —igarp, = —i(lf X 5)] Y]
o [1?10'51 = [d-5+/=3m,§z]i = |op; + Bm 3| = |y + Bmg ealyy'l| = [“/ﬁj +Bm, 5 g [/j“kﬁaz” ==
[H0!§] #0 2 S - — 2
[HO,§]L_ = i = +i(@ x ) |..(2) :‘[HO,E] =2[, 8] = ..(2b)
~ PO @)
[Ho,ﬂ =0 [HO,]] [HO,L +.STI [HO, ] [Ho,g] e i(ax p) +i(d x p) = Ho,ﬂ 0|...(3) A, comm w. tot. ang momentum ]
[f f(r)] = 0|because ¥ lives in spinor-space and f(r) in physical space
[L f(r)] x X p, f(r)] Q= (x X p pf(r) — f(r) % x p) @ = €D (F(r) @) — £(r) &y x; D@ |Pre = —10y
[L, f(T)]i @ = —iggx; 0, (60) @) + gy £(0r) %00 = —ieyuex; (0 £(r)) @ — ieguex; £(r) B + iy £(r) ;0 .. (4)
o GO =00 = 1) 0fr = () 0 = £'(r) 5 (o) 20 (e ) = f'(r)l%c((akxm)xm + X OiXom )
spherica (4)
symmetric 0, f(r) =f' (r)—J:(5kmxm + % Opm) = /(1) 2\/;(xk +x,) =f'(r )1 Gl =f'(r )i;kl
potential [Z f(r)] = —ig;x; £/ (r) X W —i&; f (r)—x-x =
A(r) = AA) = T TR 8 Uk RTI X0 = T Eugk TR 5%
[ﬁ,]_] = (0) asym symm

ol

...(5) :for‘ﬁ = d-5+ﬁm+eA°(r)]1‘:> [ﬁ,ﬂ = [&-5+/=3m+eA°(r)]1,ﬂ = [ﬁ0+eA°(r)ﬂ,j]

—

[Z + §, eA’(r) ]1] e

i f [EZ‘ eAO(r)]l] = 0 because X lives in spinor space and A°(r) in physical space =

ﬁf] (7] + e 00 1.]) == [f.e 2°0)] = [Lewei] - [S.enmi] =
[
|

[17,]] = 0 in spherical symmetrical potential A°(r)|
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Spin-Orbit Operator

=
N

[
Dy
N—

a.p)=la+s 25,8 = (@-P)p - p(@-5) = (ag) -5 -
(6

AN
I
I
|
=
AN

—_ —
3
1

E,E]:—E(& 3) - s B) =28 ). n2
7,65 J] = —2p(a-3) (5-7) + pIA.Z) T2 A, 65 1] = 28 (~(a - 5) (E-]) + i@ x $) -J) . ®

1

a- 5)@] = (stﬁ)(ff) = Ysziﬁizj/j = Yszizjﬁdj = VS G [ZiijL +%[Zir2j])ﬁdj =

Spin—OrbitA (d’ . 5) (ff) =] ys(di}- + isiijk)ﬁi]j = ys(ﬁi]i + isijkEkﬁL]j) = ys(ﬁ-f+ l(f . 5) -f)|& =953 =
Operator K S AT S S AT = AN LT 2 28
perator a-p)(Z-]_):ysp-]+z(a><p)-]:—(a-p)(l-f)+z(a><p)-]:—ysp-]:8>

H,p%-] =—zgysﬁ-f|f=2+§=£x§+%i’:>[ﬁ,giﬂ=—zgys(ﬁ-(fx5)+§5-§)...(9)

2 (LR~ A . . A 2 (o2 ®)

p- (x X P)(P = 5ijkpi(xjpk€0) = Eijk (Pixj)Pk(P + & X PPk P = 0=7p- (X X P) =0=

asym sym asym  sym

~ 2 3 2 =2 = N ~ 2 7 > L —~ ~ 2 7 —~

(.55 ] = ~py6 3]0 = @ = [A.p5-]) = —p5-@ = }[A.p] = [A.p5-]] -3[A.6] = 0

AgSJ-p5-JA—1Rg+3pA =0 = AR(E-/=3)-p(E]-) A =0= [F.4 (5| = [7.K] = 0]

R:E(i-f—%) f:Z+§:Z+§§:>I?=[=¥(§ (Z+%§)—%)=/=?(§ Z+§§ §—§)|2 F=3=

PP 2 7 ,3,1, 70 7 2 7,1l 2,1, 72 7 2 P,1lx 2,1, 70 7
ternatve  |K =BCE-L+1) =£(2-L+Z+Z+LZ—L2)=£(22-L+ZE-):+Z+LZ—L2)= BE-L+35-3+31+12-12) =
forms of K 1?:£<(ZZ+Z f+§fﬁ)_22+1):£((2+§§) —ZZ+1)=£((L+S) ~P+Y = R=p(7-12+))

= 2 2 1 1 0 g 0\ > 1 = k 0)

R=sE7-9- DG 2)7-3)=[F-G D

In spherical symmetrical potential: | [ﬁ, I?] =0; [A,ﬂ =0 [ﬁ,fz] =0= [ﬁ,]z] = 0|construct eigenstates with fz,]z,l/(\
Eigenvalues Eigenvalues|/,:m, J2: j( +1), L% 11+ 1), S: ii
of J2,1,, K

I — - N . ~ j43 forj=1+2
R=g(2 -1+ =[k=G+D l(l+1)+4”;—z+s_l+2:>k_{_(H;) forj = -

Eigenspinors

(“spinor harmonics”) characterized by j, m, sign(k) and are 1 0
+=(o) x=()

and the spherical harmonics Y}, (9,
linear combination of products of the eigenvectors of g, 1 P l’lz( 2

//l+m+1y _1(19,<p)\| /l—m+1Y _1(19.<p)\
1 2 Lm—3 . 1 1 2 Lm—3
..for]:l+5

Normalized ) = - = =1 — 1
ormalize Pim ®,p) — - . Pim ®, ) Were=i - .. for j=1 p
[sPinor ,l—m+—Ylm+3(19,(p) - ,l+m+—Ylm+3(19,(p)
harmonics S 2.
For a given value of j, the spinor harmonics with different sign of k have opposite parity (I differs by 1) %Lp%rn) = (pg:’n)
Spherical e Jaemr o img Associated Legendre ™ T altm .
Harmonics: Vim0, ) = NER (l+m)!Pl (cosd)e polynomials: RO =2 (-2 gm0 = 1)
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3.5.2 Separation of Variables

Solve i X =AW forH= a- 5 + Bm +eA%’(r)1..(1) [Separation 1 (18 ¢ (D, 9) with k = sign(k)

Problem ot Nk == 2) ) e
of f=diag diag diag ansatz: r f(r)q) <9, p) (eigenvalue of K)
(D) L 2 o [iglr) <p]m Dirac representation
v _ — — G P — _ —_—
—AY = EY =AY = (E1- A)¥ =0— (E]l @-p—pm—eA(r) 11) T( ) gt
1 0\_(0 ai)”_ 1 0\ o1 OV\1/i8M@m\ _
<E(@ 11) (ai 0)P ((u) —n)m el (r)((n) ]1) P\ ) or =0=
. i K
(ﬂE 0 ) _< 0 aiﬁl> _ (]lm 0 )- (]leA"(r) 0 ) P8O
0 1E agpt 0 0 —1Im 0 1e A%(r) %f(r) o
) i «
<11(E —m—eA°(r)) —o;p* > ;g(r) Pjm | _ 0—
—a;p’ 1(E +m—eA%(r)) %f(r) Oim

(E —m— e A°(r) +8(r) @y, — >0y (1) <p,-;z =0| (E-m—eA°():g() @l — (6-5) 1) g =0 @

—Uiﬁlfg(r) O+ (E+m— eAO(r)) f(r) oim =0 (E+m-— eAO(r))%f(r) o —(a- p)—g(r) O =0

L2 5 2 :H:Z_x 5 2 (s 3Nl 2\ _ (2 3\(2 3\(= 3 X _ X

a-p=ﬂ(a-p)|(o ) =1, with x & i ;:a-p—(a-x) (U'p)—(O"X)(O"X)(O"p)b{—a -=

R SN R R

0-p=(0-x);(0-x)(0-p) w(®) (@-D)(a- p) ;X ,p]-—aia,-x,-pj|aa =6 ]1+l£ljk0'k:

(z_f . 55)(3 . 5) = (6” + ifijqu)xiﬁj = x]p] + lsijkakxipj = X . p + 13 - (J? X p)lx X p = L - .
Radial G-%)(6-p)=%-p+id-L|p = ~iv= (G- 2)(G-P)f(r) = (=ix -V +i6- L) f(r) = —ix - V() +i5 - L(r)
Equations  (G-%)(¢-p) =

(6-32')(0-p)f(r)— —zr—f(r)+m Lf(r)|—(rf(r))— (— )f(r)+r—f(r):r—f(r)——(rf(r))_(_ )f(r):,
(5-32')(0-p)f(r)=—;( (rfr) - ( )f(T))+m Lf(r)|—r—1:~
(ﬁ-f)(a-p)f(r)——z—(rf(r))+1f(r)+w Lf(r)——z(ar—l—z? i)f(r)zl(ir—(1+&-f)):

(ﬁ-f)(a-A)=—<—r—(1+a-L)):>(a D) =@ Di(2r-(1+61))=( 3 1(r-g)2
(E—m—e () g(r) o — (¢ %) = (27 - )f(r)qa,;z(ﬁ 9)=0

(E +m—eA(r)2£(r) o — (6 x);(;r —R)18() 9 (9,0) = o}
(E—m—eAO(r))Tig(r)tp}'-‘m—(a %) Pim ( r+k)@ 0 o

r ® _
ig(r (P (P =
(E+m—eA°(r))lf(r)(p-‘"—(&-x)—(p}-m(% —k)¥=0 (- ) o

(E-m—eA'(r))=- g(r)(p%——(p/( r+k)f(—r) 0 (E—m—eAO(r))ég(r)+£(% é)f(r)=0|-1
B
(E+m—eA)2 ) oz — 2ot (2r—k)E2=0)  (E+m—eA ()2 ) -2 (= -5)g(r) =0

><

7

Ko = kojm =

3 o~
——
l

r

ar
(E-m—-eA)glr) + (5 ;) fr)=0

. (5 dial ti
(E+m—en®) ) - (= -£)gr) =0 (5)  radial equations
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3.5.3 Exact Solutions for the Coulomb Potential

k a f
e & (E=m+Z0)gm) + (2 +5) ) =0 (E-m)g(r) + 22 =0...(6a)
Coulomb Potential: A° = - A r— o= ag(r)
(E+m+?) f(r)—(;—:)g(r)z o (E+m) f(r) — =0..(6b)
Asymptotic _ _ _oftm) 1 9f(m) g _ 1 8% (6b 1 92 f(r)
AP (60) = (E—m)g(r) = — 732 = g(r) = ;1 20 = 280 = — LTI (E 4+ m) £(r) + 250 = =0[(E-m)
> o (E +m)(E m) () + 52 = 0= 20 = —(E+m)(E -m) () = D = (m+ E)m - E) f(r)
2 haracteristic pol l
aa—i(;) (m? — EY)f(r) w P=m?-E’= 1= i\/mz — E2 with ansatz f(r) = de? =
f(r » ) = AeTVM*~E*r| _(7) for E < M: damped solution, normalizable.
Generalized f(;) = /1 —Ze™(F, —F,)(p) . (8a) g(r) = 1+ Ze ™ (Fy — F,)(p) ... (8b) with 1 & Vm? —E2,p  2r ... (8¢)
power series
(5) 2
|ansatz: Power series: Fy , = p”(aL2 + by ,p + 1207 + ) ..(8d) = ..=y=Vvk*—Z%a?..(8e) witha = z—n (fine struct. const)
Degenerate hypergeometric functions F(a, b; p) = Ymeg EZ?"Z—?
with (@), = ala+1D(@+2)..(a+n—-1) = F(“") (pochhammer symbol) (a), < o ||fm
Solutions — ZaE ZaE YA-ZaE
P Fi(p) = AF(y +1-5F 2y + 15p).. 00 p7E) =BF(y =~ 2y + 1;p) .. (90) 5= F2e" . (96)
Radial quantum number: n, = — (y - %) ..(9d)
If n, = 0, condition a < 0 (first parameter of F) is fulfilled in (9b), but notin (9a) =>n,=0=A4=0
(9d) 2,252 (8e) 2,252 (8¢) 22502
nr=0=>0=y—%=>y=ZT:>y2 %:%kz—Zzaz:%:cxkz—Zzaz =fn;1§2
n,. =0 2,252 2,2(m2_F2 2,252 2,52 2 (8¢c) 2 -
" K2 =LCEy grgr = PPN _ a2 WA g2 TS = 72027 = K(n, = 0) = +Za D
If we insert this into (9¢), we see that the that the denominator gets zero. = k(n, =0) = +Zocm
9d) = n, = (y—@)— y+@=>y+nr ZeE (y+nr)l ZaE = (y +n,)2 % = Z%a 2p2 &9
2 @2y — 72,252 _2_20‘2 2 2 _ 2(_Z°a _
v+ 1) (m? — E?) = 2%a?E2 = m? — B2 = 2 e )ZE +E =m2=E ((y+nr)2+1)_m =
2a? \73 1 1 (10)
E = % = m(l +m) ...(10) main quantum number‘n “n.+|kl=n.+j +3 LA =n.=n—j—=
(y+np)?
_1 _1
22 2 (8e) 2,2 2 2
E=m(1+—"0 ) SE=m(1+——i ) [K=(+!) =
(n—(j+5)+y) (n-(,-+5)+m) 2
1
2
_ Z2a? _ _ Z%a*?  z%a* 3Z 6
E=E,j=m|1+ — ———— =m(1 EY n3(2j+1)+ P +O(a))
("‘(1+5)+ (143) -2 “) Balmer  ficnucture
spectrum
Energies
E [=0 =1 =2
A
3p3;2
n=3 3s
1z 3p1y2
n=2 5 2P3/2 t fine structure
Sig
/ 2pys,
n=1 151/2
A >
L
n(l);
. . Because y = Vk2 — Z2a?, y becomes imaginary for Z = 137 = the wave function develops a n essential singularity at r=0
Singularities .1 . . . . - .
ForZ « 137and k| =1,j = ;the wave function has a square integrable singularity at the origin. Only noticeable for < 1
Caused by the coupling of the magnetic moment of the nucleus to the total angular momentum of the electron
Hyperfine 1 (mza\3 S s ) )
kstructure (Hpp) « G, * 3, |W(0)| with W, ;-,(0) = ( - ) = 3, - G, = +1 (triplett state) and —3 (singlet state)
Only s-states are affected, because ¥, ;5,(0) = 0
- Nuclear effects
Other effects - two-body corrections: reduced mass m™! = m;* + m;l plus relativistic effects (recoil of nucleus)
- radiative corrections (excited states are unstable, get a finite width due the possibility of the emission of photons)
Shift between nsl/Z and npy, states cannot be described with Dirac equation
Lamb Shift i 2 0 Z*aSm
Estimate: AE;qpp = - V2A%((8x)?) x =———for Z = 1,N = 2 ~ 500 MHz (measured 1058 MHz)
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4 Towards Many Body Theory
4.1 Hole Theory

Limits of
Dirac Equation

Dirac equation is a one-particle wave theory. It describes the magnetic moment of the electron to some extent, and describes
fine-structure of the Hydrogen atom. Problems: Klein’s paradox, instability in the lowest energy eigenstates in the Coulomb
potential. So far we ignored the negative energy solutions.

If we accept negative energy solutions, then there is no lowest energy level. Dirac proposes: All negative energies are already

’S\loeli.tiEonnirgy occupied by electrons (the “Dirac sea”). Also, by “lifting up” an electron with negative energy to positive energy level by
inserting energy, | have created both an electron and a hole. The hole can be identified with the positron.
One electron at positive energy would slightly “push away” the electrons in the “Dirac sea”. Hence, the electron polarizes the
\acuum Dirac sea. A electron is therefore surrounded by a cloud of positive charge. The positive charges screen the electron on larger
polarizability distances. At very small distances the charge of the electron becomes stronger. This is what happens. At low energy a = é

Atm,, = 80GeV (~107*fm) @ ~ —

Problems with

Why is the Dirac sea filled with electrons and not, e.g., with positrons? Also, it relies on the Pauli principle, and therefore only
works for fermions. But we also have the Klein-Gordon-Equation there one could have scalar particles, but for Bosonic

Hole Theory particles the Pauli principle would not hold, and the explanation breaks down. The Hole theory is a historic artifact.
4.2 Charge Conjugation
electrons Dirac equation for e™: (i¢ —ef— ]1m)‘~P =0= (iy"@u —eytA, — m]l)LP =0= y”(iau —eA, — m]l)‘l-’ =0..(1a)

and positrons

Dirac equation for e*: (iﬁ +ef— ]lm)LPC =0= (iy“au +eytA, — m]l)‘{’c =0= y”(iau +eA, — m]l)‘l’” =0..(1b)

Charge
conjugation

(1a) = (if — ef — ml)® = 0 = (iy#3, — ey*4, —m1)¥ = 0| = wH(=i(y*)t 8, —mi) = 0 =

wH (M (-i0, — ed,) —ml) = 0|(y")T = yOy#y°, 1 = y%y* = WH(yOyHy°(-i9, —ed,) —my’y°) =0 =
Wiyo(y#(—i7a, —ed,) —m)x° = 0|¥Ty° =¥ = P(y#(-i“g, —ed,) —m) = O|T =

(™7 (—i0, — ed,) — m)@T =0= ((-y"7(i9, — e4,) — m)]l?T = 0| introducing¢ = "' =1=
((-y")"(-i0, — eA,) —m)CHCF = 0|C - = C((—yM)(i0, — ed,) —m)C (¥ =0 =

(f(—y”)T(iau - eA#)CA"1 - C’mé‘l)fwT =0= (C’(—y“)Té‘l(iau —ed,) - (A}fl‘lm)(fmT = O|compare with(1b) =

[ve = c¥'].. o) . (2b)

-1 Kk
G iy2y0 = 1 e.g. spin down spinor with negative energy e+m
dirac = W7V = -1 and momentum in negative x-direction... W = eift=ikx| 0
1 0
1
_1 1 efm
Dirac ¢ — FUT = F(WHyOT = AT (WHT = (0w — 1 1 0 | -iBt+ikx
represent- Ye=C¥ =C¥YyD)"'=CHO"¥N" =Cc(y)Y = 1 1 0 e =
tation 1 -1 1
-1 k 1
we — 1 EBm eiEt+ike e — 0 ...becomes a spin up spinor with positive energy
-1 0 2 and momentum in positive x-direction
1 -1 orm
A—T
Charge conjugation can be viewed as a symmetry of the Dirac equation by combining ¥ —» W€ = C¥ VA~ AZ =-4,
1 1
échi'ral = i}’ZVO = -1 let ¥ = ((P) =Y = é(Vo)Tq’* = -1 ( ]l) (gi)
; -1 0 -1 /\1 0
Chiral
1 1
represent- i o )
tation 1 ( 0 ) (O) 3 - . ..particle becomes anti-particle with opposite

Yo = B = * = ( . *) = ( 0 chirality. € is not a symmetry of chiral particles.
-1 91 —¢2 —ioyp ¢ AD )
1 @’ But CP is a symmetry of the Weyl eq. again.
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5 Quantum

Field Theory

5.1 Canonical Quantization

Action: =] 2 L(q'(t), 4' (D)) dt ‘Variation: qi(®) » q(6) + 89t
_ rt2 _ rt2
ol = fl ( qi(t) 8¢'(6) + 6q‘(t) 6q' (t)) dt = ftl (6q‘(t) 'O+ aq‘(t) dt 6q (t)) de...(1)
_ _ (bt d oL i
- (6q‘(t) q'(t )a+ 6q‘(t) 6q' (t)) dt = fl ( qi(e) 8¢'(®) + 5 (6q‘(t) 8q'(e )) (dt aqi(t)) 5ql(t)) dt
d L
Euler- fl ( l(t) ar aqi<c>) 8q¢'(eydt + f (6q‘(t) oq' (t)) dt
Lagrange t, A
Equations ftl ( qi®)  dt aqi(t)) ¢'(nde + ‘(t) 8q'(t )|
d oL
= 17 Gog — Soavin) S0 @ dt + 55 (6q () - 84e)| 54(6) — 5¢/(e) = 0
a ] F]
8l = fttlz (aqilzt) - %aqilzt)) 4" (t) dt=0= aql(t) :t aqilzt) =0[..(1
Conjugate oL, . [Hamil- i . Canonical pi(t) = P;(t) |[Commutatori[ ; o e
momentum 3q‘(q'q) tonian Hp. ) = pig" -~ L(q.4(. 0) quantization iq(t) — §'(t) |relations [q (t),p](t)] = ihg;

5.2 Quantization of the Free Complex Scalar Field (Klein Gordon Equation)

Concept Instead of discrete coordinates the field has values at any point in space ¢(t, X¥) £ ¢;(t) withi = (9?, (Re,Im)) continuous
for the Klein-Gordon equation ([ ]+ m?)p =0
Action . N N N S . o "
1= [ £p,09) xat]... (2) with|£ = (3,9°)(2 ) —m*¢"p = (3y9") (o) — Vo -\7<p -mlpg|..(3)
oL _gu_9E__ a D h2er a® .
» o™ e 0{...(4) analogous to (1)'aq) =—m?¢p*..(5a) 0 = a(a#(p) ( 1) )...(Sb)
uler (4)
Lagrange (5a), (5a) é -m2p* — 6”(6,1(/)*) = 0|aﬂa# & [ = [([J + m?)e* = 0]..Klein-Gordon equation for complex conjugate ¢*
- . ) 9L o, L _
To get the original Klein-Gordon equation we need to start with PP a Foig)
Conjugate > L Hamil- N N
t, =—-70..(6 = 3y = _ 3y .
momentum m(t, %) 380 ¢(t%)) (6) tonian H=[H(m,¢)d’x = [(dop + 1" 0" — L(p,09)) d*x ... (7)
(6)11 =0p¢"
3)= _0 - } (8):L—1T1T—V(p Vo) —m?e o|=
Hamiltonian T =0op = ¢ | ( )( )= |
H= [(nn* +n'n — nn* + Vo' - Vo + m?@*p) d3x :>|H = [(n*m + Vo' - Vo +m2<p*<p)d3x|...(9)
Canonical © -, @ —>q”7’f Fields become (Commutator [~ == v — T o At o — A 837 o
quantization 7 — #, 1 — at operators! |relations [@(t, %), 7, N] = [@T(t, %),/ (t, )] = ih 63 (X J/)|---(10)
~ o\ FT 1 ~ e
(¢, %) = (zn)gfelkx a(t, k) &k @t X) G )3felkx #(tk) &k insertinto (9) and use that
10 Z e AR (LR d g6 R) = s [ ® G (LK) k' [ e W dix = 8 (K ~ k) =

(2m)3 (2 )3

I i LTS ; N N
Hamlltomatn H = (7@ (k) a(t, k) + (=ik) " (t, k) ik o(t, k) + m? ¢*(t, k) o(t, k)) d*k =
in momentum 1 il TN e TN L T2 e T - il T -
ipace = @ @ (t.k) n(t k) +k?o*(t, k) (t,k) + m? @*(t,k) o(t, k)) d*k =
W [ R + @ +m2)|o(e k) dk =
(2n)3 (|n(t k)| + (uk|q0(t k)| )d3k with w? & k2 +m?|...(11) infinite number of harmonic oscillators
creation | 1 n o |anihilationi, [me 1 » a |position h Momentum 1 [wme
. P e L P e T P = |2 (a4 4T H== |% s _ 5t
Harmonic operator a \I 2h V24 mwdx |operator: a NED +ﬁ mw dx |operator * \’me (@+ah operator: P=il 2 (@-ah
oscillator 1D T
commutators: [a, atl =1, [a,a] =[a%,at] = 0, [%,p] = ik |Hamiltonian: A = hw(aat + a'a) = how (&*d + E)
Expressing In our case we have a field and one harmonic oscillator at each spacetime point. We can write the fields as linear combination
fields with of creation and annihilation operators at every point in spacetime
ti d k% + —ik% 3 t —_1 k% at —ik-® 3
[feationand g(0,%) = (ms e L (a(k) e®% + bt (K) e ! )dk ... (12a) p*(0, %) = (W e L (b(k) e + at (k) e %) d%k ...(12b)
operators  m(0,%) = —1 (Zn)s J (B(k)e™* —at(k) e %) d3k ... (12¢) 7(0,%) = =5 [ (a(K) ™% = BT(Ic) e=%%) a3k ... (12d)
2[1a(®), at@)] = [b(k),5"@)] = @n)*2w, 8°(k — §)|... (13)
Commutator = —~ —
Also with time dependency and four-vectors: = [b(k“) , b*(q“)] = (2m)%2w, 8%(k — q)|... (13b)
[ dk f( — 21 S(k“k — mz) 0(k%) d*k|... (14a) is obviously inherently Lorentz invariant
= 1 -
[dk = r )41211 8(kk, —m?) Ok d*k = )3f6(k0 k2 —m?) 0(k®) d*k = ek (kg — (k% + mZ))@(kO) d*k
Lorentz [ dk = — [[ 8(kZ — w?) 0(k°) dk, d3k| 8(f(ky)) = =——8(f(ky — root(f))) with f= k2 — w2, root(f) = +w, bec. O(kg)
invariance _ (2”)3 f(" )
[dk = (2n)3ff2_lq~,8(k0 — ) 0(k®) dkod3k|... (14b) = | [ dk = (2n)3fﬁd3k ...(14c¢) also Lorentz invariant

0(0,) = [ (a(R) ™ + B7(F) e"*7) dF| .. (150) |97(0,) = [ (B(R) e’ + a*(K) =) dk] ... 15)
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Vacuum Sta

te and Particle Creation

Vacuum state

|0 is the vacuum state, if Yk*: @(k*) |0) = b(k*) |0) = 0 and (0]0) = 1

Hamiltonian

=2 wk(QT(k) a(k) +a(k) a’(k) + bt(k) b(k) + b(k) b (k) dlE‘ (0]H|0) > o0 because &t (k) [0) > 0

Normal ord A

H-:H:= (0|H|0) fwk(ﬁT(k) a(k) + bt(k) B(k)) dk with : ... normal ordering, places all annihil. op’s to the right

at(k) |0) and bt (k) each create a particular particle with momentum k and energy wy. ‘ at(k)at(k’) |0) creates 2 particles.

Particle
creation Because we started from the Klein-Gordon-Equation, we have Bose Statistics [aT(k),at (k)] = 0
Fock Space Union of all Hilbert sub-spaces with a given number of quanta n, and n,, (eigenspaces of the number operators N, and N,)

number oper.

N, = [at(k)a(k) dk ..(15a) N, = [bT(k)b(k) dk ... (15b) (a and b corresponding to particles and anti-particles)

Heisenberg picture: [a(k, £) = e a(k) e=*]..(16) [[A,a(k)] = —w, a(K)]...(17) = [ak, D) = a(k) e=“¥*]...(18)

time evolution

L\ (15a)
x)

o(t, = [ (Q(E, £) el ¥ 4 BT(E £) e‘iﬁ"z) dk a9 ot,x)=[ (ﬁ(k) e-ionteik ¥ 1 Bt (k) ei“’kte‘i%"z) dk
o(t,7) = f(a(k) emtont+ikE 4 B(k) eimkt—iﬁ-f) dk=f (ﬁ(k) e-i(ort=K%) 4 pt(k) ei(“’kf’i‘;'f)) dk

o(t,%) = ﬁ I 57 (8Ck) et =55) 4 BTG xR ) 80y — w3) k) ey’ =

p(t,%) = (2n)3 fm (a(k) eilort=R%) 4 Bt (k) eilwxt- ’”‘)) d3k| 8(ky — wy,) above meant we were picking k, = w, =
9(t,%) = G 5 (80k) e ot F5) 4 B (k) kot FA)) k| £ =y =

p(t,x) = szmk (a(k) ei(koxo=K-%) 4 () gilkoxo- ’”‘)) d3k| koxo — k%= kyxt =

0(t,%) = G [ o= (800 e + B1() ™) dk| s [ - dk = [k =

lo(t, %) = [(alk) e + bT (k) e™w") dk|...(190) [@T(t, %) = [(aT (k) e™w" + b(k) e~*w*") dk|... (19b)

5.2.1 Causality
Same time [p(t, %), (t,%)] = 0..two independent particles
[o(t,®), (', 2)] (e [f(ﬁ(k) etk 4 Bt (k) e“‘ux”) dl},f(ﬁ*(k') ekt 4 B(k)e‘ikitx”’) dk’ ] (1:33 =

with A ...

lo(t, %), @t (t',2)] = (e~ &) — ok (x=2)y gk = A(x# — x*")

pos.energy

homogeneous Green function to GK-eq.

neg.energy

letx —x' & z = [p(t, f),(pf(t’,)_c")] - f(e—ik.z _ eik-z) dk = f (e—i(kﬂzﬂﬂk'-i) _ ei(kﬂonE-Z)) dik =

Different
times

=2 12N — —i(k, ik-Z i(k ik-Z
[pt,®), ot 2] = f(z T 2m 8 (k*k, —m?) G)(ko)( i(kozo+ik2) _ gi(kozoti Z)) d*k
kZ—k2-m?
Y]

k - -
ifzg=t=0- [ptX),pt(t,¥)] = 0whenk - —k
ifZ=0andz, =t # 0 - [p(t,%),pT(t,%)] # 0 because of O(k°)
generally: [p(t, %), @ (t',%")] = 0 for all spatially separated regions (outside the light-cone particles are independent)=>
This preserves causality. This preservation of causality is only possible because of destructive interference between the
positive energy and negative energy terms in the integral!

5.2.2 Internal Symmetry

ia

Klein-Gordon Lagrangian (3) is invariant under global U(1) transformations |<p S g =e it @t ot = ei“<p*|... (20)

Invariance  igenerated by |Q = [ ¥, m, (¢, )Swa(tx) o dx = f(ﬂw ot HTW a=0) d3x|...(21)
through commutators [iQ &a, ¢,] = S%(tx) " Sa with @, = {9, o1}, @, = {m, 7t}
Q =i[A,Q] = 0.... Noether charge conserved
Letg, =@ = M| 3 (e‘iam(t.f))| —ie ot D) _, = —iptD)
Prge. Letpe =0 =] _ gt )| | = gl = it D]

=0
Q = [(—ingp + intep *)d3x—lf(n*qo*—nq0+)d3x|ﬂ—<p Tr*—qzzQ—lf(qo<p pte)d3x » 0 =

Q= f(a*a - b*b) dk = N, | ... (22) total charge difference between particles and anti-particles
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5.2.3 Time-Ordered Product and Feynman Propagator

charge (19a) = ¢(t,%) = f(ﬁ ..+ bt ) dk ... destroys a positive charge and/or creates a negative charge at X
transport (19h) = @t(t, %) = f(B ..+af ) dk ... destroys a negative charge and/or creates a positive charge at ¥
positive 2 < 20 = gt (xh) o () positive x0 < x® = o(x*) ot (x*)
charge . charge read from right to left

read from right to left -
transport - , |transport first destroys neg. charge at x*
S first destroy pos. charge at x* S o u
X' — X then create pos. charge at x# - X then create neg. charge at x
t' <t ’ t<t (which is equivalent)

time-ordered
product

To(x) et (x) ot — 1) p(x) @t (x) +0(t — t") o' (x) (x)]... (23)

(dw +m)T o) @) = (97 + m*)(Ot" = ) p(x) T (x) + Bt = ) 9T () p(x N[O — 1) =1 - B(t — )
w +mOHT o) @) = (97 + m*)((1 -0t~ ")) p(x) 9T () + 0t — t) ' (¥) p(x")

(w +mOHT () @t = (92 + m?)(p(x) 9T (x) — Ot = t) p(x) ' (x) + Bt — ) T (x) 9(x)

w +m)T o) @t () = (97 + m*)(0(x) ' () + 0t — t) (= p(x) 9T () + 9T () p(x"))

(e +m)T () 9T () = (95 + m?)(@(x) 9T (x) + 0t = ) [9T(x), 0 (x])

(w +m)T o) @t ) = (95 + m*)(p(x") 9T () + (95 + m*)(B(t — ¢) [T (x), ()]

v +m)HT () ¢'(x) = (92 + m*)(8(t — ) (pT () o (x") — 9 (x") 9T (x)))

Oxr +m)HT ) t(x) = 8, 0t — ) [T (x), p(x)]

(v +m)HT () @' (x) = =8t — t) [@T(x),0** p(x")]

O +m)T ) ot (x) = -8t — t) [pT (), 'l (x)]

e +mHTex) @t () = -8 —t)i8*EF - 1)

(e + mA)T @(x") @t (x) = —i 8*(x' — x)| ... (24a) with x, x" ... four-vectors

also, without proof: |T‘(p(x’) ot () = (0|T o(x) @™ () |0) + :(x) (p*(x):|

Feynman
Propagator
Gr(x —x")

manifestly
Lorentz
invariant

(0] (x") () |0y = (0] f(Alk) e™*" + BT (k) e™*") dk [(aT(q) €™ + b(q) e™@*") dG |0) =

(0] (x") @T(x) |0y = [[(0]a(k) aT(q) |0Ye ** eia%' gk dg ... (25)

(13b) = a(k) at(q) — a'(q) (k) = (21)*2w, 8*(k — §) = a(k) at(q) = (2m)*2w, 83(k — §) + at(q) a(k) &)
(0l p(x") @ () 10) = [[({0](2m)*2a, 8% (k — §) |0) + (0L AT(g)atkITO0))e " 4™ dk dg + (0] p(x") pT(x) |0) =

1

(01 9(x) 91 () [0) = (21)° [[ 20, 8% (k — §) (OtOYe " akdq| [ dg = [~ d*q =

2wy

019G 9" () 10) = Z25 [ 226 (k — ) e~k dg = (0] 9(x) 0! (1) 10) = [ e~ dE]... 26)

Gp(x —x") = — e~k (x'=x) gf

Feynman Propagator: ... (27a) with x, x" ... four-vectors

1 f 1
@2m)*Y k2-m2+ie

kz—m2+is=k§—zzmz+is|k§§wz:kz—m2+is=w2—(E2+m2)+is|Ez+mz:wi:

(26)
k2 —m? +ie = w? — wi +ie = (0 — () — i8))(w — (—w, — i8)) + 0(&2) =

e—io(t'-t) gk (&' %)

1 1 1 f
@2m)*Y (w-(wk—i8))(w—(-wk—id))

Gr(x —x") = —mf e~k g = —

dk|...(27b)

w2-w+ie

uplusn

Solve with contour integral and residual theorem:
ﬁ J (@) dw = Res(f(w)) = lim,,_,, f(w)
(for a pole of first order)

“minus”
N .1 , emiwp(t'-t) pik- (¥’ %) , elwp(t'-t) k(7' -%) 3| o
GF(X—X)——lmf(—e(t _t)T+e(t_t)T)dkk_)_k:

n o r_ 1 1
Gr(x —x)=i0(t' —1t) (2n)3f anp
) - . ~ (26)
Gr(x—x) =i0(t' —t) [e **dk +i0(t—¢t') [e**dk =
Grlx —x) = i8(t" — 1) (0] @(x") ¥ (x) [0) + 1 8(t — t') (0] 9T (x) (x") |0) = i{0|T @ (x") @ (x) |0)| .. (28)
Gy is the amplitude describing the propagation of a particle from x’ to x if t > t', or from x to x" if t' > t.
Positive frequencies propagate forward in time, negative frequencies propagate backwards in time.

e—ikx

d*k+ie(t’ —t)

elkx
J .
2wy 2wy
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5.3 Quantization of the free Dirac Field

for fermions

Lagrangian L= @(iﬂ - m)‘!—' leads to (iﬂ - m)‘{" = 0and @(i‘_ﬂ + m) = 0 when varied with respect to ¥ and ¥
oL E) - E) =
. = id — = ivH — -
Conjugate () = 35005 = serwa (P(ig —m)w) e (¥(iv#9, —m)¥) =5 e (x)) (iPy*a,¥ - mPY)
9 = i =, = .
momentum i, (x) = m(t‘l—'(yoao‘}’ +yi0¥) - mPY) = (Py° = ¥y’ = M - (29)
| (29) !
Problem We demand [¥, W] = 0 (i.e. ¥ and W to be independent) and also [¥, ry] z i[¥,¥t] = il % contradiction!
W, () = [ Yamr2(ba(k) ul® (k) e™®* + dl (k) vi® (k) e ) &kl . (30a) with dk & — )S—dk and ko = w,
Ansatz —
Vo(x) = [ Sae 12(bT () T® (k) e*ik* + d, (k) _(a)(k)e””‘ dk‘ .(30b) with dk & (2 s odk and ko = wy
~ ~ , kD — —), " ~ , k —),
lanti- EXORNG )], = @n)*=8% (k= k') 6 | (31a) [da(k),df (ke )], = (271)3;53(1( — k') 84p |- (31b) all other =0
commutators

[‘I—'a(t, %), Wp(t, 37)]+ = 8%(X — ¥) 84p/| .. (31c) Consequence: take at(1) a(2) ...a*(n) |0) .

(with 1...n standing for all possible indices like is it a b or d particle, is it spin up or down, momentum variable...)

. any swap = sign change

Hamiltonian

A= [(rog¥ +nt0,WT = £)d®x = - =[: A= [y Bam12(BE0) balk) +dE0) da(h)) dk|... (32)

Spin statistics
theorem

If we want to consistently quantize a relativistic field, we have to use Bose-Einstein statistics for integer spin fields and
Fermi-Dirac statistics for half-integer spin fields. The Pauli exclusion principle is a consequence of the theory to be consistent.

Janti-commut,
unequal times

[‘{Ja(x),‘{—'p(x’)]+ = (ip, + m)aﬁi A(x — x")|with i A(x — x) & [(e~(xx) _ gik(x-2)y gf
pos.energy neg.energy
Again, causality is preserved by vanishing anti-commutators for space-like separations

Time-ordered

TYENP(x) €Ot —t) P P(x) — 0(t —t) P(x) P(x') ... (33) ... different sign than scalar field

product
vacuum - — ) ) e +
lexpectation 0 w 0) & iSp(x — Y)aﬁ .. (34a) with |Sp(x — }’)a/} = (211:)4fe e (x=y) k2¥m72n+is d*k|...(34b)
value propagator Spl)=—"
~m+ie

5.4 Quantization of the free Electromagnetic Field

Lagrangian | L(4,04) = —%F;WF‘“’ .(35) with E,, = 9,4, — 9,4,
Conjugate _ oL i — uo 0 = F% = 0% Reason: Gauge freedom. The photon field has not 4 times as many
=———=—F% =FHK (36) o : . .
momentum 9(204,) quantization fails degrees as a scalar field, but only twice as many.
Gauge brea- . |Conjugate W R0 0 7.
king terms L-L 3 (0 - A)?|...(36) Result of L now depends on gauge choice. momentum %= F Ag*°(o A)l... (37)
) ~ o S . 5 o oL
Commutator :Equal time: [Au(t, x),m (¢, y)] = i8) 8*(¥ — ¥) ... (38) |Euler Lagrange: 0, (m) - H =0..(39)
Field equtns  i(36)in (38) = |DAM -(1-18,0-4= 0| ...(40) |[Feynman-gauge: } =1 @9 [, =0
Expansion A,(x) = fZLO(a(’D(k) s,(f)(k) et L aWi (k) s,(f)(k) ex) dl;‘ (A1) with kg = wy, = |k| and sg) ... polarization vectors|
1 0 0 0
; ©_|[0 w_|[1 @_|[0 ®_|[0
Choice of :ssgmlng . & T \o BT o) TH1 & =o only transversal is physical
=2 .= (k,0,0,k):
polarization 0 0 0 1
vectors scalar polarization  transversal polarization longitudinal polarization
Arbitrary D) £ P ' , |Same-time ~ - . S o
B it @ Lo — A2 v — ISV &3(2 _
direction of k, Y- 0 D) - Inv and (k) el )(k) =9 commutator [A“(t’x)'ﬂ (t,y)] 16,8 &-7)
. ~ ~ ~ A\ commutator rg . N a N 3 N N
Conjugate k= FW —1g"0(9-A) = —3°A* +9rA° — g*°(9,4") ——— [—Au(t,x),Av(t, y)] =6y 83 (X — )
momentum time deriv. spatial derivatives
[aP k), d(ll)f(k’)] = —g”12|z|(2n)3 83@ - E’) ..(42) only for g**' = g% we have a negative sign.
Commutator = =
[A“(x),Av(y)] = —ig,, Alx — y)l... (43) ... vanishes for spacelike separations. Causality preserved.
i = 0- (O} - (O 3
With 2 = 0: |1) = [ f(k) a@T (k) dk|0) = (Zn)3f f(k) a'"(k) d*k =
(43)
Problem with (1]1) = (z,,)e ff;xf (k) £k (0] @@ (k) a<°>+(k )|0)d3kd3k’ =
Fock Space N , ~ -, ,
any = (zmséwﬂf&zwf (k) k") ({0 @@t 0) — %02, (21 8%(K — k7)) d3kdk’ =
(1|11) = — [If(k")I? dk States generated by a(®t(k) can have a negative norm! %
Get rid of unphysical polarizations. Try 0 - A = 9, A* = 0 (Lorentz Gauge). But this is inconsistent with commutators.
Try (0|6MA”|0) = 0, but this is nonlinear. Actual solution to define a physical Hilbert space as a subspace of the unphysical
Solution

Fock space is: |6 . A(+)|‘P) =0 |¥)eXH, | ... (44) where (+) means that only the annihilation operator part (the positive
frequency part) of A is to be taken: |6 AW = —jfetihry, @D K)eW -k dl:tl ...(45)
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(44)
|W) = |W;)|@) with | W) generated by transverse creation operators, and |@) by scalar and longitudinal ones. =
9 AV W) = 0+ AD(Wp)|9)|0 - AP does not act on [W;) = [[a©(k) — a®(k)]I0) = 0]... (46)

V) € 3¢, The states must have the same number of scalar fields as longitudinal fields. =
Let |@,,) be a state with n scalar and longitudinal excitations. = N’ = [(&®* (k) a® (k) — @t (k) a@(k)) dk =
(0,|N'|0,) = n(8,10,) = 0
‘H: = f(a(l)f(k) a(l)(k) + a(z)’r(k) a<2>(k) + ﬁ“”(k) a® (k) — ﬁ("”(k) ﬁ(")(k)) ), dk
Hr Hg
H: (¥[H|w) _ (¥[Hr|¥) | (¥|As|¥)| (w[HY) _ (Pr|Ar|¥r)@lo) | (¥rl¥r)o|As|e)| _
W) () wlw) | |19) = 1wlo) = W) T (rlvnele) (wr|wr)(elo) <®|H5|®> 0
(¥[A[Y) _ {er|firer) i ~ .
TR (46) only expectation value of physical states remain
5.4 Casimir Effect

Principle

Two conducting, large plates in vacuum are positioned parallel to each other in a small distance a.
Between the two plates only certain wave modes are possible, whereas outside every mode is
possible. The plates experience a net force pushing them together. v

\wave factor

Between the plates: k, = % with . # 0. k,, k,, continuous. [For k, = 0 only one mode possible

Zero point
energy

E=Y-ho=-hcy|k| =>hc} [kKZ+k;=>hc) /kﬁ ) wnhk”_k;+k;

hc L? 7 2 nm)? 2 .
With boundary conditions: ’r" % @ |k||| + _% . Y1 + (7) d*k,, ... divergent
O polari—
zations

2
w/o boundary conditions: E, = —Cf(zmzf 2 k +kZdk, d*k, =— (2n)2f2 /k (:) dnd?kj ... also divergent

Considering E — E,, we assume that the boundary conditions of a perfect conductor apply only as 1 |E| « !
Regularization ilong as the wavelength is larger than the typical atomic size R. We regulate the integrands with a f(|ﬁ|) = { S R
cutoff function f(|ﬁ|) 0 |k| >z
2hc 0.013
wr E-Bo _ _ hen? [Forceper g _0¢_ _mhe _ dyn/cm?... attractive force
Result € =" T " 7202 |unitarea da 240a* (a[‘""])‘}—mg—’
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6 Perturbation Theory

6.1 Interaction theory

Schrodinger

[W(t)), = e At Y(ty)), = e’”:'fl‘{—'(to))s| .. (1) with t — ¢, & F fulfills Schrodinger eq. %l‘}’(t))s = —iH[P®)|. (2)

picture
Heisenberg . L Py At
bicture [¥),; = [¥(t,)); Time evolution is in the observables: |0,.,(t) = e'ft)ge | .(3) = 0,(ty) = O
Exp.value  ({x(t) |05| W(0)) = (x(to) | Ou (&) | ¥(to))

Separate time evolution of the free theory, and put all the other information is into the operators.

1? = ﬁ,., = ﬁs Separate: H = ﬁos + ﬁls with ﬁos ... free part, ﬁ,s ... interaction part

0, (t) ... operator of the free part, evolving as if there was no interaction
Interaction 0,(t) = e'flost Gge=tHost = T(¢) 9, ﬁ_1(’-“)| - (4) with
picture U(t) = eifloste=iflt (5) . time evolution in interaction picture = full time evolution “minus” evolution of free part

o (5) ;& ;oo oo ool o
Proof: U(t) O, T 1(l:) = U(t) et 0e~ AT (-1(t) = elfost g lALgHAT( o~ LG o=iMost
. . . (
[W(D)), = e'fost|W(t)) e e’”"ste"”tI‘P(to))s 5| (6)
~ (4) - e -

Heisenberg 37 01(8) = 3 (¢ Ose™0st) = (Tetfost) O 6'”’0“ + elHnsfos;e iHost = ], geiPost OgeiFost — jeiflost O fyse™tHost =
equation

%@,(t) = lHoselHﬂstOSe_‘HOSt - leLH"SE@se_iHosfﬁos = iﬁos 0,(t) —i0,(t) Hys = ‘E@I(t) = i[Hys, 0,(®)]|... (D)

9 of 2 2 ) (2)
P2 wo), 2 iy, 2 i eiost]e) ) = i (5-etMosT) [e)g + eiosti|e) = —HogeiFost|e); + etfosti |t =

] (6)
i1ty = —Hosefost|t), + etosti(—if|t),) = —Hoseost|t), + e’”osfH|t)s = —Hysefost|t), + e‘”ost(Hos + Hi5)lt)yg =

Schrodinger . 8 =~ il E( T3 P S B —iflo<F iAo E( T3 = il oE ifncE
equation in i5;18), = —Hoslt), + et (Hos + Hys)It)s = —HyseMoste™Host|t), ‘réleﬂst(Hos + Hyg)e Hostetflost|t) =
the lailt)l — lHostH e—mostlt) + ezHost(HOS + Hls)e—zHost ’H°5t|t)
N . t
interaction 9 = —eifostj g-iflost ifost ifost
bicture aat|t), = ostf ge~tHos It) + etfost(Hys + Hyg)eHost|t) =
ilt), = THost 4 gifost ] ce~tHost)|t), =
i21t), = efostfl,ge 1 osT|t), = |i 1), = Ay (0) It), ... (8a) with | Ay, (1) = eFostH se~osT] . (8D)
Ut—t) & ﬁ(t t') = ﬁ(t)ﬁ‘l(t’)l... (9a) = |It), = ﬁ(t t)|t'),]..-(9b)
2060 2L 00 Te)) = ((L000) 07 2 i & (eMoste ) U1 (1) =
EU(t,t ) — l(lHOSeLHDSte—LHt _ leLHogtHe—LHt) U- 1(t ) — i(l'eiﬁgsfﬁose—iﬁf _ ieiﬁosfﬁe—iﬁf) G—l(t!) =
l%ﬁ(t, ¢) = ietfost(ifys — i )e L O1(t' )|H Hos + His = — U(t t') = jetfost (ifo—1flys — iHy5)e ™ AEU1(¢t")
iﬁ(t t') _ eiﬁosfﬁ e—iﬁf G—l(tr) _ eLHostH e—LHosteLHogEe—lHtU 1(tr) b Hﬂ(t)e‘H"SE —tHEU 1(t ) g
P20, t) = Ay () 0(0) 0 1(t)=>‘l—U(t £ = ..(10)
" " 1t " " "
0 ) (Ba) =i |t), =Hy@®) ), = |t>, Hu(t)lt), = J, ;If ) dt" =< [, Hy(") |t"), dt
! " 1 " " n " ! 1 t " " n (gb)
e}, =5 [ Bu(EeD 1), de” = (1), = 1¢'), =1 [ Bu(e) [£7), de” = |6), = |£), + 1 [ Bu(e") |e7), de” =
U(t, t)|t"), = It"), + %f;, H, ") U(", t") dt"” |t')1| ey, = ’ﬁ(t, t=1-1i E‘, Hyt") U, t)dt"|...(11)
Withty < t5 < t, < t; < t:
~ St oo o [t ot g = N3 [t (t1opta o = =
U(t, to) =1+ (—i) fto Hy(ty) dey + (=i)? fto ft: Hyy(t)) Hy(tp) dt, dty + (=i)? fto ft: ft; Hyy(81) Hyy(8,) Hy(t5) dez diy dt, .
0t t0) =1+ (=0) f}, Ayt dt, + 0 dt, + &2 dt, dt; ..
0t to) =1+ (=) [° By () dt’ + 2 (=i [ Apeyde’) +2 (=i [* By de’)’
(6t0) =1+ (=) [ A de' + 5 (=i [ Au@) de) + 5 (=i [ Au@)de) + -
st oo ’ ’
U(t, ty) = Fe HMl)a’| (12
6.2 S-Matrix
Scattering We have in-states and out-states, as coupling « is small, we assume these are well-separated at early and late times.
Spa = u{Bout|@indu |- (13) gives transition from very early to very late times
5-Matrix Spq We assume at t —» —oo we can “switch off” the interactions = | |atin (—=0)), = |ain)H|... (14) =
Scattering Incoming: | [¥(0), = U(t, —) [¥), | ... (15) At t - oo we choose the basis for the out-states such that:
Operator §

[ty (0)), = | (—00)), = |a)|... (16) with orthogonality |{8|a) = 84|... (17) Under these conditions:

(13)r (14) = Sﬁa = l(ﬂaut(_oo) | ain(_oo))l = I(Bout(oo) | f](oo, _00) | ain(_oo))l = Sﬂu = (ﬁlgla) (18)

transtn matrix

If there is no interaction, then § = 1 = |Sﬁa = (ﬁ|5’|a) = 04p + i(Blfla)|... (19) with ...transition matrix

In QED

—~ (20) [ 4 ~ [ 4
(20) fy = [ Hu(© dx = — [ L,(0) d*x = .1

§ = U(c0, —0) w Fe-illoBu@at|
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6.3 LSZ Reduction Technique

Neutral scalar field b = @ and bt = at ‘Incoming states %ain givenby a = {py,...,B,} |Outgoing state% ={Gy, ., Gn}
Pulling out one momentum g = B, from set a: & = {B, a'}: (18) = S, = (B|S|a) = (B|SaT(B) |a’) =
Assumption:  Sp, = (B|§5T(ﬁ) |a’) + <B| ats(@) |(1’) - <B| ﬁ*(ﬁ)ﬂa |Sﬁa = ﬁ| ats(@) |a )+ (ﬁ|§ at(@) —ats@) |a’) ..(22a)
Ifp & B: (B|a*S(B) |a’) = 0, elseif p € B ...(B| aTS(B) |a’) is a disconnected contribution B = {B,'}, B = F\B
In the following we can assume that a and 8 are disjoint.= |Sﬁa = (ﬁ|§ at(@) —ats@) |a’) ..(22b)
(%) = ooz [ 7 (alk) e+ 4 gt (k) elowt =) @3k .. (23a)
From 5.2.: - : - :
w6, %) = s [ (80k) et 87 — gt () elont-7) @3k (23D)
at(k) = [eiort+ikZ (g o(t,2) —imt(t, %)) d®x
at(k) = f(e—iwkmk-iwk ot %) — je-iwt+iks i, f)) d3x| ia%e‘i“’k‘“z"? _ wke—iwkmﬁ-i .
at(k) = f((i%e—iwkmﬁ-f) 0(t,7) — ie-iot+kE gt (g f)) x| (6, %) = 2 (6, %) =
At (k): 4100 = [ (i e o+ ®5) (6, 2) = te kR 2 (1, 7)) dx = [ (00e ™7 p() = ie™P*0 p(x)) dx
at(k) = [ ((i0pe™7) = ie™%0, ) p(x) d*x = [ (ie™P*3, — ie"P73;) p(x) d*x = [ e~ #*(i3, — idp) ¢ (x) d*x
at(k) = [ e (=23, +20;) p(x) d’x = [ " P*2 (3, = 0;) g, (x) dx =
at(k) = [ e 135 9, (o) d®x with 9 & 3, — }Z‘ .29
(22p) o N
Scattering betweent = =T andt = t.Let =T' K =T and T' > T: LN Spa = (B158* @) e=_r’ — &t S@) |@') ... (25)
PN SR A 0 24 1 ~ Al
(Bl3at ) —atS@) |a’) = (f__p d®x — [ d*x) e "> 25 (BIT 0, () S]a’)
(138 - a8 |a’) = — [, d*x 8 (e P 155(B|T p,(x) $e) ) . (26)
ao( ‘“”"‘3(7)42 = 00 (e300 = 0)) = 0 (e (0o + 0)o) = 1000060 + 7 009) =
00 (e 15;) = (e Vg — oe Yo+ + P05 ) =
LSZ

00 (e7723) = (e 0% — (@) = 2(e7x08 — ((—ipdre ™)) = (<05 - ((-EDe ) =
(1) =2 (=) e = () e )

(26)

I»—-—|>—-|>—-

(ﬁ|§ at(@) —ats@) |a’> =i :_T, e~ Px([] +m?) (ﬁ|’f’ (p,(x)§|a’)d4x ... (27) repeat for all momenta in the system =

N - ] - . L 2D
1 qm = e * yi e Uy 1\YV1) o PrXn
(1 o Q| S|p1 o 0n) = ™7 [ 01 e ([, +m?) .. ([, + m2){0|T 9, (1) ... 0, (%) S]0) =

(41 S|Py - pn) = i [ et LePrn (0, +m?) ... ([, +m?) <0|T 9131 1 (xy) et Lo laO 4% 0> .. (28)
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6.4 Wick’s Theorem and Feynman Rules

Wick’s
Theorem,
contraction

def

Toi10, =:0,0,: + (0|T010,]0) =: 0,0, =i Gp(x —x2)|...(29) with ¢; & @(x;) Generalization:

TP1 v P = Q1 oo Pt F et P oo Prc o P o Pt (0| T i 0) + -+ A

+ Xky<hp<eiegy PP - Pict e Pap e P Zp{0|T P, Prcr, |0) - (0| T Ok, Prep,p|0) + -+ .. (30)

where @, means omission of @, and X is the sum over all permutations.

In words: A time-ordered product is the sum over all possible normal products where pairs of field operators are omitted and
replaced by Feynman Green’s function. This operation is called “contraction”

T(P1(l’2‘/’3‘/’4 = P10203P4 1 P3Py (0|T‘¢1¢2|0> @0, (0|T<P1<P3|0) +: 903! (0|T§01§04|0) 104t (0|T<P2(P3|0) +

(scalar field)

E | - - N - A N

T);;n;p; " :0103: (0| T0204|0) +: 0102: (0|T9304]0) + (0[T 102 |0)(0]T0304[0) + (O[T 0103 |O)(0] T 0,04 0) +
P <0|T(p1(p4|0)(0|T(p2<p3|0)

LSz Use in(30) in (28) for calculating <0|T‘ @O (y1) o0 (x) et 2610 a* o) one first expands § = el 26 ii®a* 14 some power in

|epplication  |the coupling constants. It turns out that the building blocks (0|’7'q01 ...<pzp_1|0) =0.

What remains is: |(0|T<p1 ...(p2P|O) = ZP<O|T<ka1(kaZ|O) ...(0|’7'qokpzp_1<pkpzp|0)| ..(31)

We have the fermionic field ¥, which becomes the electron, and the (vector potential of the ) electromagnetic field 4,

ED
Q which becomes the photon.
~ . ) - k
Feynman electron: |(0|T W, (x) W () |0) =iSp(x— y)aﬁ| = the fourier transformed version is denoted as —
. 7 — P — 1 1 -ik(x-y) g4
propagators  |photons: ‘(OlTAu(x) A,(3)|0) = =g (—iGplx — y)) = _’guvmf e =9 g4k| = denoted as ~
Interacting  |$ built from|L,(x) =—e P y* 4,0 Y(x):=—e:P(x) A(x) P(x) | (32) >\~ Vertex
terms (Lagr.)  |connects the incoming W(x) and the outgoing P (x) fermion line with a photon line
e Specified in momentum space
e draw all possible (topological distinct) diagrams J —k
o for each vertex we get a factor of —iey,
o for each vertex: momentum conservatione.g.p+ k =q P
) i(p-m) ; momentum conservation
Feynman e fermions propagator k = —"—=——
rules pimmitie  Pomiie
. ouy e e
e photon propagator: Sis ,‘O‘A
« momenta through loops unbounded: — - [d*k
. . m closed fermion loop
e closed fermion loop: additional factor —1 N
I additional factor -1
e symmetry factors
lvacuum Contribute with an unobservable |order order @ order
diagrams phase |(O|§|O)|2 =1 el : e? : et :
Electron propagating an small InS:A,(x) > A, () +  AZ*(x)1 Leading order e® contri-  {(0|T®,¥,|0)
external potential A5 (x) 4-potential |hytion without interactions iexcluded from LSZ
not an operator
A~ — ext i
order e': —ie <0|T‘P1‘¥z fx Y, (A +4A ) Y, : |0 %on;}blr:; ” O Combine > A
: : x 112, TxTy W] W]
1interaction (30) = A cannot be paired, drops out  ino contribution 1P, ¥y )
order e?: two interactions 2-.5 also - :
1
Electron ext ext @ . 1 not Y e
. (—ie)2<0‘T‘T’1‘PZf (B (R A7) W f T (A A7) lyy:|o) 5 reled o x
propagating x N y y ¥ exty?2
' excluded vanti small order (A )
in a small 1
external d 3 ext ext ext
ial order e”: . 3<|A— P P P . )
potentia e e (i (0T, [, (A+4 )x Wi : @, (A+4 )y W, B, (A4 4 ) w, : |0
2_x 2 2 2 ¥
Y AL‘X[ 1 x AEXL + AL‘\‘ T AL’T{I
z y P % ¥y z z
Relevant 1 4 1 17 x
contributions: . . . . . . .
fermion with electron fermion with electron  photon self energy insertion vertex diagram
self energy insertion self energy insertion
at the outgoing line at the incoming line
Ly
Lowp = W(ip—m)¥ — 1E, P -2(0-4)7 - eWp¥: - e Ppy:
—r 7
CompIEte fromDirac field  from em field gauge breaking term interaction exteinal classical
QED ‘ . e D =8 o 4-potentia .
Lagrangian With gauge-covariant derivative D, = 0, + ieA, we can combine Dirac field and gauge breaking term:

Lorp = P(iD —m)W — %F‘WF‘“’ —e: PAY: —e: PAEXt Y,

gauge invariant
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7 One-Loop Corrections
7.1 Fermion (e.g. Electron) Self Energy
ok According to the Feynman rules: If we have such a loop with momentum k, then we have to
Electron self- integrate over all k. We cut off the external fermion lines:
energy ﬁ —iZ(p) = (mie)?—— [ y¥ —L— yr D gap) (33)
o . 2 4 kZ i
insertions Y ok yr P (2m Vg;;ex p-Komrie S pmfm—"i
fermmn line propagator
Integration diverges linearly: T~ fA 11 =k3dk ~ f dk ~A
2_x
2
Separate off the divergent part by expanding on the mass-shell p = m? of the physical electron: ﬁ. A
2 z
E(®) = 2@ lpem + ' @p-m(B—m) + = AL, + B(p-m) +C(p—m) +-(34) '
linearly  logarithmically — convergent Incoming/outgoing fermion
divergent divergent lines are on-shell
mass + P + &My, My, T+ =
renormali- i i . i i . i . i i i \" i 1
Zation —iZ(p))-— + iZEN—iZE)— + - =—3X0,| — = i -
¢m£ ]ZSm ¢m ¢m ¢m ]Z‘m ]Z‘m ]ﬁm ]ﬁm .
1:5'
i p-m i (34) i _ i 1113 i(1+B")
P-mP-m-2)  P-m-2p)  P-m-a-B(B-m)+0(@-m)?) <1—B)(¢—m)—A+o((p—m)2) Pom-Aro(p-m®)  Pom-a'+0((p-m)?)

A’ ~Mren

We wantlmren =m+A' =m+ Al ... (35) to be the physical mass of an electron. Since A is a divergent constant, m, the bare

mass, must be likewise divergent to give a finite mass m,..,.

wave function
renormaliztion

4

7z ..(36)

We absorb the divergent constant 1 + B’ & Z, into a renormalization of the spinor fields | Wy, =

7.2 Vacuum

Polarization

Introduction

2 Before we had the scattering of an electron with a background em-field. In one of the diagrams (see
left) there is an incoming electron, an outgoing electron, and the electron interacts at a vertex with
a photon line which interacts with the creation of an electron/positron pair, which annihilate and

interact with the external em-potential.

Contrary to before
k-q 1 loop momentum—integrate where we required
Vacuum the fermion self-
polarization ) energy only on mass
(photon self | =— = -, = - (—ie)? %ftr| Yu Yy . | d*k ishell, since there is an
q q closed - @m) [ K-m+ie o K-f-m+ie . .
energy) 2d 2 pertices left ‘= right T2 "% intermediate photon
fermion vertex  lower  vertex  upper .
k loop fermion line fermion line line, we need the full
function 1(q)
AT " - - : : ; e -
n(q) ~ [ 1 k3 dk ~ [k dik ~A2 Cut-Off - analytic continuation to Euclidian momentum space ky — ik,
Divergence fermmnd 3T inte— regulari- - cut-off by —k? = k2 + k2 < A2
lines  JTation zation - spoils gauge invariance in intermediate steps
) - discretizing (Euclidean) spacetime with lattice Pauli- - introducing extra wrong-sign field with mass A
Lattice cut-off | Ik | <= villar re 1 L S m2-A? 1
regularization K" a T o T eom T ea T (R—mD(P-A) K
- difficult, only numerical, violates Lorentz invarianceigularizat. Lorentz-covariant, but not well suited for photons

Dimensional
regularization

- change number of spacetime dimensions from n = 4 to ... (37a) - we keep spinor dimensions to 4
- We have to use that g‘“’gw =64 =n..(37b)
¥ k—q—mﬂ's Vv k—m+is
(—ie)? nf |y, —— d"k = (—ie)? [tr u( ) ( ) d™k
(2m) k —m+ K ;4— +ie
n 27 _ [p2pn ™ 4-n] — [p2
'k ... (38) = [m?] = [e?m" 2] = [m* ] = [e*] =

(k—m-ﬂ's) (k—ﬂ—mﬂ's)

s

(2711)"
o2 1 ‘r(“(k+m£)VV(k‘ﬂ+’")>
" (- ) () -mosic)

... (39) with u ... referential mass scale

s

[Vur], =291 = v + Wi = 29,01 = Vuly = —W¥u + 2901 = tr(vun) = —tr(ny,) + tr(2g,,1) =
Auxiliary tr(y#yl,) = - tr(yﬂyv) + tr(ng,]l) = 2tr(yuy,,) = tr(ng,]l) =2g,, tr(l) = 8g,, = tr(y#y,,) =4g,y|.. (40a)
calculation (38) i 1 4(2k ey =k Gy —ky @+ gy (M2 +keq—k?)

also: |tr(y,uyayvyp) 4(guagup + JupGov — guvgua)| == esz ( - Z £ £ uz )dnk . (41)

(k —m2+is)((k—¢[) —m2+is>

I . . ] wr ((h— V2 — 2 aie) b (B2 — 2 4 i
Feynman pa- [0 = %0 {avssan) (42) we define (see (41)) a & ((}( d) —m?+ lE),b def (k m? + 15) =
rametrization |ax + b(1 —x) = (k —xq)? + q*x(1 — x) — m? + ic ... (43a) because we integrate from k = —oo to o, we can shift k :

k—xq—>k=ax+b(1-x) =Ez+q2x(1—x)—m2+ie...(43b)

1 )

result (@) = (904* = Au) G F(Z —5) 21 =0 (m? = g2 (1=20)? = (u® — 4,a0,) () ... (44)
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Expansion

We expand terms from (44) atn =4 — efore > 0
oI’ (2 - g) =T (4;—") =T (g) = % —yg +0(e) witf: g divergent, yg=lim,,_ (— In(n) + Z};l%) Euler—-Mascheroni constant
o x* = (em")a e = ]+ gln(x)+=x2=1— gln(x) +0(e?)
1 1 _ 1 1 3 2
° (4m)n/2 - (4m)2-¢/2 - (4m)? (471')2 ~ 16n2 (1 + 2]n(47‘[)) + O(E )

o 862 = 2t = @2y = e? (1 + Eln(,u)) +

(44) ez (1(2 m2 1 m2—q%x(1-x) . . 2
2y — .
= ... =|l(q%) = ;(g (; —yg—In (Muz)) — fo x(1—x)In (T) dx) + 0(g)|... (45) ... leading divergence: -
Wavefunction m 1 1 w 1 w e? 12
aen TN Ak = 7, Ak, (460) @‘L = 1R, PR = —LEIenERY — (Zy— 1) IEETE . (46b)| 2= 1- 2 (24 c))|... (460)
e Minimal subtraction scheme (MS): ¢ = 0 ... only the pole term of dimensional regularization is subtracted
Schemes o Modified minimal subtraction (MS): ¢ = —yg + In(4m) ... removes the constants that invariably appear
e Momentum subtraction (MOM): c is determined so that effective photon propagator = classical T%M(g? = — M%) = 0
e On-shell (OS): Natural for QED. On the mass-shell of photons (the light cone g2=0) there are no corrections I[1°5(q? = 0)=0
(45) 2 1 2_q2x(1-%)
q?> = 0= 11%(q?) = —Ze?(fo x(1=x)In (miq”; : )dx) (@) ==
osc2y _ €[5 m? m2\ [4m2-q? q? 2 2
n% (g% = s <6 +2 7 (1 +2 qz)\/ = arctan\/4m2_q2> ...(48) ... for g* < (2m)
For g2 > (2m)? there is also an imaginary part. It is related to the physical process of the decay of a virtual (off-shell) photon
with g2 > (2m)? into a real electron-positron pair.
OS renor-
malization

-20 -10 20

<0.0005 -

-0.001
Re
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7.2.1 Uehling Potential

An external potential receives a correction from the vacuum polarization

2
> A 4 >/\A/© A= idiagram according to
X x y z . -
1 A (q) -~ (55 + l:“ (=D l'l‘”’(q)) A2 (q) &

Considering

At (@) ~ (0F - 87 1™ + %2160 A7 (9) = [457(9) ~ 47 (@) (1 = 1(@?)] . (49)

2 (1-%) . .
(47) = % (q>) = —;(fl x(1—x)In (%) dx)| static case: g, = 0 = ¢° = —G* =
0S; =22 _ e _ m2+G%x(1-x)
- Mnos(—g%) = an (f x(1—x)In (7"[2 )dx)
- a2 - 2
1 Mnos(—g%) = ——z(f x(1—x)In (1 + th)) dx)|nonre|ativistic: % - 0=1In (l + %) x(l —-x)
- g2 -
M95(—g2) = — £ ([ 21— 0 Lox(1 - x) dx) = ‘HOS( i) = - L] (49
(48) =|= - L (1 - I(g?)) @) V(@) =L+ in coordinate space:
G2 G2 q q Gz ' eom2m2 .
oy 1 R 3 — L igE (L e? 3,__1 iGgE 1l g3 1 iGgi_ ¢ 3
V() (2 )3fe V(q)d q (2m )3fe (ﬁz + 60n2m2) d q (2n)3fe G2 d a+ (2n)3fe 60m2m? d 9=
: o 1 iag e 1 gz 2
Ueing O = G I e i G = VD) = i P g
nonrelativistic [V(X) = (2 % —f qzellq”x'“’”idq dQ + mznfelw dq, —felqyy dq _f els7 g, =
Covlomb V@) = g5 [ a2 ¥105? 2 dq a0 + £ 5(x) () 8(2) = (Zn)gﬂqul'q"X'ww LdqdQ + —5—8() =
potential + _ 21 ilGll%] cos 9 L 3 . . . _
orrection V(%) = (2n)3f f f Zsin(®) e dq d9de + 83 (%) — f sm(19) d9 = f ds with s = cos(9) =
1 o0 eld¥ _g=iqx 1 0 2 sm(qx)
V(X) = —f f e!9% dq ds + §3(X) 60n2m2 == —dq + 83(%) 50n2m2 == dg +83(X)—— 50n2m2
_ _l © 25m(qx) 3 _ 3 _ 3
V(%) = el dq +5(x)60 2m2_47'[2 1z +6()602 - =|V(RX) = +«S()60”2m2 ..(50)
Only corrections very close to the center. E.g. in Hydrogen-like atoms only the s-states (I = 0) are affected, since
2 2
|‘Pnl(0)| Zma? 8, First order perturbation theory leads to 8E,,; = %61'0|‘Pn,0(0)| = —4125:;;" 6,0 ® —27MHz

But expenmental. ~ +1000MHz. Reason: We need to take into account all diagrams, at least the vertex diagram E>_ o

© www.goldsilberglitzer.at -27 - helmut@goldsilberglitzer.at




7.3 Vertex Diagram

Diagrams

—ieT,(p',p) = —iey, —ieA,(p',p) with
K B R

whole vertex leading loop correcton
term

Divergence

scaled coupling to dimensional regularization

i ’ _ £ x\3 ,igvl i : -
—ieA,(p',p) = (—ié) 3 )nf - Y — Y. Lk
[oop correcton : § = s FS *kfm+i£ - ¢—k—m+is ol
loop correcton 3 vertices photon  vertex vertex vertex

propagator p'—k ) p{—k ‘
fermion line fermion line

1 gt B k+m B-K+m n
il Byt Cvay Y, ad"k
@mnY k2+ie "V (¢ —k) teie u (¢—k)2—m2+is A

AP p) = (—)(—D) (@)% [ L2 L S S N—

2mn k2+tsyv 2-2p" k+kZ-m2+ie ' * p2—2p-k+kZ-m2+ie

A (', p) = —(-i8)*i?

on-shell coulomb scattering p?=m?=p'?

A-v

A p) = —i(8)* =1 [—Ly? pkim R L L L

oY k2+ie m2-2p"-k+k2-m?+ie mzfzp-kﬂczf 2+ie
= (' ’ sl 1 1 1 ’

W) A, (0 PIUP) = ~i@) o | e e 8D Y (B = K m) v (8 — K+ m)y, u@) d"k
111

power counting: ~ f—Z;;k3 dk ~ f . dk ~ In(k) divergent, even worse in dimensional regularization wheren = 4 — ¢
= introducing regulating mass term 12

= (' ’ — _i(3\2 1 1 1 n

u(p )A“(p 'p) u(p) - l(e) @2m)n I k2-A2+ie k2-2kp'+ic k2-2k-p+ie (p )y (16 k + m) Yu(]é k + m)yv u(p) d"k . (51)
But, we have not just an UV divergence, but a new kind of divergence for low momenta — IR divergence!

Brems-
strahlung

We also have }N‘/and }/\’V . These photons can be emitted at arbitrarily soft momenta. IR divergences!

Luckily, these IR divergences cancel exactly the IR divergences from above.

® Because A, must be a Lorentz-vector and because at the same time it must be an object in spinor space, we can see that the

general form must be: A, (p',p) = v,A + (p;t + pH)B + (p,'t - pu)C ..(52)
with 4, B, C ... Lorentz scalar functions in spinor space

Because on-shell condition p?=m?=p'?, the only non-trivial scalar is ¢> = (p}, — p#)z = -2p'p+p?+p’=>
q%> =—-2p''p+2m?..(53) = A =A(q?),B = B(q?),C = C(q?)..(54)
Because of gauge invariance A, and y, satisfy g* u(p") A,(p",p) u(p) = 0...(55) on mass shell

(52),(55)
Whenever | have an expression u(p") (¢ — ¢) u(p) =m-m=0=—=q*u(p)y,dulp) =0

similarly: g*(py, + py) = (@' = P) (@' +p), = 0 = ¢*UP") (p) + pu)Bulp) = 0

Only ¢*u(p") (p[l - p#)C u(p) # 0 = in order for (55) to be fulfilled, we must set C = 0

Only two independent functions A(g%) = F,(g?) and B = B(q?) = F,(q?) (“structure functions”) =
A, @' p) = v, F1(@®) + (pj, + 1) F2(q) ... (56)

Using the Gordon identity u(p") (#(16 —-m)+ (16’ - m) #) up=0==

u(p’ )( 2my, + (p# + pu) + i0,nq )u(p) =0 2

o AP = Y Fa (@) + 2R (g (57)

renormalize

On-shell renormalization u(p”) Ags(p’, p) u(p)|pz=m2=p,2’ —— 0 = |F{**(0) = 0| F,(g?) ... magnetic structure function

momentum
transfer limit

If g « m? :>F”””(q2)———(ln(%) )+O( )wnha-é Fz(q2)=%(1+§1—1+0(§))

3mm?

7.4 Effective Interaction with a Weak External Field

Effective
interaction

—ieYy Rexr(0) ~ —ielyu[ 3 - 0%(@*) +AF@ I A (@) =

R

m ;
In (7) _g__ +R;quq Aext(q)
F1TE7L HOS Fren

—iey, ext(q) - —ieqy, |1+

3n'm2

In
configuration
space

q > i0,q" > —id",q* - —Dx,w‘éxt(q) - AL =
3 ~
ley” e’“(x) —le {y" [1 + 31'tm2 (ln (%) T8 _) Dx] EZT[ ’wa }A’;xt(x)

Jeyromag ratio |g

=2(1+a)=2 (1 +24 O(az)) — @ = 0.0011614... (experiment: 0.00115965...)

0(a?)

. 0(a?) ... 72 diagrams
>> > \i)\ﬁ\ }3 E. E '?9“ - 7 diagrams O(a*) ... 891 diagrams
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7.4.2 Main Contribution to the Lamb Shift

R . 2 3 1 1
—iey, AL (x) » —ie{y, |1+ %(ln (%) -5 E) [y _E%quav

Lamb shift contribution

z%a?
2n?

Z2a? VAL 3z%a*
Hydrogen Atom: From E,; = m(1 ———— B | et

+ 0(a®)) we estimate p® =m (1 -

. LPE_ 1 > _
Virial theorem: =3 V=7p*=mlV..(2)

)=m—V...(1)

Estimation o) @
Together:p2 —m?2=p2 —p>—m? = (m—-V)? —p?—-m? = m—-V) —-mV—-m?=m? —2mV +V: —-mV —m? =
p?—m?=-3mV +V?=-3mV +0(V?) = |p?—m? = —3m2% +0(a?)|...(3)

Before we assumed the electron being on-shell and had the propagator term m coming from L

. 1

§ But with (3) we get W.

= [The k integration is therefore not infrared divergent, but effectively cut off at photon momenta k~ma?
m m _ 1 _ AN

In (7) —1In (maz) = (u—) = In(1372) =~ 10

4z%am

i

We arrive at the estimate |6Enl,~ In(137%) 6, | for n=2 hydrogen atom Lamb shift = 1300 MHz

3mn3

k2—2k-p+p?-m?

p?=m?
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