Quantum Vacuum

(based on a lecture by UIf Leonhardt and lecture notes by Lukas Rachbauer)
25.07.2022

1 Quantum Field Theory of Light
1.1 Light in Media

Light is a quantum field, described with Hermitian quantum Operators F(7,t). The media is described by dielectric functions
e(#),u(#). Simplifying assumptions: Media is non-dispersive and non-dissipative. We use the Heisenberg picture (state |y},

General _ -
or p, respectively, is given), the evolution takes place in the observable F: |3,F = i [ﬁ, ﬁ] + Z—: .. (1) and Z—f =0..(2)
it (TE=0-GofxE= o8 o0 BBt [ =ad]. o) |, -0
with p = 0 & boundary cond. & constitutive equations: |D _) = sosE .(4a), ... (4b) A
SupposeE (E),B (B) zm .(5a), m (Sb) V. D = O ..(50), VXH = 6tB ...(5d)
Maxwell Non- dlsperswe m .(6a), B uouH . (6b) with ...(6¢) because Maxwell equations are linear. E.g.:
Quantum " Hogo
(5b) = vip: (VX E + 9,B) = <1p|v xE + atB|1p> =0 = if Vi <z/)|F|z/)> = 0 AF Hermitian = F = 0 (all eigenvalues 0)
5 (7b) - (o B
E=-0,A|..(70), |B=VxA4|..(7b) automatlcally fulfils (50): V- B = V- (Vx 4) =0+
Potentials 5 SN
and Coulomp also automatically fulfills (5b):¥ x B = —8,5 2 —¥ x (. A) = -9, (Vx A) = =0, (Vx4)=-0,(Vx4)~
gauge fulfill = 5 (6a) o (.3 00 ___a% NG®
Maxwell 5a-5c. Coulomb gauge fix [V - (SA) ...(8) fulfills (5¢ ) = sOV-(eE) =—¢gV -(eatA) = —g,0,V ( A) =0
- 3 5 - 3 = (6ab) 1 = (7ab)
One equation {Only remaining Maxwell equation (5d):VxH =9d,D =VXH —-9,D =0 =“>#Lv x B — £0€0; E=0-2
. oM
remains. Lo - 27 " 1o = 5 L3 615 1o "
LG VxA+e,edtd _0| 0 LG X T x A + o0 = 05 PV x 2T x A+ 2024 = 0]...(9)
Mokt e en € I c
3 = (6ab)
Heisenberg equation (1): 8,F = —[H F] Hamiltonian: [H = —f (E D B - H) dav|..(10a) =
Hamiltonian A=1f(XD>+-B)av (—b)lf(iﬁz Ll (VXA)Z)dVg A=f(2 o (\7><A) dv|...(10b)
- &o& Mol - 2 && Kol & - 2505 2u
Because of causality: [A(rl, t), A(rz,t)] =0..(11a), [D(rl, t), D(rz, t)] = 0...(11b) Meaning: At a given time t, the fields
A (or D respectively) at separated positions 7; and 7, are independent, and hence can be measured simultaneously.
3 5 (7a) 3(1) 3 s0e[g &
ut: A and D are not independent: (6a) = D =gyeE = —¢g,€0,A=D = m H,A|...(12)
~ 102 ~ A PPN
[4,D,] = 25[4,[A,4,]] %[AZ,HA,H A ] 22 (A(Ay — Al = (A — A4, H)A) =
[ ,D ] £of (A HA,, — AA,H- ﬁ/i )|A1Am = A,, A, (all spatial components independent) ... (13) =
[ ] EDE (A HA, — A, AH—-HA Am )|compare with (13) = [l‘iz'ﬁm] = [Am, El] ... (14) ...symmetric
Commutators o g (10D) B2 A2 . . ,
A A, 4,)] = [f( @ 4 foc? A)) 1 A = 2 [ [D2@) An| r 4 5 [ (7 T A®) A )]
[H A(F')] _ . _ =0 bicause of (11a)
B, 1] [A,An )] = 7= [ [D@) - D@, An@)] d*r = 2 [B@ - D@, dn@)] + [D@),4n@)] - D@ ar
’ =[ptat]=ptat-atpt =ot
=(AD-DA)t=—[D,A]t
PO = SO = JNPU LA
[A,4,G] = 2= [ B@) - [BG), dn@] dr - 2 f ([D(r),Am(r | - D*(r))d% =
A 5 = A 3 = o t
[H,4,F)] = LfD(F) . [D(?),Am(F’)] d3r — (Lf (D(?) . [D(F),Am(F’)D d3r) ...(15a) in vector notation:
2&9€ 2gp€
S O% o, = BN P S0 t
[H,A(r )] = %ngD(r) : [D(r),A(r )] d3r — (;f (D(r) [D(r) AF )]) d3r ) ..(15b)
= o = 3 - = 53 N T
Analogously: D), | =2 [ ([DG),AD)| -V x A®) a*r = (3 [ ([DE), AD] - ¥ x @) d*r) |...(16)
- 3 = (1) P =N - 3
(5d) =V xH=0D = i[H,D] = —[D H] [D,H] =ihV x H|..(17a)
We expect = 5 Q) gog — P
(6a) = D = gy6F == 60,4 =— g6t [H A] [H A] [H,A] =2D|..(17b)
0
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(16)in (17a) = 2 [ ([BG), @] - ¥ x A® ) a*r - (21 ([, 4] - ¥ x A®)) d3r)+ = hV x

Fulfilled by |[D@', £) , AR, t)] = ih 657 —7)|...(18) Proof:
Commutator - 1 . b ihe + .
=N 3 . - i Lepr 2y, 13 88% 3__ : Lepr 2y, 13 88% 3 :_ g2 (W g2 ] '\-N‘/
[D(r,),A(r)] J(iRS*G —7) -V x B@) d*r ( J(iR6*@ -7 -V x A@®)d r) Vx A )+ (Z Vx A )) ihV x H(7")
=1 =1 ih B -
(16) in (17b) =>—fD(r) [b@. AG )| a*r - G=JS (b - [p@. AG )|)a?r) = =D ...also fulfilled by (18):
+ = P o, A
RS (7 — 3. (L CihsLir — ™)) d3r) = p 5y = e
ih &L —7) d3r (Wf (B - ins @ - M) d*r) = D)+ (ZgogD(r ) = D) v
&1 is called the “Transverse Delta Function”. It is not an ordinary matrix delta-function: §*(#' —7) # 6(#' —7) 1.
Properties: (a) 5+ must act like an ordinary delta function on DandV x Hon divergence-free (“transverse”) vector fields.
(b) Because of equations (14) and (18), 6+ must be symmetric: ..(19a)
(c) Consider the divergence of equation (18) with regards to 7' : V, - [5(?’) ,/T(F)] = AV - 51(F —F) =
N Y-S N VS o D) N N = =
V- (D(r’)A(r)) -V (A(r) D(r’)) = WV SR - ) =2 0=V - §L(F — ) = |V 6L(F) = 0]... (19h)
Consider V x H(#) = Jes 5l(r — PNV x H( N = uw|Z, — [ uv’ dPr'| withu & ﬁ(?’), v EY, xSLF-7) =
reansverse VX H = W’YI’ — [ HG )v’ x §LF - ) dPr' = [, HF)V x §4F - 7) d*r
Delta Function {But this also works with the ordinary matrix delta function 81 instad of §+. Therefore:
12 =1 - - - =3 = - — —
SHF =T Uxet=Vx (D) =Vx (@ —61)=0=Vx (61 —81-V-h)=0=Vxs-=Vx (61+V-h) =
SLFE—-7)=8F - 7)1+ V- h(#—7) ...(20a) In index notation: 85, (F — 7)) = 8 — ) + 8, by (F — 77) ... (20D)
Fourier Transform with k = |E| and some function k;k,,, f (k) (k,k,, because of symmetry equation (19) = S, = 6;-;)
. (21)
5zlm( ) = G )3f€”” (Bum — kikem £ (K)) d3k [(21) 19) = (V- &), =0= 0,85 () =0=
100 [ €T Sy — Kk £0) APk = = [ 1k (8 — Kk fK)) Pl = s [ 10T (KB = ek £(K)) Ak =0
R (e — K2k () dPk = 0 = ke — k2K ) = 0 = F() = 2 3
sze U — K2k (D) e = 0 = ki = kP () = 0 = f () = 5=
Kikm
Sim (™) = G )3 [ ei®? (6lm = )d k|...(22)
1.2 Light Modes
In classical physics, if /fl(F, t) and ﬁz (#,t) are solutions to Maxwell’s equations, then also any superposition
a, Al(?, t)+a, ffz (#,t) is a solution. However, in quantum optics, a superposition a; /fl(F, t)+a, /TZ(F, t) is generally not
General a valid solution, because it would alter the commutators; e.g. commutator (18). The field operatorﬁ is already describing
all possible solutions (for a given geometry and given boundary conditions). The specific realization of a superposition is
given by the quantum state |¥).
We take a complete set of classical waves {ﬁi(?, t)} (“mode functions”), which describe all possible solutions to Maxwell’s
equations for a given geometry and given boundary conditions. For example, in free space (¢ = const., u = const.), we can
Modes take the wave-vector k as index, and write ’/TE(?, t) = Ji}(?) eﬁ'f‘i“’kt‘ .. (23) with wy, = l l and c/l~(r) being any spatial

function. In general, the mode functions /i);(?, t) are complex-valued. For better readabillty, we will write Ak instead of AE'

We expand the Hermitian field operator into these modes: I.AT(F, t) = (A)k(f', t) a, + A);(F, t) d,t)‘ .. (24)

We impose that all mode functions are orthogonal and normalized. For this, we introduce a special scalar product:
=1 = 7 =, (4a) I 3
(Ay,4;) = L [(4; - B, —Az-Dl)dE‘r‘... (250) = (A, 4) = 25 [(As - B, - 4, - By) d¥r =

A /iz) = %f(/ﬁ 0, A, — 4, 6t/f’{)d3r‘ ..(25b) not positive definite: ’(A*, §) = —(Al,AZ)*‘... (25¢)

Linear in second entry: (/To,aljl + azgz) = al(go,/fl) + a'z(jo, -’z) Conjugate symmetric: (Zl.ﬁfz) = (jzjl)* ..(25d)
If orthogonal and normalized: ...(25e) (z;; (Ak, ;,) = =8| (25f) (I‘Tkj;{r) =0]..(259)

Note the similarity of (25b) with the Klein-Gordon charge Q = i [({*0,¢ — Y. p*) d°r

Normalization
Orthogonality
of Modes,

Scalar Product

Scalar product is conserved in time: 6t(/fl,ﬁz) = %at f(/f’{ Dy, — 4, - 5{) d3r = lf (6 (/f* . 52) -9 (/fz . 5{)) d’r =
R PR oM. AT "”’*""*3(45)1

6t(A1,A2)=i—hf(atA1 D, + A - 9.D, — 8,4, - D; — A, - 8,D7) d®r

0(A,,A,) =L [(B; D, - & -9,D, — B, - By + 4, - 9,07) &°r =3

0,(Ay,Ay) = [ (E; Dy — Ay - (Vx Hy) — By - D + 4, - (Vx H;) ) d®r ... (260)

Auxillary calculation: V- (ﬁj X 172) = ﬁz : (V X Aﬁ) - AT* : (V X ﬁz) =

—A; - (Vx Hy) =V - (4; x Hy) — Hy - (V x A1) and analogously: A, - (V x Hy) = =V - (4, x H;) + H; - (V x 4,) o)

()
0u(Ay, Ay) =L [ (B; Dy + V- (A5 x Hy) = Hy - (Vx A7) — B, - D = V- (A, x Hy) + Hy - (Vx 4y) ) d*r =

a.(4,, }):if(ﬁ;-ﬁﬁﬁ-(/f*xﬁz)—ﬁz-E;—EZ-B;—V'~(A2><H1)+H1-32)d3 .(26b)

f( E;-D,+A4;-9,D, + E, - D; — 4, - 9,D;) d®n

4a) (26b)
E;-D,—E,- D1 = eye(E;-E,—E,-E;)=0and H; - BZ—HZ 31 = yoy(Hl H,—H, H)=0=

0 ) = (96 ) =5 (B x ) P 2 5 ¢ e x5 =0 — [ ) =0] . 2
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Bose
Commutators

[a,
(@,
[ak ,

D D D

v]
k’]
v

From now on, we always consider normalized, orthogonal modes, fulfilling (25efg). By projecting the respective mode

/fk or Af*k onto the expansion (24) of field operator /T one gets the coefficients @, and Ezz :
i (24) ~F Ve ~F (256g) N N
(Ak ) ) (Ak ) X! (Ak'ak’ + Ak’a 1)) =2 ((AkJAk )y + (Ak' k’)ak’) Y Ok Gt = (Ak'A) = i) (28a)

a3(24) PN (25f . S5
(& A) E’ (i Sl ar + Apal)) = Do (A de)aw + (i dyp)al) "2 S sueals = | (4, 4) = —af .. 280)

12 ()~ )] 2

wal] = [ (4@ -D®) - A@) Bi@)d'r , ~5 ] (AeG)- DG ~ 4G - Dp@)) dr'] =

[ak,a,t]= TR D@ —A® D@ , Ao - D(F’) A(?') Dk (?’)] d3r d3r'

B L AR
(4w @) - DG = AG) - Do) (A - DG) — A - D;;(r))

[ax .2} = 5 [F(A® - Do - 4@ - D) r = (A A) 22 [[ar, )] = 64 - 290)

Analogously:m...(29b) =3 [&I,&T] 0[...(29¢)

Vacuum state

Vacuum state |0) defined by [@,|0) = 0]...(30) & ... annihilation operator a}: .creation operator

Two Types: (a) Quantum interference / superposition: |Y) = a,|,) + a, |, ) takes place in Hilbert space H

Interferences o S S > ) ) )
(b) optical interference A = a;A; + @, A, takes place in mode space(space of all solutions to the wave equation)
Generally, modes can be pulses. Important special case: Monochromatic modes, defined by
|6t§k =—iw, A, & aﬁ; = ia)kﬁﬂ ..(31a) & I/fk(? ) =4, e""‘“ff| ...(31b) Scalar product of monochr. modes:
(2517) igoe (31b) igge —
AL A A 0hy — Ay - 0,A7) dPr = 2 [ (Areiont - 9, (Ayemiont) — Ayemiot . 9, (Ajelent)) dir =
vonoctre, | (vd2) 2 (0., — Ay 01) (Aot -0, (Ayemtent) - (e

matric modes

(A, 4,) === f(—la) elortgmioat Jo . A _ la)le““’zt it £, . A7) d3r =

(Ay4;) = Tf(wlel(ml—wz)r + w,e @9 VA A, dPr :’ (A, 4,) = weiml—wzn [ & &, dir

...(32a)

i ;= w; = wy = (Ayd;) = 228 [ 4 4, d3r‘...(32b)

Energy

(only for
monochro-
matic waves)

v
A-(v ﬁ)+v (AxH))dV(Szd)% (
1
2

+
+/i.af))dv+:fv (AxH)av "=
+

2

= sosb:~b: o g€ (6 A) (6 A) = sos(a Y (Akak + 4 war)) - (0. 2y (Akrakr +AkraT )= S

0e(Ty (—iwr Ayl + iwpAial)) - (T (—iwp Ayt + iwp dypal,)) =
e0€ Tyer 0 (—Arly + Aial) - iy (—Apdy + Apal,) =
—soszkk,wkwkr(ﬁkc’ik - ﬁ;&l) . (/fkrc’ikr - k:aT ) ..(34a) (34a)} (33)

Ty T Ty T
o) S S D
Il

Giay 1(34b)

A 9,D w eoej - 0.F w_ 80&2 . 65/? @ e0€ (T (Ai +Aka,‘:)) (02 S (Aay + Ayal ) =

7108 = —coe(g (e + 2x) - (Bo (oA — oAl )) =

A-9.D= €0 Y War (Akak +Akak) (Akrakr + Ak:aJr ) ... (34b)

H= —%eoezkk, wewyr [(Ary — Aral) - (Apdy — Apal)av +- soezkk,wk [ (At + Aral) - (Avay + Aal)dv
q= ésoszk,{,wkwkr f(—/fk Ayl + Ay Agatay + A - Ak:aka —A; - j;;rdi N dv

i A AP o7 ata s At At

+5 €08 T wir [ (Ax -Akfakak/ + Ay Apalay + A Apaal, + Ay - Aatal)dv .. (35q)
(259) N (350)

(Ak A /) "="0,analogously [ 4}, - Ay dV =0 =

(32b) = [ A Ay dv = — o
A = et Ty s (A - A ay +Ak Ayl) AV + =08 Ly 0 [ (A -Ak,a,tak, + Ay - Ariaal)av .. (35p)
2 g (35b)
(32b) = [A; - ApdV = > ewk( o Ay ) B — &, analogously [ Ay - Ay dV =
n I
= —Zkk f(wkwkr 6kkrakak1 + Wy ; 6kkraka )dV += Zkk/f(wk: 5kkrakakr + wk, 5kkrakaz,) av
A=1y, [(*a}a, +—’<aka,t+—m +—ak af)dv = [ =3, "2 (dka,t ala,) .. (35¢)
(35¢) ~

At _ata —1.ata hox ata 4 ata
(39a) = [a,,af] = 1 = aaf —ala, =1=aal =1+ala,—H= Zk (1 +ata, +aa,) =

|H S ho, (afa, + )‘ .(36)

2g0Ewk

Vacuum
Energy

= (0|A]o0) Ly hoy ((W+ (0|0)) :m .37

The vacuum energy is infinite! Even a cutoff at plank length does not solve the problem, as the corresponding mass-densit
would be so huge that the whole universe would immediately collapse into a black hole. But the result cannot be ignored, af
it leads by means of renormalization to observable physics, e.g. vacuum forces or the Casimir effect.
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2 Casimir Effect
2.1 Summing up Zero-Point Energies

1D configuration with two plane parallel mirrors at distance a, the field vanishes at the mirrors Mode frequencies:

renormalization

- (38)
1D-example fm = li =7 C/m = Aim —m ..(38) wy, = 2nf,, = w, = C mwith m € N...(39) => ... (40)
m 0. 0
S=1+2+3+4+5+6+ o S = 2
Ramanujan Hand- = } FUF-1HY -1 (1 —1+1—1+-)2 =
wm (AD|wavy i 4S= 4 + 8 + 12+ ) |laf-1pa|a 1-243—-4+4-=-35=
.35 =1-— — — . 2 2
proof:i-3§=1-24+3—-4+5-6+ +1d+1f-1] (L ) =(1) _lg__1,
1 E 1-zly=_q 2 4 12
i not defined with def. (42), but analytical
Zeta function ;. 2 Zeta Function i) = Yne1z - (A2) Eem = X — = (-1 = inuati i L

continuation of {(x) gives {(—1) = — 51

Euler-
Maclaurin

12 720
fow mdm=Y3_m+ % =¥y  m=-— % + fow mdm ... (43) then, drop the divergent integral.

I £Gm) dm = Xz, f (m) +%‘”+&—f”’<‘” +o| fOm) =m = £(0) =0, f'(0) = 1,17 (0) =0...=

Casimir force 1D

1D (44)
(41)in (40) = (44) Fip=-— a:(; = |Fp = —2—71% ... (45) force acting on right mirror

Casimir force 3D

2 plane parallel quadratic plates, distance a, side length L > a:

sp _ _ 7 he _ B _mPUO| _ m he
E§P = ————17|..(46) Energy density: e = - =——=|e = ——|...(47)
9E3D (45) . F3p (45) 2 hc
Fop = — 20 = ... (48) Force density: f = —L3 f=—snm ..(49)

Point Particle
Theory

Theory: Why is charged point particle stable? Equilibrium between outgoing repulsive Electrostatic force and ingoing Casimir|

T . h z o .
force! Energy-equilibrium equation: C—C = e— with C ...geometry constant. Not dependent on a! Particle could become

arbitrarily small! Note: % = :—z =a= E But: Theory is wrong. Casimir Force in that case is repulsive!
Solid Sphere Unsolved, except for dispersion-less media.
2.2 Lifshitz Theory
Consider 1D EM Potential (4¢c) = E =—-0,A...(50a) (4d) = B =0,A...(50b) Energy Density
_1 2, B &\ _ & 2, B2 1 (66) & 2y c2p? (SUab) £
(ED+BH) (so E +#WD)_2(£E +MD£D) 2 (82 + ; T =2 (20,0, + 5 aa)A...(51)
(51)
Point-splitting: A = —(A(xl,tl)A(xz,tz) + A(x,, tz)A(xl,tl))| € R (because symmetric =hermitian) =
t1=tz, X1-X2
€ =30 (e0,0, + 50,0, ) 0 S(AG) Akt + Aty AGat))] =
=tp, X1X3
fcutation € =30 (890,0c, + 00,01, Kleymty, 110, (52) with
Dissipation K& 25 h A, + A, A ) with A, = A(xy, t)), A, = A(x,, tl)‘ ... (53) correlation function
Theorem 2h =
[ 25,4, — A,A) = - (G, — G) € Rwith 4, = A(nyty), Ay = ACxy, )] (54)

Retarded Green’s Function:

G =% o(tz -t (A, 4]

...(55a) for t, > t;... emission of em radiation, “switched on”

...(55b) for t, < t,...incoming and absorbed em radiation

Advanced Green’s Function:’G soc o(t, — tz)([/iz,/il])

[[ACGep, ), Dy, )] = ih 6(x, — x2)| (57):‘ a a =0 )G+—6(t1 t,) 8Cx, — x,)|... (58)

Kramers Kronig

[K =Re(f),T = Im(f)]...(59a) with If(t) =25 (hyAy)and t = t, — tll... (59h)
Correlation K is related to I', which is the difference between advanced and retarded Green'’s function (i.e. the dissipation)

Iy / ( ) o
Re(f) = %?f_m%dt' i —?f G )dt ...(59¢) with ... Principal value

o t/'—t

Fourier,
Convolution,

Fourier Transform: F[f(¢)] = f(w) & f_m f) ei"’t dt ...(60a)
Inverse Fourier Transform: F[f(w)] = f(¢) & f f(w)e ™t dw...(60b)

2w Y=

Convolution: f * f; = T_l[f1f2]:>fjowf1(t —t) f(t)adt' = f_w ) fE—t)adt' = %Tf_wmﬁ(w) fo(w)e ™t dw ... (60¢)

F [m%] = sgn(w) ...(60d) < |F E] = imsgn(w)|... (60e) because

F[sgn(w)] = if_m sgn(w) e™ @t dw = —ifo e~ @t de + ifme‘i‘"t do = — (—— + 8(t)) +— +8() =—+

2mit

Y —6'@) Y e (] 609)

II‘“

G, =G = (60f)GER=|G
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Fluctuation
Correlation
Function K

To be clarified:
Sign should be
minus!

@) 2 L (6, - 6)|..(60n) L T(w) = L1 (G - c):m (61a)@m .(61b)

(59C):>K——Pf°”, tF(t)alt = ——?fm t,l"(t)dt = ——mepl"(t t)dt’ =>
- —iwt do (GEE) —iwt d — i —iwt d (61a
K= ———f T[ ]F((u)e = —;fiwsgn(w) Fw)e a):>|K = —Efimsgn(w) F(w)e wl .(62) =)
— 0 =~ ’ —im! ' 0 ~ _i = — _
K =EL°° sgn(w) Im(G) e™** dw = ﬁ(— L Im(G(w")e ™ do' + N Im(G) e~™* da))| (c;)w’ _ fdj Lz

= ﬁ(fi Im(G(-w)) et dow + fooo Im(G(w)) e~* dw)| Im(G(—w)) oo Im(G*(w)) = —Im(G(w)) = —Im(G)
K= (= [21m(G) et do + f;" Im(G) e dw) = = (J;" Im(G) et dw + f,” Im(G) e~ dew) =
K= ﬁfow(lm(ﬁ) et +Im(G) e ") dw = nirfow Im(G) % (et + e ) dw = ‘K - ifooo Im(G) cos(wt) dw |...(63)

Im(@) describes dissipation (losses or gain). Even if there are no losses, but a redistribution of Fourier components, lm(fv‘) *0

(52) c2 © ~
= e= —#(eatlat2 + 76,(16,(2) N Im(G) cos(wt) dw

tEt —t,
ﬁ, EZ oo ~
€= _m(gatlatz + IaxlaxZ) fo Im(G) cos(wt; — wt,) dw
€= _i(gcizfow Im(G) 8;,0;, cos(wt; — wt,) dw — laxlaxZ fw Im(G) cos(wt;, — wt,) dw) .. (64)

2m
(64)
0¢,0y, cos(wt; — wty) = —wd,, (= sin(wt; — wt,)) = w? cos(wt; — wt,) =
Energy Densit h 2 oo =
8y Y = _%( ‘”—f Im(G) cos(wt; — wt,) dw — ;5x15x2 J; 1m(G) cos(wt, — wtz)dw)
A ) ~ " (61b)
€= —E(sc—z +ia, 6X2)f Im(G) cos(out1 — wty) dwl t,=t, = €= —n( = +- ?xlaxZ)f Im(G) do —
he w? (60f
€= —%(ec—ﬁ 0y,0,) Iy F(w) do = E( C—2+ 20,,0,,) [ (G, — G_) dw =
h rof o ~ . (609)
--Lp (g§+;ax1axz)(c —G*)dw|...(65) =
:_% V(5 +10,,0,,) (6@ - G- w))da):
h © ? ~ ! ' = = = -
L ([ (e 42 6xl6xZ)G(a)) do— [ ( +;6xl6xZ)G(—w Ydw )|;° o= o’ 1 o(o ? = —oo
h o 2 2 g ~ m(w
(1 (55 #3040, ) G@) do + [ (e C—2+;axlaxZ) G(w)dw) =
h o 2 2 ~ . .
i (fo (E ©“ 4l axl6x2) G(w)dw — f (S(:—Z + iaxl axZ) G(w) da)) [1closm ]glosmg
(66ab) ;
Lifshitz et —L(ly—1) = L+L+175"=0=1, =1, ..(66) L
h closing — —
Formula e=——(L+1)= —El1 . (66¢) Iz +1 -1, =0=1Iy= I ..(66D) "> Re(w
I, Iy
I = f;m(ei’—j+iax aJCz)G((U)d(U|(U =if={="Dw=i0-§=w ‘i_“;: 1= dw = id§
© 2 (66¢) <.
L=if (—ei+lax 0y,) G d§ == e = = [ (ei—z—iaxlaxZ)G(lf) ds =
=217 (e5-20,,0,,) 66 dé|...(67)
(i) eRrR Note: with w € R:e(w) € C, but because |e*(w) = e(—w)|... (68a) = |&(i&), u(i&) € R|...(68b)
FT
mJ'c'=—b;'c—Dx+F(t):>m56+bx+Dx=F:~5é+%x+%x=£| @y, Wl $x+yx+wox—£:>
Damped (—iw)x + y(—iw)% + wix = % = —w?% — iywX + w3k = % = %(w3 — w? —iyw) = ; =¥ = 4&)5—2/2";;@ ..(69a)
harmonic . o o , , (600) = = . P
oscillator: Electrlca(l Po)larlzatlon. P= f_m)(e(t —t)E(t")dt (:>)P =j.E= .= 7 (69b)
- 69 F - - - 25 69b p
£(i€) P=ex = %| F=eE=P= %: Susceptibility: [ ¥, = % ...(69¢)
[ - [ - [ -
smoothly (695) e2/m wr ) ; L
decaying Permittivity: e(w) = =1+ F, = |E=1+ e .(69d) Iw dif &= 7= —Lw‘... (69e) ... imaginary freq.
= e =1+ % ... (69f) smoothly decaying to ¢ — o
- o ooy - it
(4) = E=-0,A (4d) =B=Vx4A e=1(ED+ Bi) L ( g2+ ) =2 (ef2 4 2 1) z “(ef2 + 25
HoH €9 2 1 Ho&o N 2 N Iz
Oy, 0x, = (V1 X A) . (VZ X /Y) =V, VZ(A1 . 2) - (VZ 1) . (V1 2) ...(70a) Green’s function G — G « A; @ 4, ...(70b)
In 3D = 0,,0,,G >V, -V, Tr(G) =V, - G -V, ...(70¢) with V, ... derivative applied from the right side

In index notation: 8y, 8,,G — (9,0, + a Dy, +0,0,)) G — 00 Gy .. (70)
Helmholtz equation: —V XV x G - e—= = ]16(1*2 —7)
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ce=pu=1..(71a) :> €= —f ( — 0, 6x2) G (i€) dé ... (71b) Helmholtz equation: (82 + k2) p(x) = Eiq(x) .. (71¢)
0
Example: 1D iGreen’s function solves (92 + k2) G(x) = 8(x) = Green’s function solves (9% 4 k2) G(x) = 0 for x # 0 =

empty space

ikx —ikx : ikx _ : —ikx
Green's Ansatz: G(x) = {C-eikx tDe” P Ior X <0 10y = ¢a) = {C-l,keikx D-ke™ ™ for x <0 (7,)
Function for C,e™ +D,e for x>0 C,ike™™ —D,ike for x >0
time- G(x) mustbe  G(0)=C_+D_=C,+D, = G'(x) must GO)+1=4¢" (0+)(—7_ie=3

independent  continousatx=0 C_+D_=C, + D, ...(71f) jump+latx=0 ¢ _jk —Dp_ik+1=C,ik —D,ik...(71q)

Helmholtz (71f) 1 1

. C_=0,D_.=—)= — ") - Letkx for x < 0 —
equation Choose K Zlk](7lq)21k1 2ik . G = Zik o :>|G - Z:k eiklal = L oiklx=x'l|  (72)
+_E’D+_0 :>_E+1:E‘/ 2 € for x >0
def 7 K : : : re 1 —klxl 2_ 1 —k|x—x'|
k¥ ik o k= c= —ik|...(73) ...imaginary wave number=>‘6(m) =-—g-e =——e¢ .. (74)
w

(73) (696) (71b)
ree Space ! k s = =~ =i =lk=- & =ck|...(75a) === d¢ = cdk|...(75h) =

Energy Density hc poo (€2 (7ga) he @ 4 he (oo 1
(i) e=leye (C_z_ 0y, axz) G(lf) dc f ( 2 aX1axz) G(lK) dix = Zfo (KZ — axlaxZ) (;eﬂclxrnl)d}c =
__‘fo‘”(xz +x2) (;e—xIXZ—xll) dk|..(76)

27

(6273 €= —f ( % - ﬁaxlaxZ) G (i&) dé ... (77a) Helmholtz equation: (ia,? + skz)ll)(x) =1q)..(77b)
€0
Green’s function solves (i 02 + skz) G(x) = 8(x) =(02 + euk?) G(x) = ud(x) ... (77¢) =

Example: 1D {5 eay's function solves 02 + euk?) G(x) = 0 for x # 0 = Ansatz:
h I
omogeneous ek ek ; iVemkx 1y —iyerkx
material Gay= {0 D " <0 70y 6 = {C‘l_vg"ke, D-iyeuke ™% . x<0 276y
Green’s elVerkx 4 p e~WEHkx | x>0 C,ifeukeNerkx — p i [epke Werkx x>0
F.unction for G(x) mustbe  G(0)=C_+D_=C,+D, = G'(x) must G'(0.)+u=aG'(0,) 23
nge— dont continousatx=0 C_+D_=C, + D, ...(77f) jump +u atx=0 C_j, /_k D_ivJepk + u = C,ireuk - D, iNepk ... (77g)
independen u 7)) u u
— —i\eukx
Helmholtz C.=0,D. = = v ra) - e for x <0
: Choose ek 2ienk  2iEk —=G6kx) = ZLFk ) =
equation K =079 4 u —H__eiVErkx  for x>0
+ 7 2ijEak’ D :—;+y=—‘/ 2ienk

- 73)_ (73)

G = 21\/_]{ eiVerklxl ZMK e VerKlxl 5 |G = —%e“”'"' 3—%6_‘”"[2_’[1' ... (78) with ‘w e Jepk = — i\/suk‘...(79)
Example: Slab 0 a We put x; and x, inside the region 0 < x < a. o) oy
between two &1l | En | &1Ly We consider x, > x; with x;... “source” (fix)
semi-infinite and x,... free variable (“observation target”) X1 X2
half-spaces Pu Pr 01, Py ... Fresnel Reflection Coefficients left and right source target

- - - - - 0

Infinite # of Ping = }J + pipre 2w+ (plpre 2uW)z toe= Zm:o(plpre 2aw)m = |Ping = 1-pipre=2aw| " (80)
round-trips: no roundtrip 1 roundtrip 2 roundtrips .

Trying to express all possible paths from x; to x, in Green’s function G,

. (79)
o — p Direct propagation x; — x,: e VeRK2=%1) =" g=wlo—x1)
contributions 1 > 1 extra roundtrip: e"W&2=%) g, p_e=2aW 3 extra roundtrips: eV ®2 %1 (p,p,e"2W)2, =
Xy X, o _ (Eil) e~W(x2-x1)
Poy = e WP = 1—pipre—2aw (81a)
. . . (79)
p ) Propagation x; — L — x,: eVekX1p oiVElkXs — fy iVERK(1+x2) =7 ) o= WK1 +x2)
[} {— T
contributions 2 1 extra roundtrip: pje™W @12 g, p e =28 3 extra roundtrips: pe "W ¥+ (p,p,.eT2W)2 | =
X1 X (80) pre~Wx1+x2)

Pe, = e Whatadp .(81b)

1-p1pr e—2aw '’

Prop. x; = L= R— x,: p;p, elrk(x1+a+(a xz)) PLP e~ WQRatx1-xz) — e_w(xl_XZ)prre_zaW
1 extra roundtrip: e”W&17%2) (p, p, e ~28%)2, 2 extra roundtrips: e W¥1=¥2) (p,p,eT2W)3, | =

pi|— <« Pr  We want: e—W(X1—Xz)plpre—2aW + e—w(xl—xz)(plpre—z(zw)z o
contributions 3 ; ) X ) X ) ) ) ) o
X1 X Notice: e™W¥17¥2)py o = ™WH1™%2) . o=WT1™X2) gy @720V - o~WIX1TX2) (g p @722 el
excess term
PC3 — e_w(xl_xZ)Pinf — e—W(x1-x2) —W(xl—xz)!

PPl (81c), but we must compensate excess term e
=pipre

; . (79)
—T Propagation x; = R = x,: prel@k((“"‘l)"(a"‘z)) = p,elVErka-x1-xz) "=

contributions 4 1 extra roundtrip: p,e WRa¥17%2) g e =20W ) extra: pe"W2eTK1X) (g p eT2W)2  —

pre—w(za—xl—xz)

X1 X2 —w(2a—x—x (80) p,e~w(za—x1-x2)
Poy = e WEIITRIPy, = B (81d)
creating G, ana- = (81abca) | - U e~WO2E1) 4 p o= WL HX2) 4o WX1~X2) 4 p o~ W(RaX1-%2)
G Pey + Py + Pos + Poy) —— |G, = — & (82
logouslyto (78) ' ( e+ Pez + Pes + Pea) —— |G 2w 1—pipye—2aw (82)
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Compensation
for excess
term.

Full Green’s
function.

If x, > x,: Pc5 contains the excess term —%e’w("l”‘z), to be compensated with Gwmp = +%e"”(x1”‘2) ..(83a)
If x, < x,: Pc; contains the excess term —%e"”("?”“), to be compensated with Gcomp = +ﬁe’w("2’x1) ..(83b)
We define: |52 er K (e’w(xl”‘z) + e’W("Z’xl))‘ ... (84) Then,

~ (80 ~ (83a)

(84)
ifx, >x,: Gy + G, = eWhe) 4 G, =" £ (e _/""("?’m + e Wl +W) Geomp
..(85) =
~ (84) @)
ifx, < xy: Gy + Gz @ e™Wn—x) 4 G, ( /Da4z) + e/»r%) +e W) =T G
G = 61+(§wmp=>0 = Gl+((;0+cz):> G= GO+61+GZ ...(86)

renormalization

Every considered particle is driven by vacuum fluctuations and emits (virtual) em waves. On average, the emissions of
different particles are incoherent. Therefore, each particle interacts on average only with the waves emitted by itself.

5’1 contains the direct propagation between x; and x, in either direction (as expressed in 5[,). When we consider the limit
X, = X, this leads to a diverging energy density. But this direct self-interaction is already contained in the formation of the
particle and should not be included into the calculation. Therefore, we need subtract the self-interaction expressed by G,:

~ ~ = (86) = = (82)(84)
Gren = G — Go = |Gren = Gy + Gy ... (870) ==

P _ie-w(xz—xl)_,,ple—w(x1+ch)+e—w(x1—ch)+pre—w(za—x1—xZ)+L(e_w(xl_xz) +e—w(x:—x1)) ..(87b)
ren 2w

2w 1-pipre—2aW

Energy density:
Lifshitz Formula

(75b)

(B;a) b oo ( .

&1 A
27 J0 c_2 - ;axl axz) Gren df

67) = € =4 " (65 - 20,,0.,) Gren €
X17Xy X172X2
L axlaxz) Grende| = |e=12% 2 ﬁf’xﬁxz) Gren K| ..(88)

hc oo '3
St (el
2 ¢ X1-X3 X1-X5

(87b) 1 e—w(x2—xl)+ple—w(x1+x2)+e—w(x1—x2)+pre—zawew(x1+x2)
21 % \ 7 +

(75a) he roo
- (

1 i —wlri=x2) . o=wlxz—x1) ) £
”axlaxz ren 1—-pipre—2aw e +e 2w

1 ( (_Wz)e—w(xz—xl)+(Wz)ple—w(x1+x2)+(_wz)e—w(xl—x2)+(wz)pre—zawew(x1+x2)

+ (_Wz)e—W(X1—x2) + (_Wz)e—w(xz—xﬂ)i

© 1-pipre=2aw 2w
_ l (_WZ) (_ e~ W(x2—x1) 4 o-W(x1-x2) : e—W(x1—X2) n e—W(Xz—xﬂ)L n lwz (_ ple—w(x1+x2)+pre—zawew(x1+x2))Lg
n 1-pipre=2aw 2w 1-pipre=2aW (ZM;
—W(x2—x1) 4 p—W(X1-X2) —w(xq1+x2) —2aw ,w(x1+x2) 88
— 2" +e —w(x;—xz) —w(xz—x1) _pe +pre e »
&K ( Tppreiaw +e 1T te 27 + ex? - —ow P
T PiPre w
Ga Gg
hc oo ~ =
€=— ((EKZ +ex?)Gp + (M) dk =
2m 0 X1-X2
€ = he o (ZSKZ (_ e_W(Xiz_Xl)*'e_W(xl_xZ) +e —w(xi—xz) + e—W(Xz—XO) )dkl =
20 l—plpre‘zaw 2w. XgoXp=x
he p ( ) e 2 [® LA+pipre” MW
=—=¢K ———+1+1)dk=—— —_— d;c—— s;c ———dk =
el [ (ot 1t N G b e
€= — MOk g2 [© _pre ™ (o) g —Els;ucz C 1k (B;a)—E—wz QNN —; R,
T w 0 1-pipre 2 (pp,)te2aw Tw 0 (pipr)~te2aw—1 Tw 0 (pipr)te2aW-1
hc w 1
€= —————dk|... (89) ... Lifshitz Formula. Converges rapidly for w > —.
0 (Pzpr) le2aw_q ‘ (89) g pidly a

Characteristic imaginary wavenumber: k < % Energy density “inside” (between 0 and a): e(x) « O(x) O(a — x)
Force density: f(x) = —0, €(x) o« 8(x) — 8(a — x) = 0, c(x) with stress density: o(x) « 0(x) ©(a — x)

Default Casimir
Effect Formula

(89) 7 he po a9 2
ce=u=1p = pr——1=>e=;$ W g = Lhe dxk = =1£l...(90)/cf.(45)

0 e2aw_q K = 0 ezax 1 24 a2

m

In 3D

Planar mirrors, piece-wise homogeneous medium. We must take polarizations E and H into account (which are well-
separated in the planar case). Fourier-transform in xy-direction: xy — uv

=1k ) anff ( )dudvdk with w = Ju2 + v2 + eux? and A = (p,p,) *e?"* —1|..(91)

separate for 2 polarizations

inverse FT

Perfect reflectors: E (electric) polarization: p; = p, = —1, H (magnetic) polarization: p, = p, =1

Use spherical coordinates in (u, v, w) (radius w) k = 0 = half space 6 € [0, E] =

hc 1 7/2 w3 sin(¥9) _ ke n? he
= - —_ = A = = ——=... v’
€ - o5 2 f f w49 dw fo ezaw 1dw € a0t (91) v“see (49)
polarl— fzndtp

; )
zations

electric and
imagnetic mirror

Electric mirror (typical): E;, = 0 Reflection coefficient E-Field: pz = —1 Reflection coefficient H-Field: py = +1
Magnetic mirror (difficult): H, = 0 Reflection coefficient E-Field: py = +1 Reflection coefficient H-Field: py = —1
Assuming electric and magnetic mirror facing each other:

(89) he w (79) he 7hc T

e=p=Lp=-Lp=1=e=——]" —a- 1dK = R ezax+1 drk =|e = Peypi .(92) repulsive!

e, >e> &

An e-hierarchy (e,>e>¢;) is more realistlc for a broad range of frequencies. = p; and p,. have opposite signs = p;p, < 0.
Has been done experimentally with Silicon and gold (Munday et al, Nature 2009). Also: Zhao et al, Science 2019.
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2.3 Temperature

therm Thermal Wavelength: ..(93a) Ay = 50um at room temperature.  Thermal Frequency: ...(93b)
: th
wavelength Thermal radiation relevant when typical distances > ﬁflm (with A, being the peak of the Planck spectrum)
Vacuum vs. We could derive the correlation function (59¢) only by assuming that I decays zo zero in (complex) infinity. This is not the

thermal states

case for thermal states.

Thermal state
for an arbi-
trary operator

(94b) and Partition Function |Z = Tr(e’ﬁg) ... (94c¢) for normalization

t] . (94d) ) = S I1i(e P Ay Ay (94e)

(Fy = %Tr(e"mﬁ) ... (94a) with

Thermal state expectation value ‘f(t) = EL;(AAZAAI) witht =t, —

Kubo-Martin-
Schwinger-
Relation

= f(t) = 22 Tr(e P Ay A,) =21 1e (4,4 )*e—ﬁﬁ*) =22 (A1ALe P A, = AL 4, = AL A = AT =
£r(©) =221r (4, Aze B )_ 22 1r (4, Aye e s )|Tr(ABCD) = Tr(DABA) =
@ = SO“Tr(e 24 A2e7 ) EOClTr(e 2HA1e2 e ﬁﬁeng effg)| —gﬁ =%(ﬂ)ﬁ,5ﬁ=i(—ﬁ)ﬁ=>

2

LB \g ~ I IhB L(_hB\g o LB i
£ = 2L (eﬁ( D) 4yl 5 o0 ol TP 4yeil's )’7) = £© =23 (A (6 + ) e#7 4, (1, - 1)) =
time propagation with time propagation with

mﬁ imaginary time 7M

£1() = f(t.) witht, —tz—@—(t1+%)=t—ihﬁ‘...(95)

imaginary time +——

O = S (o0 o~ 4 (1 +2)) 22

Conformal
Transfor-
mation

For real times t, the function f has poles (§-peaks) left and right of Im(z)
zero. The analytic continuation of f on the line t,= t — iAf yields A
the complex conjugate f* with also two poles. Actually, the analytic
continuation of f is periodic in the positive and negative imaginary
direction (a ladder of lines parallel to the real axis with alternating
values f and f*, each of which has poles). Because of the Schwarz
reflection principle, the analytical continuation is real-valued
between all f and f* (green dotted lines). The function decays
neither in the upper nor in the lower complex half-plane. The
Kramers-Kronig relation cannot be applied. We introduce the
following conformal transformation which maps the periodic
structure to an infinite stack of Riemann sheets.

ER

*
]
]

i e » Re(z) =t
-

- =
4
3

‘W — " with 7. ..complex time ‘ (96a) so that ...(96b) Im(w) = v
With this map, each horizontal strip between two neighboring lines
f and f* gets mapped on a separate Riemann sheet
w(z % inhf) oz e’z‘%(ziinhﬁ) "ﬁ e? eﬁﬁ’z oo
|W(Z + ihfn) = w(z) withn € NI ...(96¢)
Horizontal lines in the z-plane get mapped on radial lines in the w-plane.
Re(z) determines the radial distance, Im(z) the polar angle:
e?= RO cos(Im(z)) + i sincos(Im(z
radim;nce( ( ( )3)olar angle ( ( )))
In particular, t=0 gets mapped on w=1, t— —oo gets mapped on w=0.
Real times t are mapped on Re(w) = ult € [—o, 0] @ u €0, 00]|... (96d)
The real valued dotted green horizontal lines are mapped to Re(w) < 0 © u < 0...(96¢)

z=t+1iy,

Re(w) =u

w=0¢& w=1&
t—> —oo =0

Lp g U g

Now we can use the Kramers-Kronig relation in the w-plane. Kramers Kronig in general: Re(f) =

c Im Z 'u’ ( ) ©o Im z\u
f N u,f N f oz, f(fl) N f(Z('LL’)) — Re(f) — l?f I (f( ( )))d 9——6_>R (f) :Pfo I (f( ( ))) du’ . (96f)
(96a) 2% pe(z) (96b) 2 2n , 7t' , , (%f)
u = Re(w) = u = e =y =etf ..(96g9) = F_ﬁ hB = du =ﬁehﬂ dt _ﬁ d

Re(f) = ?foo lm(f(z m(f(z")) 1 d , (%b) 2 ?foo m((t") 1nt,d ¢ (969) 2 ?foo Im(f(t2)12 ;n,dt’ -

© — 27 arer 2y 2T
u'-u e B _ehBt ¢ "B

Re(f) = f Im(f(t')) dt,(sgg Ky = hﬁg:f Mdt .(97)

2"(t th) 2"(t ¢

© www.goldsilberglitzer.at -8- helmut@goldsilberglitzer.at




Calculate
fi(w) with
convolution
theorem and
residue
theorem

Sign?

(O7) = K =35 [, g M@ e’ = Pff‘;fl(r—t')fz(t')dt'g

Im(t)
Kin = o 1(@) fo@) €7 dao with £i(£) = g — and fo(8) = Im(F@))- (98) w>0_4
e
(90a) 1 .
filw) = [7 —ewtdt = |fi(w) = [ " dt = 1, with @ = 2Z|... (99a)
i o0 gttt hﬁ

We consider w > 0 = w —= i = ei“’t|w_’iDo — 0+ = close over the upper plane > Re(t)

iwt I p
;t—_lhaspolesate“t—l=0=>e“f=1=>at=2mm=>m .(99b) L S

Residue Theorem (note that we take only half the value for the residue at t = 0, because we integrate directly through it):
i
I +,Ié =mi Restao( . 1) + 2mi Yn=1 Res, zr[im( . 1) .(99¢)
0

R elwt — elwt — 1 t(te”"t) i elwt Ljgeint 1+0 R elwt 1 (99¢)
€Si0 \Zar—y) = liMeoo t o = lim g 9iee_1) Mo = RS0 \ary) T 5|
. i . i iwt_ 2TMm jot
_m ;oo ) ety ) 2mim) el@t . ) ar(te =g € )
11 =7 + 2mi Zm:l ReSt_’znaLm( P 1) (99d) Res ZTZ,m (E = llmt_)zn;m t— 2 cat_y llmt_)zn;mw
2mm 2mTm
elwt . eltyjptel®tyy Moot g=0 g _)2M =0 — e . a elwt 1 _g2mm|(99d)
ReStaznim (T—l) = llmtﬂzm‘m P = P = REStaznim (m) = ;e a /=
a
2mi 2400 27 _zne 2mi (1 _2me 2mif 1 _zmon T
L= ye o= (liye o) = (lye e - 1) =2 (<l g (e70) ) =
_2nw 21w _2nw Tw
2mi 1 1 2mi l-e « 2 inf e a -1 2 ime a +1 e«
L = 7<_E + _2nm) = w\ " 21w + znw | = @ _2nw + Znw | = « —re | e
1-e «a 2-2e « 2—-2e «a 1-1le «a 1-1le a 1-le «a ea
w
ite @ +e o (99a) ~ whp (98) i _ (59a)
11=aﬁ——c oth (%) = fy(w) = "L coth (4£ B):Km=—f_ th( B) fo(w) et do =

ea—e @

Kth=if_ th (“2£) £, (w) et doo| fy(w) = FILMO] Z Fim(F)] = FIr(©)] = Fw) 2 L (6, - )

Calculate K;p,
with residue
theorem.

Matsubara
frequencies

K, = poos fm coth (Mﬁ) (G+(w) G_ ((u))e"“’t dw‘ .(100) ...same result for w < 0, therefore valid for all w € R
' Im(w)
Ky = i f_°° coth( ) G, (w)e @ do— [ coth( hﬁ) G_(w)e @ dw |..(101a) Gi(w) e
I I A

Ky = ﬁ(l1 —1,)...(101b)
Gl(w) decays in the upper-half plane = close with I, in the upper half pIane”

’ Re(w)
G_(w) decays in the lower-half plane = close with I in the lower half plane
whf
ot cosh( 2 )
coth( )G+(w) e has poles where coth( ) = —smh(“’w) - 00 = I, =0 (@)

smh( B) —isin (z—) =0 = mw =mn = la)m = +z—ﬁm withm € Nl .(101¢)
(10
Matsubara frequencies: ..(101d) :>|a)m = ti¢,, withm € N| .(101e)

— = —i . 0w
RESw_,O = llmw_)o w coth ( ) G+ (a)) e ot — 11mw_)0 WGi (a)) eTlwt = l1mw_,0 m

= lim o —g— G4 (@) et = |Res, o = Ea”i(o) .. (101f)
7coshz(m—hﬁ)
wFié&y

Resw—>+l§m - hmw—»ﬂfm (o F i&y) coth (whl?) G+ (w) eTlot = hmw—>+l€m Thﬁ) G+ (w)e it —

Gi(w)e @t =

0, (wFiEm) A i . 1 _ _
w-tifm a:’mn—h(ﬂ,;) Gi(w) e ™ =limg, e, WGJ, (w) e™™t =Timg, ¢, — v 2 cosh? ( ) Gy (w) et
2 coshz(“’;‘B)

coshz(ii nm) Gy (£i&y,) etimt = %@_r(iifm) etimt —

= lim

(
= h—cosh2 (+z§m ) Gy (Fi&y,) e iEEmE

(1019)

Use Residue Theorem (only half the value for the residue at w = 0, because we integrate directly through it):

(1017g)
L+ IA = miRes,,o + 2mi Y-y Res, ;e :gll =i G+(0) +2mi— Zm 1GL(i&,,) ebmt

‘Resaﬁﬂfm = EGJ; (£i&p) eémt] ..

0 (101b)
3
. R (101fg) .2 = .2 w0 A . —Emt

—I, + Iy = miRes o+ 21i ¥y _ Resy,_is, =1, = —mEG_(O) - anﬁz:mzl G (—igy)e™m )

0

. _ (609)
Kin = 4an( G+(0) +2mi— Zm 16, (i&,) efmt + 7”_G 0+ 2mi Zm 16 (=) e fmt)
Kin = %M(EL—G(O) + 27Tl_2m 1G(iE,) ebmt + 7T1—G(0) + Zm—Zm 160 e éymt)
Kip == (m—G(O) +mi— 2m=1 G(i&m) (e5mt + e_gmt)) = —h—(G(O) +3¥2 . G(iéy) 2—(95"‘” + e‘gmf))
Ky = —h—&(o‘(m + 235 GiEm) cosh(§nt)) = [ Kin(©) = = (52 + Bincs G (i) cosh()) | (102)

—lwt

Y G, (w) decays in the upper half plane depending on r, but e
Therefore, the integral only converges for ct < r.

increases depending on t.
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(101d) (102)
(94b) = B = L =, = —kBTm = The lower the temperature, the closer are the Matsubara Frequencies =—

Note that nmAmﬁo Sineo f (Gmm) m = 7 () d§ = [limapo Tico f(Amm) = 2= [7 £(£) df|-.-(103)

Low (D) & G(i7) cosh((t) :> limp,,o0 X220 G (i Amm) cosh(Amm t) = —f G (i€) cosh(&t) d§| Am &
temperature o
limit llmzn 0 Zm= oG (I.— )cosh (— ) f G (i&) cosh(&t) drf|— -0eT-0, —Bm ém
-2 Tt 660 O8N ) = 2§y GGiE) cosh(€0) dE[cf. (102) = limy_g Ky = — ;-2 [7 (i) cosh(st) d =
[limy_ Ken(6) = == [;7 G(i§) cosh(§e) dg |...(104)
. . ~ 1 @ (102)
Green’s Function, spherical wave: |G = —Ee‘ T = e <"...(105) =
K =i(—lL——Z e~éme cosh(¢, t)) (———Z e~éme cosh(¢, t))
th afc 24mr  4mr &M=1 m Zthﬂ:r m=1 m
—_1 _l_yw  Emg 1_yo =Ems
~ 2nBenr ( Lm=oe ¢ cosh(§t) + 1) Zhﬁcnr (2 Lm=o€ ¢ COSh(fmt))
— —Eme - © o=Emgl(oEmt 4 o—Eml) _
4h[5’cnr( Zm o€ ¢ COSh(Emt) ) 4hB£7rr (2 Zm:o € ¢ (e mterm ) 1)
= Smte —Emy ~imt g _ ( ) fm(H ) (101d)
4h[5’cnr (Zm 0( " ctemm ) 1) flﬁ 8n2cr (Zm* ( te ) 1)
-~ —& (t+2 -2
it (e (e S) 1) = (5 () (6 9) )
r
_ _6_1( LI 1 _ 1) _ & L 1—(1—e‘51(”?)) & . oEa(e+D)
R O e e s Ry A W o I o R AT W o Rt
eé1r/c e—$1te—S1r/c  Léqt _ & ef1r/c e—§1r/c
- 8n2cr (1 eflfe /e géar/e + 1-e—d1te-bar/c E) " 8nZer (efl”/c—eflt eflf—e‘fl”/”)
— efar/e e~fr/e der &4t der ,&7/C def ,—&17/C (106a)
Example: 3D Ken = 8n2cr (efﬂ/C—eﬁt B e—flr/c_eélt) (106a)|u Sethu, Eet’/u et | .(106h) —
space with —__ & uy )
thermal Ken 8m2cr (u+—u u_—u -(106¢)
radiation 1
Note that|Ky, = —ﬁar ln((u —u)(u— u_)) ...(107) Proof:
__ 1 _ _ 1 {u-uw M-l _ 1 3 (uRO+us ) u () -u() u- () -u(®) u4 (1))
Kth ~ 8m?r ar ]n((u u+)(u u_)) ~ sm2r (u—up)(u-u-) ~ sm?r (u—uy)(u-u-)
1 @rug ) u () +uy () dru () —w(t) dru_ () -ul) dyus(r) 1060) 1 (9,e517/€)e~$17/c4eb1m/cg, e=4nT/C—e81tg, o621/ - b1k, eb17/c
~ sm?r (u——uy)(u—u_) - 8m2r (ef1t—eé1r/c)(eS1t—e$17/c)
_ 1 fw&:—w—ﬁmﬁleﬁt —51T/C_ﬁef1tef1r/5 _ & efite-far/e_gfatebar/e
T emer (ef1t—efar/c)(efat—e=417/c) T 7 8rlcr (efit—et1r/c)(ef1t—e~217/C)
_ & —ed1tedir/cyeéite—E1r/C _ & 1-efitedir/cqqedite=Sar/c _ & efir/eg=dar/e_gfatedar/c_g—§1r/colur/cy pf1te=ET/C
T 7 Brcr (efir/e—efit)(e~E1r/e—etit) | gm2er (ediT/c—efit)(e~d1T/c—efal) gmZcr (ebrr/e_etat)(e~E1r/c_eat)
& eflr/c(e-517/0_951f)_g—flr/c(gflr/c_gflt) _ & eflT/C(e—flT/C_eflf) —flT/C(eflr/C_eflt)
T snlor (ef1r/c—gfat)(e—€17/c—ef1t) T srnler ((em/c_eslt)(e—slr/c_eﬁt) (ef1r/c—etrt)(e~€ mc-eslt))
_ & ef1r/c e—§1r/c
Ken = — 8m2cr (eflf/t—eﬁt - e‘fir/c—eflt) V. (10661)
271
Interpretation: u & e1t from (106b) corresponds to the exponential map w = ehé” (with z ...complex time), introduced in
(96a). The exponential map is also applied to +7/c because the time-dependent Green’s function of empty 3D space is
Gy= —ﬁ 8(t ¥ r/c). The poles u, in the correlation function K correspond to the 8-peaks in the Green’s function at t= + Cr—t
;17 (106b) glr (107)
For small temperatures: |&;t] « 1 and Kl=|lu=1+&t u, =1+ ~1—-2]..(108) =
limy_,o Ke, = —ﬁar In ((1 +&t—1— f") (1 +&t—14 f”)) = —ﬁa, In ((flt - g) (flt + f”))
f%
1 zz_ff_rz)__l 51 202 _ p2 227 : _ 1
8n2r OrIn (fl t 2 )T smer OrIn (t% ) 811'2r f1(cztz_72) = {limr_o Ko = an2(t2c2-r2)| " (109)
Small
temperature Minkowsky metric: m ... (110) ... spacetime distance between emission point r, t; and reception point 1, t,
limit

(109)
- ...(111) ...vacuum term. In renormalization, this term is discarded.

Ko ~ +0(EH|... (112)

The first term in expression (112) is the vacuum term from (111). The second term (and all other following terms) are
thermal effects, which depend on the temperature. For t = 0 the third term is proportional to &7, resulting in an energy
density € < 92K o &} o< T* (Stefan Boltzmann Law)

Expanding expression (107) for small &, yields:

4m2s? 4(-}1'[2 c?
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3 Acceleration and Expansion
3.1 Uniform Acceleration
3.1.1 Rindler Coordinates

Reminder: Assumption: 1+1 dim Minkowsky Space. The length element ds” is determined by the metric: |ds?® = ¢ dt? — dx?|...(113)
Metric and ds? is invariant under Lorentz-Transformation (LT). In the system, to which the observer is at rest, we can write: dx2 = 0.

Proper Time  Therefore, the time this observer experiences (called Proper Time dt) is determined by ds® = c?2dr? = . (114)

1+1 dimensional Minkowsky Space. Hyperbolic polar coordinates (“Rindler Coordinates”): o

x = &cosh(n)]...(115a) |ct = Esinh(n)|...(115b) =t = %f sinh(n) ... (115¢)
Lines in the spacetime diagram, where the invariant metric length element s equals a — §=0
specific constant length & = &, are hyperbolas (because of s = & = citP—x2=§) . i::;
ax (115a) ax (115a) i £=3
= cosh(n) ...(116a) o = & sinh(n) ... (116b)
ot (115¢) 1 | ot (115a) 1

Rindler % = ;smh(n) ..(116¢) W = ;fcosh(n) ..(116d)

Coordinates in
ax ax (116ab) .
Flat Space dx = a_edf + %dn = cosh(n) d¢ + &sinh(n) dn = ]

dx? = cosh?(n) d&* + &% sinh?(n) dn® + 2 sinh(n) cosh(y) d¢ dn ... (117a) } (113)

dt = Z_gdg + Z_;dn (11311) %sinh(n) dé + %E cosh(n) dn = c dt = sinh(n) d¢ + & cosh(n) dn = | -

c2dt? = sinh2(n) d&? + &2 cosh2(n) dn? + 2 sinh(n) cosh(n) d¢ dn ... (117b) J

ds? = (sinh?(n) — cosh?()) d&€% + &2(cosh?(n) — sinh?(n)) dn® + 2 sinh(1y) cosh(y) d& dn—-2-sinhGpcosh(m)dE dy

ds® = £2(cosh?(n) — sinh?()) dn’ — (cosh?(n) — sinh?()) dé?| cosh?(n) - sinh?(n) =1 = ..(118)

(118)
For an observer moving along a hyperbola c2t? — x? = &, the Rindler coordinate § = &onee = dé* = 0 =

ds? = &2 dn? = ds = &.opne dn ... (119) The observer on a Rindler Trajectory experiences the following proper time:

(114) ¢ (119) ¢ £ e -
T=[dr = ;f ds = ;ffconst dn = |t >21|... (120) So, for an observer with fixed &onst the Proper Time 7 o 7
Rindler ) ) dx _ 9x/an (116b) g sinh(y)| ar (120) ¢ . i (115b)
Trajectory Velocity w.r. to Proper Time: u = = = o Oar/an Pl ?“ = u = csinh(n) = &onstt = € €constSinh(n) =—
2
Eeonstld = €2t = |u = —=—¢|...(121)
fCOﬂSt
. . . du (121) c?
Acceleration for an observer on a Rindler Trajectory: a = i : = const.|... (122)
const

3.1.2 Vacuum Correlations

The vacuum state |0), so that @,|0) = |0) in Minkowsky Space is defined for plane waves with a specific polarization.

T
Therefore the vector potential can be written as 4, « e ku since k, = (2, k) and x, = (ct, x)T are covariant vectors,
[

the vector potential A4y, the Green’s function G and the correlation function K are all Lorentz scalar fields. Therefore,
transforming these fields into another coordinate system simply requires transforming the spacetime coordinates.

(104) ~ (75ab) ~ (74)
Assuming low temeratures: = Ky, = ﬁfooo G(i&) cosh(ét)dé = %fow G (ix) cosh(kct) dxk =
— Ll xklxl _ L ol kx| ket —Kct _ _ 1 o1l _k(lx|-ct) —k(|x|+ct)
K = 2"f01 Kel cosh(kct) dx = Mfo e (1e te ) dr =~ K(e +e ) dx
—_1 (el —k(lx|=ct) —k(lx|+ct) — L ®(p—xxl=ct) —k(lx|+ct)
O Ken = — - J K6|x|(e"x ct) 4 grellx C)dtc—wfo (ertxl=et) 4 g=rllxl+et)) gy
u s —k(|x| = ct) = = = —(|x| - ct) = drc = —
Dyl = = (&40 dic 7o) i) : e
Vacuum 4m 0 0 v & —k(|x| + ct) = ﬁ =—(xl+ct) = drc=— Ix\:a
Correlations 1 1 rx-w 1 rx-c 1 1 1
_1(_ u _ v _1(_ U|k—0 _ v |Kk—00
alleth _411( le—cth=0 e*du |x|+cth=0 € dU) 41'[( IxI—cte x=0 |x|+cte K=0)

By Ko = ﬁ(_;e—rcu:d—coﬁ _;e—x(|x|+cr)|:°) = L<_ L 0-1)-—-(0- 1)> = L( 1oyt )

|x|—ct |x|+ct 41 |x|—ct |x|+ct 41 \|x|—ct |x|+ct
1 2|x|

1 |x|+ct+|x|—ct
41 |x|2-c2t?

am (xl—ct)(Ixl+ct)
2] (123) 1 (113) 1 1
3|x| ln(xz - Cztz) = xl2—c2cz — 6|X|Kth = E 6|x| ln(xz - CZLLZ) Sl 6|X|Kth = E 6|x| ln(sz) = ; 6|x| ln(|s|) 5

1 . ) .
K = P In(|s|) + const. ... To calculate €, we need to differentiate K., twice, hence the constant does not mater =

O Ken = = O Ken =

... (123) Note that 9 In(x? — c2t?) = 9 In(Jx|* — c?t?) =

Kot = %T In(|s])|... (124) with s? = c?(t, — t;)? — (x, — x,)? defining spacetime-distance between emitter and observer.

) ) ) 1 ) ; ) 1
In 1+2 spacetime dimensions: Ky, « = In 1+3 spacetime dimensions Ky, o« =
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Conformal
Rindler
Coordinates

(118)
- (1250) = % = ¢ —[df = e7d = dg? = ¥ dg?] .. (125h) (115ab) =

ds? = ¥ dn® — e¥d{* = |ds2 =e% (dr]2 - d{2)| ... (126) global scaling factor e2¢ ... “conformal factor”
~(127a) [s2 = c(t; = t)) = (O = x1)].. (127D) [s4 = c(t; — t) + (0 — x7)]... (127¢)

(115a) 1 ) 5a) 1 cioom .

x; = §icosh(n) = ‘fi(em X =3e (e +e™M)|... (128a) (127bc)
(11 25a) 1

ct; fl sinh(n;) = —fl(e"l —e™M) => ct; Ee{i(e’“ —e™M)|...(128b)

- — _ 1 _
s = ;ezz(enz —e M) — Ee(l(erll —e M) — Ee(z(erlz +e72) +E€(1(€T]1 +eMm) =
s =W — lefzeﬂ’lz _\l\e{L{m + 13{19*771 _W — 16526*712 4}1}@{11 + lehe*m =
2 2 2 2 2 2

s_ = —e%2e7M2 4 ef1e™ = |s_ = —e% M2 4 egl’"1|... (129a)

1 _ 1 _ 1 _ 1 _
5, = ;eqz(eﬂz —e7M2) _Ee(l(erll —e M)+ Ee{z(e"z +e7M2) — Eeﬁ(em +e M) =
S, = %e{ze"2 —Wz - %eﬁe"1 +?‘h&"1 + %efze"2 +}zf}2f"2 - %efle"1 —E?QP\"'“ =

5, = eS2plz — gS10M — |S = %2tz — pS1tm | ..(129b)
(129(1[1)

(127a) = s? @ s_s,
s2 = e(leﬁvzeﬂleﬂ?z(_e {19{29 Mgl — gl1= Sz Mgz 4+ 1 + e tMe?2) =
s2 = e(l*(z*ﬂl*ﬂz(_9(52*(1)+(172*771) — e~ G2=¢)+02-n) 4 1 4 62(712*711))|{ =, Ny, —n =

s2 = 351*‘52*‘7’]1—7’12(_35”] —e St 41+ ezrl) — |52 = e(1+{2+711—712(671 _ e{)(eTl _ e—{)| ..(1300) =

|ln(sz) =0+ 0 +n,—n1n ((e" —e¥) (e — e‘c))l... (130p) =

(- e$2 M2 4 61~ 771)(3(2“’]2 — 651“]1) = —e2%2 — 0201 4 pS1p%2pMe M2 4 %1520 M2 —

+0,+n1 -1, In((eM-e%)(eM-e~%)) (124)
(140241112 “((: ef)(e-e ))

2In(Is]) = ¢4 + &, + 1y — 1. In (€7 = e)(e" —e)) = In(Is]) =
1 _

Ky = m [(1 +¢+n—nIn ((en —ef)(e"—e Z))]

To calculate € and other observables, we need to differentiate K}, twice, hence constants and linear terms don’t mater =

Kegr = ﬁ In ((6" —e¥)(e" - e""))‘... (131)

Unruh Effect

. . = 1 Ixl (75a) ¢ —§|x| (102)
Start with 1D empty space Green’s function (74) = G = —;e"“‘ = ——e =

25
S (N R A o1 (_1c o N
k= hﬁc( 228, Yin=1 g € C(’Sh(fmt)) =K= hﬂc( % Zm_ cosh(fmt)) ..(132)
%o —im _im £.(132)
Note that [ (%e ol 4 ye_e e cosh(fmt)) dlx| = —-—=¥%_ 1—e < cosh(€,,t) + const. =
1 1 %o o —im
K= e (;e ey e e cosh(fmt))dlxl — const.

To calculate € and other observables, we need to differentiate K,; twice, hence constants don’t mater. Also, this constant
helps to eliminate the divergency from the _%Ei — oo term (remember that {, = 0). =
0
11 (2 &

Kot = =152 (5e7¢% + Zner e cosh(gnt) ) dix| = — - (Z;-;_Oe-%"'xl cosh(&nt) —2) dix|

— —Em)y ——lxl 1 t t

= Zh[?cf( Yo Oe ¢ cosh(&,t) — 1)d|x| thcf( Yo e (efm +e~smt) — l)dlxl

(101d)

B
zhﬁcf(zm= e~ Bl gnt 4 o~ Bl g~tmt _ l)dlxl =-2Z L (23'{:0 efm( ) 4 et 1) x| =

hp 4mc

= 61t T (B O 1 B ) ey = — £ g (5 (29) 4 i (e 9) " — 1) i
- _4_1;f (Z?ﬁ:o (efl(t—é))m rye ( e I)) B 1)d|x| &6 f( 511([_M) N 1 1>d| lMathematica

anc 1_6—51( :+|X|)
= _ﬁln ((1 — efalt=lxl/a)(1 - 861(t+lxl/6))) = _Eln ((1 — efate=faltl/e) (1 — eflrefllxl/c))
= —ﬁln(l + et _ ghitehill/e _ ghite=Gildl/e) — g = —ﬁln ((eslt — eflrl/e) (gat — e—ellxl/c)) ..(133)
By comparing (133) with (131) (sign to be clarified) we can deduce: n=4§t.. (134a)

c (134a)

— 1=t = 57— t—flt:> —61 .(134b)
Econst ;const SCOHS

2 1 @ (134b) 4 (101d) g 257 (94b) ¢
(122) = a = - = T == & —=-= ﬁ:}; = TkBT = m (135) ... Unruh Effect

An uniformly accelerated observer experiences thermal radiation of this temperature. However, to reach e.g.

(120) => T = —Ec"c"“n ==

room temperature (300K), the required acceleration would be in the magnitude of a ~ 1023 sz Therefore, no direct

experimental evidence could yet be gathered. However, an analogue of this effect can be measured using a classical system
with water waves [Leonhard et al, Phys. Rev. A 98, 022118].
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3.1.2 A Tale of Two Observers

We consider two Rindler observers L and R along Rindler trajectories, so that E
...(136a) Both observers are equipped with spectrometers and measure

Two Rindler  ithe Fourier transform of the electromagnetic field with respect to their respective proper
Observers time 7. We assume that all modes /Tk have positive frequencies k > 0, so that
(Zk,jk) > 0]...(136b) cf. (25ab). Note that for the left observer the proper time T runs
against 1.
We have to consider both right- and left-moving waves, indicated by indices + and —. Plane waves can be expressed in
Minkowsky coordinates, respectively Rindler coordinates, as follows:
(115ab) y . .
Apy = pr exp(tk(+x - Ct)) .(137a) == A4 = mexp(tk(if cosh(n) — Esmh(n))) =
Modes
Aps = ,mg o exp(zk{(+ cosh(n) — smh(n))) oo X (lkf + (e" +e™)— —(e" —e ")))
[ n T _ _ ’
= [imeeac &XP (zk{;(ie" tem—eT+e ")) = Ay = pr—— exp(+lkfe”’) ...(137b)
Fourier transform of the Mode A, for a Rindler observer along a Rindler trajectory with constant & w.r.t. proper time t:
L Apeirdr 2 tikée™) et dr (120) = 7 = dr="%dn, 5=
ki| f k+€ T = Mgckf exp(+ikée™) el ‘r|( )=>T= —n:> T=2dn, n=-=
iouri?r ; A',;_,|§ = MEDC]( > f::ozo exp(+ikfe ™) ele & dn We define ..(138)
rans or.me Because of n = Srthe integration boundaries w.r.t. n are different depending on the sign of §:
Modes, in 3
general — 3 T\ iy o (1389) i _ h g o TN Hiv
|€>0 ,4n£0ckcf exp(+ikée™) e dn— ki|§>0 = WSOCkcf_m exp(+ikée™) e dn|...(139a)
— £ (138a) { £ = »
ki|§<0 = 4megck Cf exp(+1k§e+") elf ! d Ak+|€<0 4megck cf— exp(ilkfe-'—n) e dT) (139b)
. P (139a) £ oo e o noE (oo P ) (=i
Al = Akl = mecci ¢ oo XP(ikEE™) € dn = ,MS —= [ exp(ikge™) e MM dp
A:+|R = ,WS Ckif exp(ikée™) (e™) W dn...(140) y & —ikée™ ...(141a) = e = — = = (k&) "1y ... (141b)
141a) (141a)
(141a) :>— ikée - 02 —y=dnp=—-ytdy..(141c) y(—0) = —icwo, y(+oo ) 0 .(141a)
Fourier
Transformed :(141labcd) :>Ak+| MSOckcf 10 € 2 (AkE)™ ly)"vy-ldy = pr Ckcf ! e V([i(k&)y)Vyldy =
Modes

Right observer,

—~ - in/2y=i\v _ ,vr/2
Ak+|R 4meg ckc ((e ) ) €

(l(kf) 1) iv J‘_‘m —yy—wy—l dy e Ck; _W(kf)wf e—yy—ivy—l dy l-fiv

‘rl\i,g;\ite;noving Ael, = /m —2e 2k [ 2 vy ivy-1 dy| s=iy=y= i = —is = dy = —ids = s(—i®) =
(+ index) A’;+|R — 4n£06ki V"/z(kf)”’f el (—is)™(—is)~1(— l)ds—& p— Cki V2 (k)W (=)~ J‘Oweiss—ivs—l ds
Al = [ e ey (e iy [ etss ds = [ Lommragy e [ 55t ds
r(-iv)
A, = /m —2e" (k)Y T (=v)| ... (142)
P —~ (139a)
Ak—lR = Ak_|f>0 = 47‘[800ka—00 exp( lkfen)e“”? dn
A’;:_|R = | ckcf exp(—ik&e™) (e dn ...(143) y & ik&e" ...(144a) = e = % = —i(k&) 'y ..(144b)
N L = e
Fouriir | (1440) = 2 = ikger CUY ) o dp =y tdy .. (1440) y(=0) =0, y(too) "=V oo .. (144d)
Transforme
Modes (144abcd) :>A | = fm V(—i(k&) y)Vy~id ( DV (kE)™W f‘°°e Yyl y-1 gy —
k=Ig 4nsockc y Y= 4megck ¢ Yoy Y
Right observer, i 7= | _ —im/2\iyv —iv ‘°° - -1 evr/2 iv l°° - -1
left moving Ay = e e () k)™ | vy tdy = [otem (k)™ ] Yy tdy
waves — — _S_ — i — | = eVvr/2 iv —is v
- index) s iy=y - =is=dy=ids = s(i») = o :Ak_|R ,4115 —2e'r (k&)™ f e 5(is)(is)™!

A’:_lR — 47-[5001(0 vn/Z(kE) iv; wf e—lS v —ld pr Cki vn/Z(ké') w((em’/Z) )VJ' e—LS w -1 ds

—~ h _ _ _ —_— g
Ak—lR — ’4715001(0 V"/z(kf) iv vn/zf e zs w 1ds: Ak—|R — 47;50(;1” wr/Z(kf) v F(W) "(145)

Right observer,

both waves

r(iv)
..(146) Note: Strictly speaking, the Gamma-function of a purely

1 — ’ h vn/z +iv
AkJ—rlR_ 4nsockc (kf) F(+lv)

imaginary number is divergent. This is a case of “renormalization in disguise” (also known to some as “ghetto-math”).

(142)(145) =
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Right observer,
Complex
conjugate

To do the mode expansion (24), we also need expressions for the complex conjugates A}, +| . The calculation is analogous to

Tl o= [ £, — ——
Aitly = (e e e U T(F W) Aiel, = e A |- (148)

This means that for the right Rindler observer negative-frequency modes are strongly related to positive-frequency modes.

(146)
.(147) =

before, and leads to the result

Left observer,
lall Rindler
observers

A calculation analogous to the calculations before yields the following results for the left observer:

— — n
Aki|L = Ay 0= /mmc eV 2 (k&)™ I(+iv)| ...(149a) _ _
= |Aig, = e Ai, | - (150)
T i , § -
Akir|L = Aki|§<0 =" amegck c V”/Z(kf)“v FEw))... (149b))

Also for the left Rindler observer negative-frequency modes are strongly related to positive-frequency modes.

Therefore we can write for all Rindler observers :(148)(150) = A‘fi = e"”’AF,:_r|f ..(151)

Vacuum waves
connect both

Consider, w.l.0.g., a right-moving wave packet A(q) = f A(k) e dk with q &

to show physical behavior for q € R, the Fourier transform A(k) has to be such that A(q) is analytic for Im(q) = 0. Analytic
functions cannot vanish on a finite interval of the real line, or otherwise the function has to vanish everywhere. This implies

x — ct. In order for the wave-packet A(q)

loperators for
observers at
rest and Rindler
observers

observers that the positive-frequency wave packets are necessarily infinitely extended and are therefore bridging the gap between
both Rindler wedges.
Note that for the left observer, the proper time 7 runs against n1. Therefore we associate negative frequencies v < 0 with the
left part of the space-time diagram. Based on this, we define the following photon annihilation operators:

IAnnihilation a, ... photon annihilation operator for observer at rest on the right side of the space-time diagram

a_, ... photon annihilation operator for observer at rest on the left side of the space-time diagram
The Minkowsky vacuum state |0),, for observers at rest is defined by @,,0),, = 0.

The annihilation operators for the left and right Rindler observers (EV and E_V) are found by a Bogoliubov transformation:

|B, = cosh(9) @, + sinh(@) al, |...(152a) [b_, = cosh(¢) a_,, + sinh({) a}|... (152b) with .. (153¢)

Inverse transformation: |&J_,v = cosh({) by, — sinh({) Eiv ..(1534d)

|0}, appears as
EPR state to
Rindler
observers

We write |0),, in the product Fock basis of the two Rindler observers and apply d,:

(153d)
[0} = X, =0 Lmig=0 CnLnklnL'nR)lav = @,|0)y = @y X =0 Zng=0 Cnpng 1ML M) = 0= 8y X —0 Xvp=0 Cnpng | r) =

0= (COSh(() bv - Slnh(() b—v) ZnL=O ZnR=0 Cning |nL' nR) =

0 = cosh({) X3, o Znr=0 CnL,nRBvlnLr ng) — sinh({) X5 —o Xnn=o0 CnL,nRBIv Ing, ng) =

0 = cosh({) D=0 Xing=1 an,nR\/n_RlannR — 1) —sinh({) Yr=0 Zmp=0 Cnpngy T + 1ny, + Lng) =
0 = cosh({) D=0 Xing=1 an,nR\/n_Rlan ng — 1) —sinh({) Yr=1 Zing=0 CnL—l,nR\/n_L|nL: ng) =

0 = cosh({) ZZ)L:() prl CnL,nR\/ﬂlnLrnR — 1) —sinh({) Z?&:l ZfR=1 CnL—l,nR—l\/n_LlnL' ng—1)=
0 = cosh({) X0 Co, V10,1 — 1) +
cosh({) 22:1 prl CnL,nR\/ﬂlnLr ng — 1) —sinh({) ZZOL=1 Z':Iiz:l CnL—l,nR—l\/n_LlnL' ng—1)=

0 = cosh({) Yinn=0Co,ng VR0, Mg — 1) + X7y Z;?R=1(C05h(o Cnpng VIR — sinh(¢) CnL—1,nR—1\/n_L)|nunR -1)
In order for this linear combination to vanish, all coefficients have to be zero:

. 1
vn,,ng = 1: cosh({) ¢y, nevVng — sinh({) v,cp;—1p-1 = 0 | anm =

Copn \F—tanh@) gt = 0 = |Copg \F—tanh(o Copetingos |- (155)

.. (154)

Again, we write |0}),, in the product Fock basis of the two Rindler observers and now apply d_,:

[0}y = Z=0 Znp= OCnLannL'nR)la—v = A_,|0)y; = A_y X =0 Znp=0 Cnpng I R) =
(153d)
0 =8y X7, =0 Xivg=o Cnyme I p) == 0 = (cosh({) b_, — sinh({) b1 )ZnL=o =0 Cny gL MR) =

0= cosh({) B3 ~o Xive=0 Cnyngb—vIMe, M) = sINh(Q) T, 0 Tiomo Cuy g DLy I M) =

= cosh({) X 1 Xme=0 Crpnp VeI, — 1,ng) — sinh(Q) X o =0 Capmpy/ e + Lnp,ng + 1) =
cosh({) X7 =1 Xn=0 CnpngVL Iy, — 1,mg) — sinh(Q) X =1 v 0 Cny—imp/ e + 1, — Lng + 1) =
cosh() X =1 Xn=0 Cnpng VLI, — 1,mg) — sinh(Q) X 1 Xve=1 Cny—1np-1VIRIN, — Ling) =
cosh(Q) X7 =1 €y 0V I, — 1,0) +
cosh(Q) X5 =1 Xme=1Cnpng VeI, — 1,ng) — SInh() X7 1 X =1 Cny—imp—1VTrI — Lng) =
0 = cosh({) X =1 Cny0pViLIn, — 1,0) + X7 4 ZfR=1(COSh(O CnynpV1y, — sinh({) CnL—l,nR—l\/ﬁ)lnL -

In order for this linear combination to vanish, all coefficients have to be zero:
. 1
vn,ng = 1: cosh({) ¢, vy, — sinh({) ¢y, 1 np—1vVng = 0 | Teon®

Copn \F—tanh(c) Coptmget = 0 = | F—tanh@) Coptmgot | (157)

0=
0=

1,mz) ... (156)

=|Vn, # ng = ¢y n, = 0] (158a)

(157) — (155) = Vn,,ng = 1: ¢y, E—ﬁ =0 :
R L
(155) w oz (158D)
= Vn, = ng = = tanh({) Cuog o1 = [Cun = Co tanh™(Q)] m (158b) 1 {00y =1 =1 =Y yc2, =

CZ
1 = ¢ Biimo tanh?(§) = ey Tig(tanh?(())" = 5t = 1 = cfy cosh?(§) = - (158¢)
(1580) (158b) N (1580)
[0}y = X=0 Lrig=0 Cnymg [T R) Y=o Cnnlnp, g) Co,0 Zmeo tanh™({) [ny, ng) =
(153¢)
[0}y = cosh({)zn o tanh™({) [ny, ng) ==|[0),, = cosh(oZ" o€ "™|n,,ng)|...(159) ... appears as EPR state!
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Interpretation

The Minkowsky vacuum |0),, appears to the accelerated Rindler observers as entangled EPR state with strong correlations
between the observers L and R. These correlations are not linked to a specific point in time, but materialize in the recorded
spectra by integration over time. The explanation for this is that the vacuum fluctuations cannot be confined to a subpart
of spacetime. Both Rindler observers see the fluctuations from the same wave.

From the perspective of a Rindler observer, the Minkowsky vacuum [0),, appears as thermal state.

Unruh- . (159) 4 o —anmy ) ) . .
Fulling-Davies [Pr = tr (10}, (01) = MZ"ZO e |ng) (ngl|... (160) To assign a temperature to this state, we identify:
t t (138) (22
emperature | opy = fe g llec _he _op Bl b Hopela kgT = ha i (161) v'cf. (135)
kgT ¢ ¢ kgT c? kpT a  kgT 2mc
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